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The transfer matrices of the solenoid lens for intense beam, in which the space charge effect and beam-divergence angle are

considered, are given by solving

the non-linear equation of beam envelope and using the S-Matrix. The transfer

characteristics of the intense beam in the solenoid lens are also discussed.

I . Introduction.

The solenoid lens, as a beam focusing or transmission
device, is used in the intense accelerator and the pre-injector
stage of the intense accelerator. Generally, the transfer ma-
trices calculation method is adopted for calculation of the
beam optical characteristics. By using the point-by-point
approximate method and the intense approach method, the
transfer matrices of the intense beam accelerating tube have
been given [1-3]. In order to calculate the optical charac-
teristics of the intense beam in the solenoid lens, we need to
know the transfer matrices of the intense beam in the
solenoid lens. Because both the equations of motion and the
beam envelop equations of charged particle are self-coupling,
so the transfer matrices are not easy to be obtained directly.

In this paper, we have given the transfer matrices for the
intense beam in solenoid lens by solving the non-linear
equation of beam envelope and using the S-Matrix method,
in the case of considering the beam space-charge effect and
the beam divergence angle (or emittance). And the transfer
characteristics of the intense beam in the solenoid lens are
also discussed in detail. The theoretical work and the results
of the calculations are accurate enough for many application
purposes. The examples are given to show how the results
and method would allow one to design an intense beam
solenoid lens.

IT. S-Matrix.

Let us consider axis z as the beam transfer direction. In
case of K-V distribution for the two-dimensional phase-plane
(x,x"), the coordinate x and x’ satisfy the following
equation:[1]{4]
ey
where ¢is the emittance in direction X . The beam elliptic
coefficients, (which vary with the longitudinal position z) o,

2 2
o,x" =20, +o,x"° =&

>0,0,>0,and 5,0, - 6122 =g
In order to deal with equation (1) easily we take the
coordinate transformation:
£ = cosex + sin gx’
{5’ = — sin @x + cos @x’

(2)

Eq.(1) becomes

2 r2

f_z N s; B (3)

Its parametric equation is

& =acosg (4)

& = bsing
Substituting this into (2) ,we find

acos¢ = cosex + sin gx’ (5)

bsin ¢ = — sin px + cos ¢x’
Noting that, for the initial conditions z =0, X=X,
x'=xj,and a=a,, b=5,,¢ =@, ,wefind

1 .
cos¢ = Z(cowoxo + sin q)ox(,) (6)

sing = —l;l—(~ sing,x, + cosg,x;)
0
Combining this with Eq.(5),we obtain the transfer matrix

a b . . a . b .
—COS@,cosP + —sin@,sing —sing,cosp — —cos@,sing
a, b, a, by

S= a . b . a . . b
—COS@,Sing — —sin@,cos@ —sin@,sing +-—cos@,cos@
a, b, a, b,
(7

Eq.(7) shows that if we can get a, b and @, we will get the
transfer matrix S,

On the two-dimensional phase-plane (x,x’ ), the beam
radius X and maximum slope X’ satisfy[1]

o, =X7, o, = XX' (8)
g:+0'122 L‘z+(XX')2
Ty = p = Y 2
11 “
and
o XX’

g2 = 2 :t( )
8o Cp =0, B\ 2xe

1 I

a—ﬁ€|:0'22 +0o, +[(0'22 - o'“)2 +40'f2]7} 2= ﬁgl:A +(A -452);:| 2

2

b:ﬁt’:azz +oy, 7[(0'22 - cr”)2 +4of2];} z—ﬁ{A —(A4L;)?l:|

(%)
In which we define the characteristic radius A4:
2+ (xx)’
A:o’22+0'”:j—%+)(2 (10)

The (9) and (10) show that, if x?and x x ’ are got,
the transfer matrix S will be got. Now we will show how to
get x?and x.x ' in the following paragraphs.
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I1l. The Equations of Motion and Envelope.

