
        

Considerations in short-wavelength [extreme UV and X-ray] Free-Electron
Laser using Classical and Quantum Interference

S. Alama,c ∗ , C. Bentleyb† , a Theory Group, KEK, Tsukuba, Ibaraki 305, Japan,
b Prairie View Texas A & M University, Texas, USA, c University of Peshawar, NWFP, Pakistan

Abstract

Ordinary Free-Electron Lasers [FELs] can be found in suc-
cessful operation in the spectral range from millimeters to
ultraviolet wavelengths. However the operation of the com-
mon FELs in the extreme ultraviolet and X-ray wavelength
regimes faces certain adverse effects. Some of the main
obstacles in the way of the realization of X-ray FEL are
electron momentum spread and angular divergence. An-
other point to keep in mind is that ordinary FELs work on
the principle of “momentum population inversion.” By this
one means that electrons with momenta larger than the res-
onant value contribute to the gain whereas electrons with
momenta smaller than the resonant value contribute to the
loss. Thus to ensure a net gain we need more electrons with
momenta lying in the upper momentum domain than in the
lower one i.e. a “momentum population inversion.” Keep-
ing these points in mind Scully and co-workers have pro-
posed using the ideas of Lasing Without Inversion [LWI] to
achieve the successful operation of short-wavelength [ex-
treme UV and X-ray] FELs. The purpose of this work is to,
as a first step, critically analyze the theoretical and the prac-
tical feasibility of the proposals by Scully and co-workers.

1 INTRODUCTION

The first proposal of FEL by Madey [1, 2, 3, 4, 5] was made
on the basis of Quantum Electrodynamics [QED]. It was
later pointed out by Scully and co-workers [6] that for FELs
in the visible regime it is sufficient to use classical theory to
explain their operation. Quantum approach is necessary in
the short-wavelength regimes [ultraviolet [uv] and X-rays]
since then the effects of photon recoil and electron position-
momentum uncertainty must be taken into account.

In the quest for extreme uv and X-rays lasers several pro-
posals exist. Some of the proposals include the stimulated
Cherenkov radiation by quasi-free electrons in a refract-
ing medium and Cherenkov Transition Radiation in a pe-
riodic dielectric structure [7, 8]. The quantum theory of
Cherenkov lasers along with a discussion of photon statis-
tics is presented in [9]. Other proposals to obtain lasing by
FELs in the short wavelength regimes include replacing in
the FEL the magnetostatic wiggler by an intense electro-
magnetic wave [10, 11, 12]. In all these schemes the main
obstacles in obtaining X-ray FEL are electron momentum
spread and angular divergence.

In order to tackle these obstacles Scully and co-workers
have made the ingenious suggestions by proposing FELs
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based on the principle of classical and quantum interfer-
ence [16, 17, 18]. The ideas of lasing without inversion
[LWI] and electromagnetically induced transparency [EIT]
in atomic [13, 14, 19] and semiconductor systems [15, 19]
are based on the concept of quantum interference and co-
herence [13, 14, 19]. For example in atomic LWI the role
of population inversion is replaced by coherence between
two electronic states. It is thus tempting to apply the idea of
classical and quantum interference and coherence to FELs
in order to obtain an efficient laser in the short wavelength
regime. FEL’s based on quantum interference were pro-
posed in [16], ones based on universal classical mechanism
of free-electron lasing without inversion in [17] and lasing
without inversion in Cherenkov free-electron lasers in [18].

In order to test the feasibility of the theoretical ideas pro-
posed in [16, 17, 18] for FELs based on interference we
need to critically examine and analyze the theoretical and
the practical issues pertaining to the proposals by Scully and
co-workers. It is also worthwhile to suggest other related
schemes to obtain FELs working on the principle of inter-
ference and coherence. The purpose of this note is to raise
the relevant questions which naturally arise as result of the
mentioned proposals and to suggest a two-stage two-section
[i.e four sections and two drift regions] Cherenkov TR FEL.

2 BASIC REASONS FOR THE LIMITATIONS OF
ORDINARY FEL’S IN THE SHORT

WAVELENGTH REGIMES AND CHERENKOV
TR FEL

The principal concepts of the FEL’s may be found in [1, 2,
3, 4, 5]. In this section we summarize some relevant details.
We restrict ourselves to the one-dimensional approximation
in this note.

