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Abstract

For applications of high-intensity beamsin heavy ionin-
ertial confinement fusion and high energy density physics,
solenoidal focusing lattice and transverse wobblers can be
used to achieve uniform illumination of the target and for
suppressing deleterious instabilities. A generalized self-
consistent Kapchinskij-Vladimirskij solution of the nonlin-
ear Vlasov-Maxwell equationsis derived for high-intensity
beamsin a solenoidal focusing lattice with transverse wob-
blers. The cross-section of the beam is an ellipse with dy-
namical centroid, titling angle, and transverse dimensions
that are determined from 5 envel ope-like equations.

INTRODUCTION

Important application areas of high-intensity ion beams
include heavy ion inertial fusion and high energy density
physics. To deliver enough kinetic energy to the target
for the purpose of reaching high-gain conditions for iner-
tial confinement fusion or creating matter in the high en-
ergy density regime, the intensity of the driver beams is
required to approach the space-charge limit of accelerators
and beam transport systems[1].

Another requirement is that the high-intensity beams
need to generate a smooth, uniform illumination of the
target to suppress deleterious instabilities, such as the
Rayleigh-Taylor instability, normally associated with ac-
celeration and non-uniformity of the target [2]. Currently,
there are two complementary techniques envisioned to
achieve this goal. First, we can induce beam spinning dy-
namicsin the transverse plane by using a solenoidal lattice,
which can aso be used to focus the beam onto the target.
The spinning of the beam will smooth out theintensity non-
uniformity over the beam cross-section. If thetarget sizeis
larger than the beam focal spot size, we can also generatea
waobbling dynamics of the beam centroid to scan the target
to provide uniform illumination. The wobbling dynamics
of the beam centroid can be generated by transverse kicks
of the beam particles by a series of transverse deflecting
plates driven by rf potential. Such devicesare called “wob-
blers’. The rf potential on the wobbler plates depends on
time so that different dlices of the beam are deflected dif-
ferently and delivered to different locations on the target to
achieve the smoothing effect. (see Fig. 1).

The purpose of this paper is to provide a self-consistent
kinetic description of a high-intensity beam in a solenoidal
lattice with wobblers. The dynamics of high-intensity
beamsis described by the nonlinear Vlasov-Maxwell equa-

* Research supported by U.S. Department of Energy.
T hongain@princeton.edu

Beam Dynamics and Electromagnetic Fields

D01 - Beam Optics - Lattices, Correction Schemes, Transport

! target

Figure 1: Solenoidal |attice with wobblers.
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tions [3]. In this paper, we derive a generalized self-
consistent Kapchinskij-Vladimirskij (KV) solution for the
system. Recall that the classical KV solution [4] isthe only
known exact solution of the nonlinear Vlasov-Maxwell
equations in an aternating-gradient quadrupole focusing
lattice. The classical KV solution is adelta-function of the
weighted sum of the two Courant-Snyder invariants in the
two transverse directions. The cross-section of the beam
is an elipse with dynamical transverse dimensions given
by the envel ope functions, which are determined from the
corresponding envel ope equations.

For the generalized KV solution in a solenoidal lattice
with wobblers derived in this paper, the beam cross-section
is aso an ellipse. But the centroid (u,v), tilting angle
6, and transverse dimensions (A, B) of the ellipse are all
functions of time, and they are determined by 5 envel ope-
like equations (see Fig. 2).

Figure 2: Wobbling and tumbling beam with centroid
(1, v), tilting angle 6, and transverse dimensions (A, B).
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GENERALIZED KV SOLUTION

In a solenoidal focusing lattice with wobblers, a parti-
cle’'s dynamics in the laboratory-frame coordinate system
(z,y) isdetermined from [3]

o
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where ¢ = e¢/v3m[3%c? is the normalized space-charge
potential, Q(s) = eB(s)/2ympBc? is the normalized Lar-
mor frequency of the solenoidal lattice, and F',, (s) and
F, (s) are the transverse deflection force components due
to the wobblers. The nonlinear Vlasov-Maxwell equations
for the beam distribution function f (s, z,y,v,,v,) and
space-charge potential « are[3]
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where Ny, = [ fdv,dv,dzdy is the line density of the
beam particles, and K, = 2Nye/v3>mpB%c? is the self-
field perveance. We assume that there is no coupling be-
tween different slices of the beam, and that the nonlinear
Vlasov-Maxwell equations describe the transverse dynam-
ics of each dlice of the beam. It is further assumed that the
conducting wall is far away from the beam.

Our objective is to find a self-consistent solution of
Egs. (3) and (4). We start from the dynamics of the beam
centroid. We define the beam centroid (1, ) by the solu-
tions of the centroid equations

p' =200 + Qv — F, (s), (5)
V=200 — Q' u— F, (s) . (6)

Notethat the beam centroid is subject to thefocusing lattice
and the wobbler forces, but not to the self-generated space-
charge force. Substracting Egs. (5) and (6) from Egs. (1)
and (2), we obtain

=205 +Q'j — a—lf}7 M
or
7 = —20i — i 0¥ (8)
a9y
I=r—pu, j=y—v. (9)

Here Z and ¢ are the particle displacements relative to the
beam centroid (see Fig.2), and we have assumed that
depends on (z,y) only through (z,9), i.e, ¥ = ¥(Z, 7).
We will confirm, for the solution found, that this assump-
tion is indeed satisfied. Now, we transform the dynamical
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equations to the Larmor frame defined by

(v)=ro(5).

cosf sind )79:_/ Qds. (112)

—sinf cosf .

