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Abstract

The effect of space charge on the transverse Schottky
spectrum of coasting and bunched beams is studied using
measurements and simul ations together with analytic mod-
els. The measurements of transverse Schottky bands from
heavy ion beams are performed in the SIS-18 synchrotron
at GSl. In addition we analyze the noise spectrum from
a particle tracking code with self-consistent space charge.
The results are compared to analytic models for coasting
and for bunched beams with space charge. For coasting
beams an analytic model based on the transverse disper-
sion relation with linear space and chromaticity reproduces
the characteristic deformation of Schottky bands with in-
creasing space charge, observed in both measurement and
simulation. For bunched beams we find good agreement
between the shifts of synchrotron satellites observed in the
simulations and a simplified model for head-tail modes
with space charge.

INTRODUCTION

Schottky signals play an important role for the diagnos-
tics of ion beams in circular machines. The Schottky noise
spectrum, divided into separate bands, contains informa-
tion on theincoherent and coherent frequenciesin the beam
[1]. In many machines the Schottky spectrum is used rou-
tinely to probe e.g. betatron tunes and tune spreads. For
high intensity beams at medium energies, like in the FAIR
synchrotron’s[2], it isimportant to understand the effect of
space charge on the Schottky spectrum. It is well known
that in coasting beams space charge leads to longitudinal
Schottky spectra with a double-peaked shape. The trans-
verse Schottky bands, centered at the betatron sidebands,
are deformed in a characteristic way as well [3]. From the
deformation one can retrieve important information on col-
lective beam properties, like the space charge tune shift or
the Landau damping rate. This will be illustrated in the
present contribution using transverse Schottky spectrawith
space charge obtained in the SIS-18 synchrotron at GSl. In
bunched beams the Schottky bands split into synchrotron
satellites.  From the longitudinal Schottky spectrum the
space charge induced frequency shifts of bunch modes can
be obtained [4]. In this contribution we will present an
analysis of the transverse Schottky spectrum from simu-
lations of bunched beams affected by the transverse space
chargeforce.

COASTING BEAMS

The transverse Schottky spectrum is centered around the
betatron sidebands
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with the bare tune Q and the harmonic number n. In the
absence of space charge the width of a band is determined
by the chromatic tune spread

6Qn = Sérms (2)

with the rms momentum spread d&ms, S =
[£€ —no(n £ Q)], the chromaticity ¢ and the dlip

factor 9. For a round beam space charge induced an
incoherent tune shift Q¢ — AQ*¢ with
qIR
AQ* = ———— 3
@ dmegcEoB3vie &)

the beam current I, the particle charge ¢ and energy E,
the relativistic parameters v, and (3, the ring radius R and
the emittance € of therms equivalent K-V distribution. The
low intensity shape P (@ s) of a Schottky band (frequency
Qs = f/ fo, revolution frequency fo) is modified by space
charge according to

B PO(u) 4
with the normalized tune
u— Qf — (n£ Qo) £ AQsc (5)

S 5rms

and the dielectric function e(u) = 1 — D(u) (see e.g. Ref.
[3]). For a Gaussian momentum distribution the dispersion
functionis

D(u) = 7\/§ Usew (u/\/§) ©6)

with the space charge parameter U, = AQ*¢/(Sdms). It
should be noted that the analytic expressionfor P(Q) ¢) pre-
sented above results from arigid beam approach assuming
alinear space charge force. The vaidity of the rigid beam
approximation for weak or moderate space charge parame-
tersis questioned in [5]. However, here we will show that
Eq. (4) reproducesvery well the Schottky bands measured
under moderate space charge conditionswith U ;. < 2. The
Schottky measurementswere performed in the SIS-18 with
coasting “°Ar'®* beams at injection energy (11.4 MeV/u)
and for N < 10'° ions. A lower sideband measured at
10.6 MHz for three different intensitiesis shown in Fig. 1.
It can be observed very clearly that the asymmetry of the
bands increases with intensity which we refer to the effect
of space charge. From the Schottky datawe obtain U ;. us-
ing afit to Eq. (4) with the peak value, ¢ ms and the space
charge parameter U, as free parameters. The result of the
fitsareshownin Fig. 1 together with the measured data. In
Tab. 1 the space charge parameters obtained from thefit are
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Figure 1: Measured transverse Schottky spectra (lower
sideband) for different beam intensities. The solid curves
represent the fit to Eq. 4.

Table 1: Beam intensities, rms momentum spreads ob-
tained from thelongitudinal Schottky spectrum together to-
gether with the space charge parameters U ;. and the chro-
matic tune spread 6 ) obtained from thefit to alower Schot-
tky sideband at 10.62 MHz.

N/]-09 5rms [1074] 6@ AQSC Usc
0.45 2.8 0013 00 0.0
39 6.7 0.033 003 0.86
11.0 7.8 0.031 006 184

given. Space charge parameters were obtained also for up-
per sidebands and at different frequenciesin order to con-
firmthevalidity of our measurement. M oreover we showed
in[3] that for moderate space charge the noi se spectrum ob-
tained from a particle tracking code agrees very well with

Eq. (4).