FEL’s are essentially devices that convert electron kinetic
energies into coherent electromagnetic energy by using the
interaction of electron and the photon. Unlike conventional
lasers, discrete energy levels which fix the emission wave-
length are not involved so that FEL’s can cover a broad
spectrum of wavelengths from microwaves to visible light
and beyond to UV and X-rays regimes. The interconversion
of electron kinetic energy and electromagnetic field energy
is stated in terms of the conservation law [4] [see page 98
of [4]]

d

dτ
(2je < µ > +|ε|2) = 0. (1)

The conservation law in Eq. 1 is written in terms of dimen-
sionless variables. τ is the dimensionless time, je is dimen-
sionless electron current density and |ε|2 is the dimension-



     

less electromagnetic field energy [4]. Two quantities of in-
terest are the gain G and index of refraction n. These are
given by

dG

dτ
=

2je
|ε| < sin(φ+ ψ

L
) >,

n− 1 =
je

k
R
L
W
|ε| < cos(φ+ ψ

L
) > . (2)

In the small-signal approximation the gain assumes a sim-
ple form and can be written as [4]

G0 − 1 = 2jeg(x). (3)

The expression for the classical field small-signal gain func-
tion g(x) is given by [page 105 of Ref. [4]]

g(x) =
1
x3

[
1− cos(x)− x

2
sin(x)

]
,

= − d

dx

[
sin(x/2)

x

]2

. (4)

g(x) is antisymmetric function of x and vanishes at reso-
nance. This stands in sharp contrast to the gain function of
conventional lasers which are symmetric about atomic res-
onance. Moreover in conventional lasers the gain curves
are independent of photon recoil to a good approximation,
whereas in FEL’s this is not the case.

Small-signal gain is proportional to the product of [16]:
(a):The small photon recoil factor h̄cq/E. q and E are re-
spectively the magnitude of wavevector and the energy of
the photon. (b):The emission rate per photon, P (q)/h̄cq.
P (q) is the corresponding emission power. (c):The deriva-
tive of the electron momentum distribution f(k) at the mean
resonant momentum k = h̄(ke + ka)/2, viz df(k)/dk|k.
ke and ka are the magnitudes of the electronic resonant
wavevectors for emission and absorption respectively.

The essence of the argument of Scully and co-workers
[16, 17, 18] is to make the gain function symmetric by
destructive interference of absorption probability and con-
structive interference of emission probability.

2.1 Cherenkov TR FEL

It is well-known that in a Cherenkov laser a beam of rel-
ativistic electrons interacts with an electromagnetic wave
propagating in a refractive medium. Taking the propagation
of electron beam along the z-axis. The laser vector potential
can be taken to be a plane wave with propagation wavevec-
tor kl = (kl sin θ, 0, kl cos θ) and polarization unit vector
ê = (cos θ, 0,− sin θ). For a plane wave in a medium with
index of refraction n the usual relation kl = ωn/c between
the wavevector and frequency of light holds.

The Fourier expansion of the em vector potential in a
medium whose refractive index varies periodically may be
written as

Al =
∞∑
j=0

Alj exp [iq · r],

q = kl + jk
W
. (5)

The harmonics are determined by the inverse period of
index variation wavevector k

W
with amplitudes A1j and

wavevector q. Denoting by the subscript i the initial state
quantities we may write the initial electron energy before
it enters the interaction region as Ei = γi m c2 =√
p2
i c

2 +m2 c4, m is the mass of the electron, γi is the
initial Lorentz factor and pi = h̄ki. The initial momen-
tum state may be written as |ki >. Similarly after emission
the electron momentum is pe = h̄ke and after absorption
pa = h̄ka. The interaction is quasi-free, in other words sta-
tionary in time so that conservation of energy holds,Ea,e =
Ei+h̄ω but it happens in a finite region in space so that there
is uncertainty in the momentum, viz h̄∆L = h̄/L. Thus
to obtain approximate satisfaction of both the conservation
laws, the dispersion relation between ω and q must not be
the same as it is in vacuum, which is the case in the peri-
odic medium.

