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Abstract 
We analyze the radiation of a charge crossing the 

boundary between vacuum and a medium having a “left-
handed” frequency band realized in some modern 
metamaterials. We consider both the case of a semi-
infinite medium and the case of a circular waveguide and 
obtain exact and approximate expressions for the field 
components. We develop an algorithm for their 
computation. It is shown that two types of radiation can 
be generated in vacuum. One of them is an ordinary 
transition radiation having a relatively large magnitude. 
Another type of radiation, identified in this study, is 
referred to as “Cherenkov-transition” radiation. 
Conditions for generating this radiation are obtained.  
Properties of radiation can be used for diagnostics of 
beams. For example, a detector with two energy 
thresholds can be designed.  

INTRODUCTION 
In the sixties, Veselago predicted the existence of 

media having simultaneously negative permittivity ε  and 
permeability μ [1,2]. Under these conditions, the electric 
field vector, magnetic field vector, and wave vector form 
a left-handed orthogonal set. Thus, such media are usually 
referred to as “left-handed media” (LHM). The direction 
of the energy flow and the direction of the phase velocity 
are opposite in LHM. Artificial metamaterials possessing 
“left-handed” properties in gigahertz frequency band were 
presented recently [3–6]. They are composed of distinct 
conducting elements having a size and spacing much less 
than the wavelengths of interest. Therefore such media 
can be described by the macroscopic parameters ε  and 
μ  being simultaneously negative in some limited 
frequency range only [2]. Cherenkov radiation (CR) in 
LHM was investigated in ref. [7,8]. Transition radiation 
(TR) at the interface between vacuum and LHM has not 
been considered until now.  

In the present paper, we analyze the electromagnetic 
field (EMF) generated by a small bunch with a charge q  
passing through the interface ( 0=z ) separating two 
homogeneous isotropic media described by permittivities 
and permeabilities 11,με  ( )0<z  and 22 , με  ( )0>z . The 
bunch moves uniformly along the z -axis ( tcVtz β== ). 
The medium is assumed to be dispersive. It has both a 

“left-handed” frequency band and a “right-handed” one. 
We compare the spatial distribution of the spectral 
harmonics of the EMF in two cases:  
(1) the medium is “right-handed” at the frequency under 
consideration;  
(2) the medium is “left-handed” at the frequency under 
consideration.  

SOME GENERAL RESULTS 
The spectral harmonics of the scalar ωΦ  and vector 
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ωω =  potentials are presented as the sum [9]   
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The “forced” field qAω , q
ωΦ  is the charge field in an 

unbounded medium:  
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where )()1(
0 ξH  is the Hankel function, 22 yx +=ρ , 

( )1)()( 22
2,1

22
2,1 −= − βωωω nVs , 0Im 2,1 >s , and 

)()()( 2,12,1
2

2,1 ωμωεω =n . The “forced” field contains CR 
if the charge velocity exceeds the Cherenkov threshold. 
“Free” field bAω , b

ωΦ  is expressed as  
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where 22
2,1

22
2,1 ρω knck z −= − , 0Im 2,1 >zk , and 
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ρρ ωω Φ  are some functions of ρk  and ω  

determined by the boundary conditions.  
Two methods were applied to investigate integral (3). 

First, using the steepest descent technique, we obtained 
asymptotic expressions of (3). They are valid for 

12,1
1 >>− Rncω , where 22 zR += ρ . As was 

demonstrated, the most interesting novel effects were 
related to the saddle point contribution yielding TR and 
the contribution of one of the poles affecting the “forced” 
field. In the case of LHM, this effect can be interpreted as 
a new type of radiation; we refer to it as “Cherenkov-
transition radiation” or CTR (see below). Second, using a 
certain transformation of the integration path in the 
complex plane, we produced an effective algorithm
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Figure 1: Dependence of )HzmV(Re 11 −−⋅ρωE  on the angle θ  for vacuum–RHM (left) and vacuum–LHM (right) for 

7.0=< CRββ  (top) and CRββ >  (bottom) ; 7.1=ε , 2.1=μ  for RHM, 7.1−=ε , 2.1−=μ  for LHM; nC1−=q , 
GHz10=ν , 15=R cm. The magnitudes of β  are indicated near the curves. The full internal reflection threshold 

corresponds to 98.0=FIRβ . 
 

for computing integral (3) as well. The results of both 
methods were in a good agreement. 