BUNCHED BEAMS

In the case of alow intensity, bunched beam the trans-
verse Schottky band splits into equidistant synchrotron
satellites

Qni = (N Qo) + AQy (7)

with AQ, = kQ, and the synchrotrontune @ ;. In the ab-
sence of transverse nonlinear field componentsthe width of
each satellite is determined by the synchrotron tune spread
(1]
¢2

0Q ~ stl_gL < Sdrms (8)
with the bunch length ¢,,. In an intense bunch the trans-
verse space charge force will shift the frequencies of head-
tail modesand so the positions of the satellitesin the Schot-
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Figure 2: Head-tail mode frequencies AQ . as a function
of the space charge tune shift AQ . The symbolsindicate
the mode frequencies obtained from the simulation noise
spectrum for an elliptic bunch distribution with AQ . =
AQTE,

Ssc

tky spectrum. The mode frequencies can be obtained an-
alytically only for the so called airbag distribution in a
sguare potential well [7]

AQ
2

AQ = -

“ £ V(AQu/2)? + (kQ.)?  (9)
For weak space charge AQ ;. < Q, one obtains AQ =
—AQs./2 + kQ,. For strong space charge the mode fre-
quencies convergeto AQ = 0 for k > 0 andto AQ, =
—AQ,. for k < 0. The mode frequencies as a function of
AQs. are plotted in Fig. 2. If X (¢, t) is the transverse
offset of particles with positive momentum deviation one
can write X = exp(—iQowot) exp(i€d/no)x+ (@) with
wo = 2w fy. The eigenfunctions for the square well airbag
model are[7]

T4k = [cos(kTd/Pm) F (IAQK/kQs) sin(km g/ dm)]

(10)
The dipole moment seen by a Schottky pick-up is pro-
portiona t0 Z, = (4 + x—1)/2 = cos(kmo/dm).
In addition the eigenfunction carry a quadrupole moment
Al‘k = (1‘+,k — l‘_yk) = (ZAQk/kQS) Sin(kﬁ¢/¢m). For
strong space charge and for £ < 0 the quadrupole mo-
ment is dominating. Therefore one can expect a decrease
of the satellites with negative k. Also the eigenfrequencies
of k < 0 modes should differ from the analytic solution Eq.
9 because the analytic model does not take into account the
space charge effect on the envel ope oscillations. However,
for moderate space charge the shift of the eigenfrequencies
obtained from Eq. 9 can serve as a very useful validation
for simulation codes. Inthis study we use the particle track-
ing code PATRIC [6] which contains a 2.5D space charge
solver. In the simulation N,, = 10° macro-particles were

725



TU3PBC03

—patRC | | ol
0.20pR Qy—0Q.™ : : : : : : : n

"QO | 1 | 1 1

- Q 5 T I
F0.A5F: 1o 4 = E
2 oo a0 ad 'V .
= S : b
Sowofi tob i fi )} iE
~ A | Lo
oosf b ]
0.00 Lﬂh

2 4

Figure 3: Simulation noise spectrum for an airbag distribu-
tion in asquare well potential and AQ 5./ Qs = 2.

initially loaded in 3D phase space to reproduce alongitudi-
nal elliptic bunch distributionin arf bucket and transverse
K-V distribution. If we include the self-consistent trans-
verse space charge field we limit the simulation time to
T = 10T, with T, = 1/(f0Qs). The tune spread resulting
from the finite simulation time is 6Q = Q.T,/T, which
is smaller than the expected tune spread in the rf bucket.
One should keep in mind that the simulation of transverse
Schottky spectra from bunched beam is more demanding
than for coasting beams. Fig. 3 shows the noise spectrum
obtained from the simulation for an airbag distributionin a
square well potential and AQ s./Qs = 2. The satellitesare
in very good agreement with the AQ obtained from Eq.
9. However, for stronger space charge (AQ s/ Qs = 4) we
find that the satellites with & < 0 disappear in the smula-
tion noise spectrum. For realistic bunch profiles AQ s.(¢)
varies along the bunch. At the bunch ends AQ s.(¢,,) = 0
holds and AQs.(0) = AQT¥ in the bunch center. In
our simulation we study the noise spectrum from differ-
ent bunch distributions with the same rms bunch length
and particle number. Here we show simulation results for
an elliptic distribution with a parabolic bunch profile in a
rf bucket. The bunching factor is chosen as By = 0.35.
Fig. 4 shows the noise spectrum obtained from the sim-
ulation for AQs./Qs = 1.5 together with the mode fre-
quencies predicted from Eq. 9 for AQs. = AQT*. The
suppression and broadening of the negative satellites can
be observed very clearly. Like for the airbag distribution
in a square well potential, the negative modes disappear in
the noise spectrum because of their vanishing dipole mo-
ment. Moreover, in a rf bucket the lines for £ < 0 can
be Landau damped very effectively because they overlap
with incoherent spectrum centered around Q ¢ — AQ .. The
lines for k > 0 are well pronounced. The position of the
k = 1 satellite matches AQr—; from Eq. 9. With in-
creasing k the observed frequency shifts induced by space
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Figure 4. Simulation noise spectrum from a parabolic
bunch for AQs./Qs = 1.5 together with Q. from Eq.9.

charge are underestimated by Eq.9. In Fig. 2 the frequen-
cies of the satellitesin the simulation spectrum for different
AQ,c/Q, are compared with Q. from the airbag model
(Eq. 9). For AQsc/Qs < 3 we observe an additional line

~

below Qo — AQT™ in the simulation spectrum.

CONCLUSIONS

We demonstrated that in coasting beams the deformation
of the transverse Schottky bands for moderate space charge
can be described in the framework of a ssimple analytical
approach. From a fit to the measured Schottky spectrum
one can obtain the space charge tune shift and the Lan-
dau damping rate. For bunched beams in rf buckets we
compared the space charge induced shift of the satellites
in the simulation noise spectrum with the analytic eigen-
frequencies of the airbag distribution in a square potential
well. The negative satellites with & < 0 disappear with
increasing space charge. For the positive satellites with
k > 0 we found a good agreement between the two ap-
proaches. This suggest to use the positive Schottky satel-
lites (e.g. k = 1) for the measurement of the space charge
tune shift in bunches and for the validation of simulation
codes.
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