The Gain is proportional to the difference between the
squares of the amplitudes of emission Te and absorption Ta.
Following [3] the amplitudes for the jth harmonic emission
and absorption can be written as

Te = < ke|eA∗lj · pi/mγi|ki >,
Ta = < ka|eAlj · pi/mγi|ki > . (6)

The probabilities of emission and absorption are given by

Me = |C|2sinc2[∆eL/2],
Ma = |C|2sinc2[∆aL/2],

C =
eA1j h̄ki sin θ

mγi
,

∆e = kiz − kez − qjz,
∆a = kaz − kiz − qjz. (7)

We may introduce the calculation of detunings and gain
systematically by decomposing the variation of energy h̄ω
with momentum difference in terms of Taylor’s series in
terms of h̄(kaz − kiz) for absorption and h̄(kez − kiz) for
emission. In the first-order approximation the dispersion
curve is given in terms of a straight line with slope equal
to the initial z-component of electron velocity v, viz

∆e = ∆a = ∆0 = ω/v − qjz. (8)

In this approximation, as is clear from Eq. 8 [i.e. the emis-
sion and absorption detunings coincide], there is no net gain
since the absorption and emission cancel each other. More-
over we note that zero detuning corresponds to resonance,
where the momentum is conserved precisely. The usual
Cherenkov radiation condition, viz, c/v = n cos θ is ob-
tained for the fundamental harmonic j = 0 for zero de-
tuning. It is at the second-order that one obtains a non-
zero contribution to the gain. Keeping in mind that the laser
light propagates at an angle θ with respect to the z-axis, so
that we must take into account of the transverse variation
of momentum one obtains unequal detunings for emission
and absorption upon combining the longitudinal and trans-
verse momentum variation contributing to the second-order



       

curvature of the dispersion curve,

∆a = ∆0 −∆R,

∆e = ∆0 + ∆R,

∆
R

=
h̄ω2

2m‖v3
+
n2 sin2 θh̄ω2

2m⊥vc2
,

m‖ = mγ3,

m⊥ = mγ,

∆
R

∆
L

= ε
2π2c3

v3

[
1 +

n2 sin2 θγ2v2

c2

]
,

h̄∆
L

= h̄/L,

ε =
λcL

λ2γ3
,

λc =
h̄

mc
∼ 4× 10−13m. (9)

The unequal detunings for emission and absorption is the
result of recoil of the electrons due to photons. Due to
smallness of the Compton wavelength of the electron λc ,
the quantum regime of FEL’s which corresponds to ε ∼ 1
is reached when the wavelength is on the order of several
nanometers, i.e. for X-rays lasers. We note that ε results on
taking the ratio of the shift between the centers of emission
and absorption curves ∆

R
and the homogeneous width ∆

L

of emission and absorption profiles and is thus a measure
of the regime of the operation of the FEL, the regime being
classical if ε¿ 1 and quantum if ε ∼ 1.

3 FELS BASED ON CLASSICAL AND QUANTUM
INTERFERENCE

The proposal to obtain FEL action in UV and X-ray wave-
lengths using the idea of quantum coherence and interfer-
ence was first suggested by Scully and his co-workers in
[16]. In summary it was suggested in [16] to achieve las-
ing in free-electron devices without the standard population
inversion between the two parts of the electron momentum
distribution that contribute to stimulated emission and ab-
sorption respectively. By making the absorption states de-
structively interfere without disturbing the stimulated emis-
sion, one obtains a gain profile which is symmetric about
the emission resonance with a gain value much larger than
achieved by the antisymmetric gain curve of a standard FEL
with same parameters.

It was further noticed by Scully and co-workers that the
real fundamental limitation of the LWI scheme of ref. [16] is
that it depends on the quantum mechanical distinguishabil-
ity between final momentum states for emission as opposed
to the indistinguishability of their counterpart for absorp-
tion making it highly sensitive to the angular spread of the
electron beam. To overcome the limitation due to angular
spread a new proposal of a classical mechanism of absorp-
tion suppression and emission enhancement by selective in-
terference in two sequential regions was given in ref. [17].