SPATIAL DISTRIBUTION OF THE FIELD 
HARMONICS 

We considered the behavior of the spectral harmonics 
of the full field at the semicircle constR =  in the xz - 
plane. The angle θ  increases from 0  (negative part of the 
z -axis) to π  (positive part). Some results of the 
computations are presented in fig.1. The half-space 0<z  
was assumed to be vacuum. Parameters of the half-space 

0>z  are indicated in the figure’s caption. The main 
effects were as follows:  

First, we considered the situation where the charge 
velocity does not exceed the Сherenkov threshold for the 

medium ( 1
2

−=< nCRββ ). One can see (fig. 1, top) that 
in case (2) (vacuum–LHM) the TR is much larger than in 
case (1) (vacuum–RHM). 

Second, we considered the situation where the charge 
velocity exceeds the Cherenkov threshold, and therefore 
CR is generated in the medium. In case (1) the EMF is 
relatively small both in vacuum and in the medium near 
the boundary (fig. 1, bottom). In case (2) the EMF is of 
the same order of magnitude in the whole half-space 

0>z . The most important finding is that a significant 
EMF can be observed in vacuum at some  velocities. This 
effect  is  explained  by  the backward  direction of CR  in 

 

z

CR S
r

ρk
r

k
r zk
r

LHM 
reflected CR 

)(rk
r )(rS

r

vacuum 

transmitted
CR 

)(tk
r

)(tS
r

q V
r

ρ

 
 

vacuum

ρ

LHM 

zV
r

 
Figure 2: Top: Wave vectors and power flux densities of 
CR and CTR (reflected and transmitted waves). Bottom: 
The lines are parallel to the power flux density of CR 
(black), the reflected wave (blue) and the transmitted 
wave (red); one can see areas of interference. 
 
case (2), i.e., the energy flux density of CR forms an 
obtuse angle with the direction of the charge motion (fig. 
2, top). CR falls on the boundary, resulting in reflected 
and transmitted fields (they can be named “Cherenkov-
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transition” radiation, CTR).  The reflected wave interferes 
with CR in the vicinity of the interface, where black lines 
intersect blue ones (fig. 2, bottom). The transmitted 
waves emerging from the upper and lower parts of the 
interface interfere in the vicinity of the negative z -semi-
axis, where red lines intersect themselves (fig. 2, bottom).  
One can see an evident interference at angles o50<θ  for 

85.0=β  and at angles oo 13090 << θ  for 99.0=β  (fig. 
1, right, bottom).  

Using the mentioned asymptotic representation, we 
obtained the following rigorous conditions: CTR in 
vacuum (transmitted wave) exists if  

FIRCR βββ << ,                             (4) 

where 212
2 )1( −−= nFIRβ . The lower threshold of CTR in 

vacuum is the Cherenkov threshold and the upper one is 
connected with the full internal reflection at the interface.  
Result (4) is demonstrated in fig. 1, right, bottom. This 
effect may be useful for the creation of double-threshold 
detectors of charged particles. 

THE CASE OF WAVEGUIDE 
The radiation of a charge moving along the axis of a 

cylindrical waveguide of radius a  through the boundary 
between vacuum and LHM was studied as well. It should 
be mentioned that the solution of such a problem in the 
case of RHM was obtained in ref. [10].  

