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Abstract

An analytical relativistic model is proposed to describe
the relativistic ion acceleration in the interaction of ultra-
intense laser pulses with thin-foil plasmas. It is found that
there is a critical value of the ion momentum to make sure
that the ions are trapped by the light sail and accelerated
in the radiation pressure acceleration (RPA) region. If the
initial ion momentum is smaller than the critical value, that
is in the classical case of RPA, the potential has a deep
well and traps the ions to be accelerated. There is a new
ion acceleration region different from RPA, called ultra-
relativistic acceleration, if the ion momentum exceeds the
critical value. In this case, ions will experience a poten-
tial downhill. The dependence of the ion momentum and
the self-similar variable at the ion front on the accelera-
tion time has been obtained. The critical conditions of the
laser and plasma parameters which identify the two accel-
eration modes have been achieved. No matter RPA or ultra-
relativistic acceleration, the potential difference is a con-
stant, which dedicates the maximum ion energy.

INTRODUCTION

As a promising method to generate relativistic mono-
energetic protons, radiation pressure acceleration (RPA) at-
tracts more and more attentions[1, 2, 3, 4, 5, 6] and be-
comes dominant in the interaction of the ultra-intense laser
pulse with nanometer foils. When an ultra-short and ultra-
intense laser pulse is shot on a thin foil, the foil is ionized
immediately. At the same time, the electrons obtain rel-
ativistic velocity and move forward. The ions are accel-
erated by the strong separation field between the ions and
electrons. Simultaneously, the electrons are pulled back
and form recirculation around the ions and accumulate lo-
cally. The local potential is smaller than that at the bound-
ary due to the accumulation of the electrons, therefore a
well forms at the position of the ion shell. When the laser
exists, the electrons obtain energy continuously to maintain
the temperature and the high-density distribution. There-
fore, the potential well maintains and traps ions in the time
period. The high-density electron shell is compared to a
light sail(LS)[6]. In LS[5, 6] model, the charge-separation
field between the ions and the electron shell accelerates the
ions trapped in the potential well[3, 4, 5], which is gener-
ated by the electron recirculation from the electron shell.
Eliasson and coworkers[4] solved the relativistic ion mo-
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mentum equation ignoring the collective effect of plasmas
and discussed the condition of the radiation pressure com-
pared with the electrostatic force to avoid the total sepa-
ration of ions and electrons. The integration of the elec-
tron field along the longitudinal axis shows the electric po-
tential well, as shown by Figure 2 (c¢), 3 (c¢), and 6(c) in
simulations[4], which traps some ions. The velocity of the
trapped ions is close to that of the well, and of course, there
is a critical value of it to avoid the trapped ions escape from
the well. However, without considering the collective ef-
fect of the plasma, they did not deduce the potential well
and the critical velocity of the trapped ions analytically.
Yan and coworkers tried to predict the ion energy distribu-
tion with a self-similar hydrodynamic theory[7]. However,
it is nonrelativistic with the plasma approximation which
allows V e E # 0 and n; — n. = 0 simultaneously, where
FE is the acceleration field and n; ( n.) is the ion ( electron)
density. Therefore, the critical velocity of the trapped ion
in the potential well was not given.

An analytical solution of the relativistic hydrodynami-
cal system is obtained under the assumption of self-similar
state and density distribution. We set an expression for the
critical ion momentum, which divides the relativistic ion
acceleration into two modes. One is nothing but the clas-
sical RPA described before in which the ion momentum is
lower than the critical one. The other is newly identified
by ours, called ultra-relativistic acceleration (URA). In the
ultra-relativistic limit, the maximum ion momentum at the
ion front is proportional to #*/°, where t is the acceleration
time.