In ref. [18] a scheme for absorption cancellation with en-
hanced gain is proposed. The main point of the sugges-
tion in [18] is based on the adjustment of the phases of

electrons and light by “appropriate” dispersion between the
two sections. An achromatic cancellation of absorption is
suggested, which means to cancel absorption for a broad
distribution of electron momenta by making the interfer-
ence term independent of detuning [i.e. achromatic]. The
argument may be summarized as follows. A two-section
Cherenkov TR FEL, which has two interaction regions sep-
arated by a drift region is proposed. In order to make the
total phase difference between the two absorption ampli-
tudes independent of detuning, an adjustment of the paths of
the electrons and light in the drift region is suggested. The
paths of the electrons and light in the drift region are ad-
justed according to their velocities. The probability of ab-
sorption may be written as

Ma = |C|2 1
2

[sinc2(∆aL/4)

+sinc2(∆aL/4) cos(∆aL/2− φ)]. (10)

If ∆aL/2− φ is adjusted to π, Eq. 10 tells us that Ma will
vanish. The total phase difference after the first interaction
region of length Ll and drift region can be written as

−φ = ki(si + Ll)− ka(sa + Ll)
+q(s1 + Ll) + jk

W
Ll, (11)

where si and sa are respectively the paths traversed in drift
region by those electrons which have not been affected by
the light field and those which have absorbed light. sl is
the path length of light in the drift region. The idea is to
make the phase difference equal π for any initial electron
momentum ki and any laser wavevector q. Thus the phase
ki(si+Ll)−ka(sa+Ll) in Eq. 11 must be made indepen-
dent of ki or approximately independent of ki and q(s

l
+Ll)

adjusted so that the overall phase φ is an odd multiple of
π, i.e. −φ = (2N + 1)π. ka is determined by recoil, viz
ka = ki + δk, where δk ∼ qc/vi in the classical limit. We
note that δk is much smaller than any other momenta and
further k

W
is a constant. By using Taylor series expansion

the phase term ki(si + Ll)− ka(sa + Ll), viz,

ki(si + Ll)− ka(sa + Ll) ≈ −
qc

vi

(
si + Ll + (

ds

dk
)i

)
(12)

leads to the dispersion relation,

ki

[
2(
ds

dk
)i + ki(

d2s

dk2
)i

]
≈ si + Ll

γ2
. (13)

Eq. 13 can be further simplified to the form

ki(
ds

dk
)i ≈

si + Ll
γ2

. (14)

Eq. 14 along with the phase written as 1

−φ = jk
W
Ll + q

[
Ll + s

l
− c

vi

(
si + Ll + (

ds

dk
)i

)]
= π(2N + 1), (15)

1Eq. 34 of Ref. [18] seems to be misprinted



    

constitute the two main conditions for the interference term
in the probability of absorption [namely Eq. 10] to be inde-
pendent of momenta.

To achieve these delays it is suggested to use a magnetic
field B to deflect the electrons by angle ϕ at the end of the
first interaction region and by angle −ϕ in the middle of
the drift region, in between the electron is assumed to move
freely. The dispersion in the experimental situation, in this
scenario, is given by

k(
ds

dk
) ≈ 4× 105B2L2

m

L

γ2
, (16)

where Lm is the length of magnetic field region. To satisfy
Eq. 15 a medium with anomalous refraction n(q) where

dn

dq
= − C2

q2Ld
, (17)

is proposed to be inserted in the drift region. It is further
noted that for short-wavelength [XUV or X-ray] photons
the same effect as in a medium of anomalous refraction can
be attained with reflection off a Bragg structure.

4 QUESTIONS

The following questions naturally arise in the context of
FEL’s based on quantum interference as suggested in [16,
17, 18]:

• Can the LWI FEL’s operate efficiently even with a
strongly inhomogeneous, broad electron momentum
distribution?

• How practically feasible is the two-section Cherenkov
Transition Radiation [TR] FEL?

• Does this Cherenkov TR FEL allow a complete ab-
sorption cancellation and LWI operation even in the
case of a very broad electron momentum distribution
compared to the homogeneous width?

• Is the gain of LWI FEL greater than the gain of the
usual FEL by a factor of 100 [i.e. by two orders of
magnitude]?