For the solenoid lens, we suppose that the uniform
magnetic field with effective length L, which have a sudden
change from O to B, at entrance port, on the contrary, from
B, to O at exit port, replace the actual magnetic field. The
effective length L of solenoid lens is defined by|1](5]

[ B(z)dz = B,L
We define the magnetic action strength (,:

1
- L) p
0,=(2 )5,
where m and q are the mass and electric quantity of particle,

respectively. V' is the gauge electric potential, which is given

by v - ';V, here v is the velocity of particle. Eq.(12) shows
q

that for the constant m, } and ¢, Q, is also a constant. For
the K-V distribution of axisymmetric intense beam | the
equations of motion for single particle in solenoid lens
are{1]|6|

(an

(12)

20, - e (13)

" -
¥y +2Qu Rz, -

In which R is the maximum beam radius of axis x and y.

The generalized perveance [T is given by
m- 1 -
2re v
where 77is the charge-mass ratio of the particle, / is beam

, Is vacuum static dielectric constant.

intensity, &
Eq.(13) shows that the particle equations of motion in
axis x and y are self-coupling. In order to eliminate the
self-coupling, we adopt the rotational coordinates (x,,x;) ,
which are given by
X =X, co8p —y, siny
V=X, Sy +y, cosy

(14)

substituting (14) into (13) ,and suppose that ' = -,
and ,//(()) — o,we find

{x:'ﬂgé - :nn (15)

=0

11
¥+ Q4 -

This shows that the X, and Y, have the same equation of

motion. The transformation matrix equation is
x cosQyz 0 sin(J,z 0 x

_ : o (16)
x! -Q,sinQ.z  cosQuz  QycosQyz  sinQyz || x/
v - sinQ,z 0 cosQ,z 0 1y,
v ~(Q,c080,z —-sinQy,z —-Q,sinQ,z cosQ(,zJ v!
The envelope equation of Eq.(15) is
X"+ QX A‘I“slf‘ %:O (17

here the radius of beam envelope X=R>0. Multiplying both
sides by 1'X and substituting flz)=x° into (17), then

integrating from 0 to z, we obtain

[ =40 f7 +ATLS ln%+4(‘1f —-4d¢ (18)

Ea

where

478

(@)= Xx%=0,/(2). = [(0)= Xz—cr”(())

¢, = 4f°f0+Q0f0+—]—;~~X'z+Q0X +
f(z) 2XX'—20’12()

XZ
fi=2X,X{=20,(0)

(19)

In general, X is not much bigger than X, in first-order
approximation for Inf/f; the (18) becomes

J.:; H%_ Q4

IV. The Transfer Matrices For Intense Beam.

jfz +(Cy - 1) f - et Car - 2fdz’ (20)

Eq.(20) shows that the different relations between I
2

and ¢ ( ie Iland Q2x?2) have different result of inte-
gration .We now discuss these problems respectively.
Aforq=Q2x2.

Combining (20) with (19),we get

s 1
o

2
Xt= (Xg’ +g—)zz F2X Xz 4 X2

)r.*(':()((;2 L ]z+X0X0' 2n

s 2
Lo

B.for 11 < 92x¢Z.
Similarly, we have

X?= ; xosx; - n)"{\//\ sm( JOIXE 11+ a0]+((71 - II)} (22)

1

X / 2 g :

XX =0 [,: :7) cos[grzf \/QOZXOZ 11+ anj
2 \Qix2-11 Xy

2 \? 22
4X;
here (QD : 7117—2] e E (23)
X Ay
2
thW4v%
a, = arcsin °
VA

Cform>Qix;.
In the same way ,we obtain

»z_on oty Yt _ﬂw_ _ oty \,ol _
xr= (-Qsx7) expyy 5= M- Q5 X))+ (-0 X R

x[((“l - II)Z + 451(-?117- Q;]}exp(—ll)

XX \4“ (11-Qix: ) i (o Coixiy (24)
X[ (C) = 1) +4¢? (f]}exp(—l,)
here, J :ln[( +II—2Q§X§ +2X[;,/I"I—Q§X02] (25)

22 -0l

D. Transfer Matrlx.

Substituting x¥*and xx into (9) and (10), we will get
three different sets of a,b and ¢ . Then substituting a,b and
¢ into (7), the transfer matrix S for(X,,Xx;) is obtained.
Since ( X,,X, ) and ( ¥,,Y, ) have similar transfer S,
combining these results with (16)
matrix of the (X,,X, ,y,,yr

According to (14), the coordinate transformation matrix

., we will find the transfer
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. . x 1 0 0 0 x
equation is e 0 26
q Ll o1 -1 ol x; (26)