(10)

A straightforward calculation shows that in the Larmor
frame, defined by the (X,Y") coordinates, the dynamical
equations of motion are given by

X" =—-0?X — g—;ﬁ , (12)
Y = -Q% — g—;f , (13)
and the Vlasov-Maxwell’s equations can be expressed as
%+VX%+VYZ—£ - (Q2X+g—;/}() %
- <Q2Y + %) ;)TJ; =0, (14
(aa—); . 86_;) _ _27]7\[[? /deXdVy. (15)

Following the spirit of the KV formulation, we search for a
solution to Egs. (14) and (15) with

Y (s, X,Y) = (16)

A B
2
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_+_ s
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Here A and B are time-dependent envelope functions in
thetransverse (X, Y') plane. For thisform of ¢, Maxwell’s
equation (15) becomes
Ny X2 y?
= — —+=<
/deXdVy “AB’ for 12 + B = 1.
We now sdlect A, B, and f such that Egs. (14) and (17)
are satisfied. First, we note for v given by Eq. (16), the
space-charge force is linear, and the (X, Y") dynamics are
decoupled, i.e.,

(17)

2K, X
X" =-0%2X — 1
(A+B)A’ (18)
2K, Y
Y = -Q% 1
(A+ B)B (19)

Equations (18) and (19) are linear equations for X and
Y with time-dependent focusing coefficients. Obviously,
there is one Courant-Snyder invariant [5] for each trans-
verse direction,

Ix = —+ (Wx X' — XW4)? = const. ,

— + (WyY' - YW)? = const.,
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where Wx and Wy are determined through the envelope
equations

2K g2
A"+ QP 0 =X 2

+ A+B) A’ (20)

2Kb 62
B"+Q0%’B - =X 21
+ A+0) B (21)

A B

Wx = —, Wy = —. 22
X = W = (22)

Here, the constants e x and ey are the emittancein the two
transverse directions. Since I x and Iy are constants of the
motion, any function of the form f (I x, Iy ) is a solution
of the nonlinear Vlasov equation (14). To satisfy Eq. (17),

we select
Ny Ix Iy
=)=+ —=-1 23
ot (€X+EY ) (23)
Itis straightforward to show that
TrJ.XbB7 )fi—z + g_z S 17
/ fdVxdVy = (24)

2 2
0, 5+ >1.

To summarize, the nonlinear Vlasov-Maxwell equations
(3) and (4) in a solenoidal lattice with wobblers admit a
solution in the form of Egs. (23) and (16), and the solution
is specified by solving the envel ope-like equations (5), (6),
(11), (20), and (21). In general, the envelope-like equations
can be viewed as a set of ordinary differential equationsin
time, to which the nonlinear VIasov-Maxwell equationsin
phase space reduce for the class of solutions constructed
here.

One interesting feature of the solution is that the beam
needs not have a circular cross-section, even though it does
include circular cross-section solutions as a special case.
Previous studies for a solenoidal lattice normally consider
only beams with circular cross-section. In particular, we
can use the solution derived here to study how the beam
can be perturbed away from an equilibrium with circular
Cross-section.

Toillustrate this point, let’s consider the case where 2 =
const. and ex = ey = . The equilibrium solution of
Egs. (20) and (21) is

A=B=R, (25)
OR — % - %. (26)
Consider a small perturbation with
A=R+6A, 27
B=R+4B. (28)

Linearizing Egs. (20) and (21) interms of 6 A and 6 B, and
assuming (dA,6B) ~ exp (iwt), we obtain the matrix
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equation

O B 5
2K—”2 —w?4+Q

(29)
which gives two eigenvalues

/ 2K
w1 = 4QQ—R—2b,

3K,
- R?

(30)

Wy = (31)
For the first eigenvalue, w = w;, the polarization of the
modeis d A = § B, which implies that the cross-section of
the beam isapulsating circle. Inthe space-chargelimit, the
mode frequency isw = w; = /2. For the second eigen-
value, w = wo, the polarization of themodeisdA = —0 B.
In this case, the cross-section of the beam is a pulsating el-
lipse, deviating from a circular shape. In the space-charge
limit, the frequency of this mode approachesw = w; = Q.

CONCLUSION AND FUTURE WORK

For high-intensity beams in a solenoidal lattice with
wobblers described by the nonlinear the VIasov-Maxwell
equations, a class of generalized KV solutions is found.
The self-consistent solutions are specified by 5 envelope
equations for the beam centroid (wobbling dynamics), the
titling angle (tumbling dynamics), and the transverse di-
mensions in the wobbling and tumbling frame. Solenoidal
latticeis one of the two techniquesthat can induce coupling
between the transverse dynamics to achieve the smoothing
effect in the transverse dimension. The other technique is
to use a skew-quadrupole lattice. A similar class of solu-
tions of the nonlinear Vlasov-Maxwell equations for high-
intensity beams in a skew-quadrupol elattice with wobblers
has also been discovered [6], and will be reported in future
publications.
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