• How realistic is the proposed “classical selective inter-
ference”?

• Moreover is the “classical selective interference” free
of the angular spread limitation?

• How valid is the small-signal gain calculation?

• The saturation would invalidate the small-signal anal-
ysis: when precisely does the saturation set in?

• The saturation is expected to affect the phase coher-
ence required for the interference: what is the form of
dependence of phase coherence on the saturation?

• What can we say about the noise in the two-section
Cherenkov TR FEL based on quantum interference?

5 PRACTICAL AND THEORETICAL
CONSIDERATIONS

In realistic conditions the complete vanishing of absorp-
tion probability Ma given in Eq. 10 above is not possi-
ble. Thus the actual gain profile will not be the symmet-
ric shape given in [18] but it will have a “skewed” an-
tisymmetric shape, with the positive gain part dominat-
ing under favorable conditions. Our initial crude calcula-
tions seem to indicate at least a 10% reduction in the ratio
gain LWI/gain usual advertised in [18]. We note that the
ratio gain LWI/gain usual given in [18] is

gain LWI
gain usual

∼ λ∆γ
λc
∼ 100, (18)

for typical parameters ∆γ/γ ∼ 10−4, γ ∼ 100, λ ∼ 3 nm.
Yet another practical issue which needs to be addressed

in the context of FELs based on interference is that of feed-
back. As a start we suggest the three-mirror Bragg reflect-
ing cavity [11] to achieve the necessary feedback to bring
the system above threshold. An additional advantage of
Bragg resonators is that they determine very sensitively the
operating wavelength of the system.

As mentioned above that in order to satisfy the conditions
Eqs. 14 and 15 that are needed to make the interference term
independent of momenta, deflection in magnetic field was
suggested in [18] as a practical way to achieve the necessary
delays. From practical viewpoint, in this context we need
to take into account the electromagnetic edge radiation. It
is known that electromagnetic edge radiation is generated
by a relativistic charged particle when it passes through a
region of a rapid change in magnetic field [20]. In [18] it
was suggested to apply deflection in magnetic field B to ro-
tate the velocity of electrons by angle ϕ at the end of the
first interaction region and by angle−ϕ in the middle of the
drift region, between these deflecting fields the electrons are
assumed to move freely. It is clear that a practical consid-
eration would be to understand the role of electromagnetic
edge radiation caused due to the magnetic field configura-
tion proposed in [18].

The free-electron lasers are three-dimensional devices.
The one-dimensional treatment is an important tool. How-
ever for more complete and realistic treatments we need
to consider the full three dimensional case. In the one-
dimensional approximation it is assumed that the laser ex-
tends without variation to infinity in dimensions transverse
to the wiggler axis. In reality however the diameters of elec-
tron and light beams are on the order of few millimeters
and we must take into account the variation of properties of
electron beam, optical beam and the wiggler field along the
transverse direction.

We must also consider the contributions of collective ef-
fects, since when the electron density in electron beam is
sufficiently high, the electron-electron interactions cannot
be ignored and collective motions which result from such
interactions must be taken into account. When the space-
charge waves are important, the first-order effect of space-
charge fields is to resist the bunching of electrons, thereby



   

decreasing the performance of ordinary FELs [4]. It re-
mains to be seen, how space-charge fields effect the per-
formance of FELs based on classical and quantum interfer-
ence.

6 PROPOSAL FOR COMPOUND
CONFIGURATIONS BASED ON THE
TWO-SECTION CHERENKOV FEL

A simple extension of the two-section FEL of [18] is a two-
stage two-section FEL. A three-ring Bragg resonator is pro-
posed to provide the feedback to bring the system above
threshold. For a slightly better performance as far as to-
tal reflectivity is concerned a five-mirror cavity can be used
[11]. However as is clear the three-ring cavity is more eas-
ily handled experimentally. Moreover the three-ring res-
onator allows for a longer wavelength. We note that mul-
tilayer mirrors, operating on Bragg diffraction allow for the
extension to longer wavelengths.

7 CONCLUSIONS

We have presented, as a first step, some relevant issues per-
taining to the practical feasibility of quantum interference
based FEL’s. The discussion of noise in such FEL’s will be
discussed elsewhere.
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