BASIC ASSUMPTIONS, RELATIVISTIC
EQUATIONS AND AN ANALYTICAL
RELATIVISTIC SOLUTION

For convenience, the physical parameters: the time, ¢,
the ion position, z, the ion velocity, v, the electron field,
I, the electric potential, ¢, the plasma density, n, and the
light speed, ¢, are normalized by w is the light frequency,
k = w/c is the wave number, ¢ is the light speed, Ey =
ko, and ng is the reference density, respectively, where
€Q0 = YemMec> and e, is the maximum electron energy.
Here e is the elemental charge.

With reference to the results given by Mako and Tajima
in Ref. [7], in the self-similar state, the density distribution
of ions is assumed to be:

. 1 o

Tk 2Qk(lJrgb) k=1,...N (1)
where the subscribe ;, stands for the ion species, @ is the
charge number of the kth species ion, the index o depends
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on the laser intensity and the target thickness and has been
discussed in Ref. [7].

With the transformation: £ = /7, the normalized con-
tinuity and motion equation of ions are given as:

Oln ’ﬁk 8uk
— _—_— 2
(ur — &) € a€ (2)
Ovrug 0o
— = — —_ 3
(up — &) D€ M e (3)
where p, = Q’”]Ci[*;me My, is the mass of certain ion, vy, =

(1) V2.
Therefore, the potential is acquired as a function of £ and
Ul -

L+ = (ux —€)*} @)
M
or:
k —
w— € = £/ BTy &)
where '+’ corresponds to uy > £ and '—’ corresponds to
up <&

With Equation (4), the initial conditions are not arbitrar-
ily taken and satisfy following relation:
o
L g0 = = (0 =€) 7o ©)
where & = &(ug = up,0) and 50 = (1 — u%o)‘l/z.
Therefore, the normalized potential in the ion region sat-
isfies:

(x — Xo — 20(uk,0 — £0)7p 0)

o= o -1 o

where xo = x(uro), fo 3/2duk In the ultra-
relativistic limit that wuy —> 1, the potential tends to the
constant:

(Xoo — X0 — 2a(ug,0 — 50)% 0 )

hm P=poo = -1
dovpuy,
(®)

Combining Egs. (5) and (6), the dependence of the nor-
malized ion velocity on the self-similar variable is given
by:

73/2

§=

5 3/2
b (= x0) = (ur0 — &) (;f) ©)

With Egs. (1) and (7), the self-similar density distribution
satisfies:

3/2
(X — X0 — 2a(ug,o — 50)7k/0 )
dovpug,

g = (10)

Until now, the analytical solution for the self-similar
state has been achieved as shown by Eqgs. (7), (9) and (10).

As shown by Figure 1 (a), the results of our model
are consistent with that of the thin-shell model and PIC
simulations[1].
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Figure 1: (Color online) Comparison of our analytical
model with thin-shell model and Esirkepov et al.’s sim-
ulations for o/a ~ 0.1, a = 316, d = A = lum,
no = 490, = 5.5 x 10%2/cm?, and o = 1.8[7].

TWO ACCELERATION MODES

Being different from the nonrelativistic case[7], there are
two distinct acceleration modes depending on the initial
conditions: uy 0, {o and « in the relativistic case.

Here we set a critical value for ion momentum from the
following condition:

50)%C c=0 (1)

Figure 1(b)

Xoo = Xe — 20‘(“1@ c

where Xe = X(uk,c) and Pk,e = Yk,cUk,c-
shows the critical phase space for a series of a.

In the following discussion, it is assumed £ = 0 and
a = 2 to reveal the physical mechanisms of relativistic
RPA for different conditions.

In the following calculations, with Egs. (7), (9) and (10),
the plasma density, the potential and the self-similar param-
eter, £ are all deemed to be functions of the ion momentum.
Therefore, the dependence of the plasma parameters and
field on £ can be obtained for different conditions.

(A) RPA under the condition: py o < pg,. given by Eq.
(11), that is for example, pr o < 0.5064 at {, = 0 and
a=2.