 
 
Figure 3: Dependence of the energy spectral density of 
the first mode in vacuum 11

~w  (normalized with multiplier 
24qcπ ) as a function of the normalized frequency 

peωω=Ω  for different values of the radius: 1 – 
1=a cm, 2 – 2=a cm, 3 – 3=a cm; 5.0=β , 

GHz9=peω . 
 As usual, the EMF was presented as a decomposition in 

an infinite series of normal modes with resonance 
frequencies 1

0
−= cann χω , where n  is the mode number 

and n0χ  is the nth zero of the Bessel function 
( ( ) 000 =nJ χ ). Next, the energy passing through the cross 
section of the waveguide in vacuum 1Σ  and in LHM 2Σ  

for all time was calculated. These values were obtained as 
integrals with respect to ω  and the sum of spectral 
energy densities of modes 2,1nw :  

∑∫
∞

=

∞
=Σ

1
2,1

0
2,1 )(

n
nwd ωω .                         (5) 

If the charge velocity exceeds the Сherenkov threshold  
CR with frequencies n0ω  are generated  in the medium. 
These frequencies depend on the charge velocity, 
parameters of the medium and the waveguide radius. The 
conditions for existence of CTR in vacuum are stricter 
than those in the case without the waveguide. For the 
mode with number n ,  they can be written as   

( ) 21
0

2
2

1
02 1)()(

−− −<< nn nn ωβω .            (6) 

The energy spectrum of the nth mode of TR in the 
medium includes both a left-handed frequency band and a 
right-handed one. The energy spectrum of the nth mode of 
TR in vacuum is limited from below by nω , as well as in 
the case of RHM. TR is excited if the radius of the 
waveguide exceeds some critical value. TCR is generated 
for larger values of radius. This effect is illustrated by fig. 
3 in the case where the left-handed frequency band lies 
between 0 and peω75.0  ( peω  is an electron plasma 
frequency). The energy spectrum of the first mode in 
vacuum 11

~w  is shown. One can see three cases:  
- the 1st mode of TR exists in the right-handed range only 
(curve 1);  
- the 1st mode of  TR includes both the right-handed range 
and the left-handed one, but CTR is not generated (curve 
2);  
- the 1st mode of  TR includes both the right-handed range 
and the left-handed one, and CTR is generated (curve 3).  

REFERENCES 
[1] V. G. Veselago, Sov. Phys. Usp., 10, 509 (1968).  
[2] V. G. Veselago, Sov. Phys. Usp. 173, 790 (2003). 
[3] J. B. Pendry, A. J. Holden, D. J. Robins, W. J. 

Stewart, IEEE Trans. Microwave Theory Tech., 47, 
2075, (1999).   

[4] J. B. Pendry, A. J. Holden, W. J. Stewart, I. Youngs, 
Phys. Rev. Lett., 76, 4773 (1996). 

[5] D.R. Smith, W. Padilla, D.C. Vier, S.C. Nemat-
Nasser, and S. Shultz, Phys. Rev. Lett., 84, 4184 
(2000). 

[6] R.W. Ziolkowsky, IEEE Trans. Antennas and Propag., 
51, 1516, (2003).  

[7] J. Lu, T.M. Grzegorczyk, Y. Zhang, J.P. Jr, B.I. Wu, 
J.A. Kong, Optics Express 11 (7), 723-734, (2003) 

[8] Yu.O. Averkov, V.M. Yakovenko, Izv. Vuzov. 
Radiophysics, 50 (5), 406-417, (2007). 

[9] V.L. Ginzburg, V.N. Tsytovich, Transition radiation 
and transition scattering (Science, Moscow, 1984). 

[10] K.A. Barsukov, JETP, 37, 1106 – 1109, (1959). 

0.0 0.5 1.0 1.5 2.0

0.05

0.10

0.15

0.20

0.25

0.30

1 

2 

3 11
~w

Ω

TH6REP037 Proceedings of PAC09, Vancouver, BC, Canada

4032

Instrumentation

T03 - Beam Diagnostics and Instrumentation


