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Abstract

We consider the mode transformation in a circular waveg-
uide with a transversal boundary between a vacuum part and
a part with a cylindrical dielectric layer and a vacuum chan-
nel. It is assumed that an incident mode can be both prop-
agating and evanescent. Analysis is carried out with the
using the mode decomposition technique. Numerical algo-
rithm for calculating the mode transformation at an arbitrary
channel radius is also developed. Typical dependences for
the reflection and transmission coefficients on the channel
radius are presented and discussed.

INTRODUCTION

We study the electromagnetic field in a circular waveg-
uide which consists of two semi infinite parts: one of them
has a cylindrical dielectric layer and a vacuum channel, and
the other does not have any filling. Such a problem is of
interest, for example, for new perspective method of gen-
eration of terahertz radiation from an electron bunch in a
dielectric loaded structure [1-3]. It is important to consider
the field of the bunch flying into the vacuum part of the
waveguide. Earlier this problem was considered for the case
when the vacuum channel is absent [4, 5]. It is obvious that
the principal modifications in the reflected and transmitted
fields take place in the presence of the vacuum channel due
to the effect of the mode transformation.

Another sample is the wakefield acceleration technique
in the dielectric waveguide structures [6,7]. The generation
of the wakefield occurs at some distance after a driver flying
into the dielectric part of waveguide. Analysis of process
of the wakefield formation is essential for this application.
This process is also interesting as well for development of
the method of measurement of particle energy with apply-
ing the dielectric loaded waveguide [8, 9].

These examples show that both of the problem, when
the bunch enters into the partially dielectric area, and the
problem, when the bunch flies out of this, are of interest
for applications. Such problems can be analyzed by means
of an expansion of the incident field into a series of waveg-
uide modes. Here we consider the case of a single incident
mode. Note that such a problem statement is conventional
in the waveguide theory and has an essential independent
importance.
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THE CASE OF THE MODE FALLING
FROM THE VACUUM PART

First, we assume that the left part of the waveguide (z <
0) is filled up with a medium having permittivity &, and
permeability u.. The right part of the waveguide consists
of a channel and a dielectric layer described by &., . and
&4, g respectively (Fig. 1). Initially we assume that media
are dissipative that is Im &, 4 > O for positive frequencies
(these values will be tended to zero at numerical calcula-
tions). Both of the media are isotropic, homogeneous and
nondispersive. We suppose that the z-axis coincides with
the waveguide axis, and the transversal boundary is placed
at z = 0. The incident field is one of the T'My; mode which
can be both propagating and evanescent.
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Figure 1: The problem geometry in the case of the mode
falling from the vacuum part.

The solution is carried out by cross-linking method. This

method presupposes that reflected and transmitted fields are -

presented as a series of eigenmodes. In order to obtain the
equation for the excitation coefficients of the modes of re-
flected and transmitted fields, we use the continuity con-
ditions for the tangential components of the field at the
transversal boundary. After some transformation we obtain
a system containing an infinite number of linear algebraic
equations. For calculations, we consider the system of finite
size. Itis possible because the most of the modes are evanes-
cent and they exponentially decrease with the distance from
the boarder.

In general case, this matrix system is analytically unsolv-
able. However, in two dedicated cases (a narrow channel,
b<a, and a thin dielectric layer, d = (a — b) <a) some
approximate results can be obtained.

A Narrow Channel

The approximation for eigenvalues in the dielectric
waveguide with a narrow channel (b<a) can be obtained
using the iteration technique. One can see that eigenval-
ues don’t have linear terms. In a similar way, the system of
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§ the equations for the excitation coefficients can be approxi-
5 mately solved.

As can be shown, for the reflection R, = E;Q/ES)}FV
~and transmission 7, = E,(fZ)/E(l)) , coefficients, we

have the following expressions:
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where R(O) R(z) T(O) T, (2) are some values which do not de-
pend onb/a,and ¢;, is a Kronecker symbol where the index
H i is an incident mode number. It can be seen that the mode
§ transformation is weak for the mode number n # i, when all
o of the coeflicients are the values of the second infinitesimal
g order. Obviously, this is explained by the fact that the ratio
£ of the channel cross-section square to the waveguide cross-
2 section is ional %/a® i i
g proportional to b“/a”. Furthermore, increasing

ithe mode number results only in small correction of order
,§ of b*/a*.

r(s) title of the work, publish

'§A Thin Dielectric Layer

Another situation takes place in the case of thin dielectric
layer (d<a), when the eigenvalues are presented as a sum
of terms of orders of (d/a)® and d/a. In this case, the reflec-
= tion and transmission coeflicients are written in the form

R, ~RY -dja, T,~6i, +T\"-dla 2)

ibution of thlS work must

-2 where R(l) T(l) are some constants. As expected the main
; transmitted mode has the same number i as the incident
zmode. All reflected modes have first order of small param-
< eter. Thus, the mode transformation is the effect of the first
u_’?'order of the small parameter d/a, in contrast to the case of
& a narrow channel where this effect has the second order of
© smallness. Obviously, this is explained by the fact that the
3:3 square of the dielectric layer cross-section (the ring square)
& is the value of order d/a with respect to the waveguide cross-
5 section.