In this case, the ion velocity is not large enough to es-
cape from the potential well formed by the electron shell,
which was described by Eliasson and coworkers[4]” simu-
lations. The potential well and the acceleration field have
been deduced here analytically in detail and shown by Fig-
ure 3 (b)[8], which supports the simulation results[4].

The potential well is formed by the electron shell and
can trap ions and accelerate them and suppress their en-
ergy dispersion. However the ion energy distribution is not
monoenergetic. It is consisitent with the results shown by
the long-time simulations[2, 9, 10] and the experimental
detections[2, 10].
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In this case, RPA is divided into two regions theoreti-
cally: the phase-stable acceleration region (PSA) for 0 <
& < &5 and the phase-stable deceleration region (PSD)
Sif <E< 1L

(I) In PSA region, 0 < ¢ < &; ¢, the electric field £ > 0
and the electron density is larger than the ion density.

The potential shown by Figure 3[8] in 0 < & < & ¢
gives a physical explanation of PSA for ayp = 70,n9 =
49n.. The ions coast down with the slope of the potential,
and the gradient, i.e., the electric field, becomes weaker
as the ions come to the bottom of the potential. The ions
at higher potential will obtain more acceleration, therefore
the energy spread is suppressed. Different from the real
gliding process, the ions cannot pass through the bottom
and climb up since the ion front is the limiting point with
the ion density tending to zero there.

(ID) In PSD region, &; y < & < 1, the electric field £ < 0
and the electron density is larger than the ion density too
as shown in Figure 3[8]. Similar to the special case for
¢o = —1, this region is also a non-physical region for ion
acceleration.

Combining the above discussion about PSA and PSD,
the ions with an initial momentum of py o, which is not
large enough to get across the potential at £ = 1, are
trapped in PSA region or PSD region and obtain a finite
maximum energy at the ion front §; y < 1. Therefore, it is
in the RPA region.

(B) URA for pro > pk,. given by Eq. (11), that is for
example py.o > 0.5064 at §o = 0 and o = 2.

Pko 3 1
/ Vi, Zdpr + 2a(pro — 1%,080) V50 = Xoo  (12)
0

for pyo > 0.5064, i.e., ap > 143 for protons, the ions
will coast down with the potential slope and drop into the
bottomless abyss at & = 1 as shown by Figure 4[8].

In the ultra-relativistic limit, combining Egs. (9) and (8),
it is found that:

%9 5/2
8—520(*% e > 1 (13)
The ion momentum at the ion front satisfies:
Yi.f = pig o< TP (14)

for p; r > 1.

Equation (14) shows the dependence of maximum ion
energy at the ion front on the acceleration time in the ultra-
relativistic limit. It cannot be compared with the results in
Figure 1 because they correspond to different physical sit-
uations. Equation (14) is satisfied in the ultra-relativistic
limit, i.e., p;;y > 1, and shows that the maximum ion
energy at the ion front is proportional to 74/°. However,
the results shown in Figure 1 are neither for the ultra-
relativistic limit nor for the maximum ion energy at the ion
front. It is shown that the average ion energy when the rel-
ativistic factor is not far larger than unit. The ions at the
ion front can be accelerated more efficiently since the field
there is the most intense and the field behind the ion front
is shielded by the ions beyond them.
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LIMIT FOR THE MAXIMUM ION
ENERGY

No matter in the RPA region or in the ultra-relativistic
acceleration region, the maximum ion energy is limited by
the potential difference:

Epmi < A¢ = ¢oo — o s5)

CONCLUSION

Under the assumptions of the ion density distribution of
Eq. (1) and self-similar state, an analytical relativistic so-
lution of the hydrodynamic equations and Poisson’s equa-
tion is obtained which describe the relativistic ion accelera-
tion consistently. Depending on laser intensity and the sur-
face density of the plasma, the ion momentum determines
two distinctive acceleration modes: the classical relativis-
tic RPA and ultra-relativistic acceleration which is newly
identified.
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