THE CASE OF THE MODE FALLING
FROM THE DIELECTRIC PART

We consider as well the “mirror” problem where the
transversal magnetic 7 My; mode falls from the partially di-
electric part of waveguide. Note some results for this case.

If the channel is narrow, the reflection and transmission
coeflicients are written in the form:

nder the terms of the CC BY 3

2 Ry~ RV 6, +RP -b*)a*, Ty x TV 61y +TP-b*/a* (3)

sed

o At solving the system, increasing in the mode number re-
isults only in small correction of order of bt / a’.
In the case of thin layer these coefficients have the form

Ty~ 6in+TV-dja, Ri ~ R®-d*/a®, R, ~ R\V-d/a (4)

his work ma

= It is interesting that, in this situation, the reflected mode
S with the number i is excited much weakly than the modes
= with other numbers, because the coefficients R; has the sec-
%‘) ond order of smallness.
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NUMERICAL RESULTS

To analyze the fields’ components in the general case, a
numerical algorithm is developed. The problem is reduced
to the solution of an infinite number of linear algebraic equa-
tions. We use the method of successive approximations: at
first we set system which has some finite size and further we
increase system’s size by a unit at every step till relative dif-
ference of obtained results for main excited mode is much
than some given value (usually we take 1%).

For the case of the mode falling from the vacuum part of
waveguide into the dielectric one, the behaviour of the abso-
lute values of the reflection R,, and transmission 7,, coeffi-
cients is presented in Fig. 2. One can see that the behaviour
of the reflection and transmission coefficients is nonmono-
tonic, they have several local extremums.

The graphics in Fig. 2 present the interaction of the 39
evanescent incident mode with the boundary. Note that
bold lines in figures correspond to the propagating modes,
and narrow lines correspond to the evanescent modes. One
can see that such mode can excite propagating modes in re-
flected and transmitted field. In reflected field the 1% mode
is propagating but has very small amplitude. In transmitted
field the 1%, 2™ and 39 modes are propagating at certain
values of the channel radius. Note that for the relatively nar-
row channel radius, the transmission coefficient of the 39
propagating mode is not small.

Figure 3 shows the behaviour of the absolute values of re-
flection and transmission coeflicients in the case when the
mode falls from the dielectric part of waveguide into the
vacuum one. In this case the incident mode at the same fre-
quency can be both propagating and evanescent depending
on the channel radius. One can see that the interaction of
evanescent mode with the boundary can lead to the excita-
tion of certain propagating modes as well as earlier. One can
show that behaviour of coefficients in the cases of a narrow
channel and a thin dielectric layer provides a good agree-
ment with the results obtained from approximate formulas.

CONCLUSION

We have considered the mode transformation in a waveg-
uide with a transversal boundary between a vacuum part
and the part with a cylindrical dielectric layer and a vac-
uum channel. Analysis has been carried out by crosslink-
ing method, when the reflected and transmitted fields are
presented as a series of eigenmodes. The problem has been
reduced to solving certain system of infinite number of lin-
ear algebraic equations. Approximate solution for the mode
excitation coefficients has been obtained in two particular
cases: for a narrow channel and a thin dielectric layer. Nu-
merical algorithm for calculating the mode transformation
has been built based on analytical investigation. Typical de-
pendences of the reflection and transmission coefficients on
the channel radius have been presented.
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Figure 2: Dependences of absolute values of reflection coeflicients |R;| (left) and transmission coefficient |T},| (right) on
the relative channel radius b/a in the case of the mode falling from empty part of waveguide. &5 = 7, the 3¢ incident
evanescent mode, c/w = 0.25 cm. Bold line — the propagating modes, narrow line — the evanescent modes. Solid blue
line - the 1% mode, dashed red line - the 2" mode, dotted black line - the 39 mode, green dash-doted line - the 4th mode,

brown double-dotted line - the 5™ mode.
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Figure 3: The same as in Fig. 2 for the case of the mode falling from the dielectric part; 4 = 7, a = 1 cm, the 3¢ incident

mode, ¢/w = 0.22 cm.
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