Vel [0 0 1 0|y,

v, 1 0 0 1 Vi

We define matrices M, N, K and E as follows:

( cosQ,z 0 j [ sinQ,z 0 j
M= . N = .
—QysinQyz cosQyz O, cosQyz sinQyz

Ko (0 o] Eo (1 0)
10 0 1
Combining (7),(16),(26) with (27), the transfer matrix R,
in solenoid lens is obtained

(27)

=

x, (28)
' 7(M NJ (S OJ [F 71(] x; _R , AT
v Mo sl EJ v, = z(xo Xo Yo Y(J)

Yo

B

=

=

V. The Transfer Matrices At Entrance Port and At Exit
Port.

Since the effective magnetic field have a sudden change
at entrance port and at exit port of solenoid lens, therefore,
we consider that the transverse positions x, y, are not
changed, only slope x,, y,; are changed at both ports.

The equations of motion for by-axial particle in
axisymmetric magnetic field are|1)

Iylz x =10 (29)

X
y”+2Qx’+Q’xf%y:()

X220y~ Oy -

In linear approximation, we obtain the four-dimensional
transfer matrix at the entrance port
10 0 0

0 1 Q, 0 (30)
R, =
0 0 1 0
0, 0 0 i

Similarly, the four-dimensional transfer matrix at the exit
port is

0 (31

Y, 0 0 1
From the results of (28), (30) and(31),we obtain the
four-dimensional transfer matrix R for solenoid lens
R = R,R, R, (32)
VI."Application And Discussion On Waist And Peak of
Beam.

For the solenoid lens, our interesting lies in its focusing
characteristics. The ideal beam envelope is shown in Fig 1.
Namely, in the case of x;>>0, the envelope has a peak in
solenoid lens, then X' becomes negative after the peak, and
forms a waist as beam past the exit port.

Fig.1. The ideal beam envelope.

Studying x? and xx- in section IV ,we find that only

for m<Qi X! the ideal envelope figure maybe appear, thus we
will only discuss this case in following.

We suppose that at position z = 0, the beam radius and
maximum slope are X, and X, respectively. The position
and radius of beam peak are z, and X, and the position and
radius of beam waist are z, and X,,as shown in fig.1.

A. At the entrance port.
According to (30),the radius X, and maximum slope X!
of the intense beam are given by
{Xj =x? (33)
X, X=X X +0,X3 = X,(X;+0,X,)
B. In the solenoid lens.
According to (22), we find

x? :%x;(ggxg - ) '[ﬂsin[if—,lggxg -1 +aoj+cl - 11} (34)

1
X A 2 2z
XX'= 0[———] cos[w,, X -1l +aJ
2 \pxxi-11 X, oo ¢
here
: toa(xy x,) &
A=[(X;+QUXU)Z+Q§X:—jZ—H} +(v—+—XQ—lE—
o o

2

Q:onf()"o’+QnXo)27'krz -1
A0
Ja

a, = arcsin

(35)

Eq.(34) shows the rule of beam radius with longitudinal
coordinate z ,which is drawn in Fig.2. (In this paper, we take:
Xo = 0.005 m, X;=0.04rad, the energy of proton is 30 kev,

and beam intensity is 98 mA4).

X(em)r 0757 B

FoT . 08sT . .

1k . ~

0

1 X

2 R ~ N )

3 . , . .
0 20 40 60 80 Z{cm)

Fig.2. Curves of beam radius X of proton beam with
longitudinal coordinate z for various magnetic
field Bo.

At the position z; of beam peak, Xx: . =0, namely,

XX!, =0 From (34) we obtain the position of beam peak
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v R QOZXOZ_(X(;+Q0 0 (36)
z, = 2° (QOZXOZ—IJ) ? arcco 7y
and the radius X, of beam peak is
L, X . o 37
X2 :T(ngggn) [Va+c,-n| G7

Eq.(36) and (37) show how the radius x, and position
z, of beam peak change with JTand Qo, which are shown in
Fig 3.

The radius X, and maximum slope x; of the beam at the
end of solenoid lens are given by

Xi= ; X3(0sx5 -1 {\/A sm( JOIX I -1l +a j+c n} (38)
- ,_ XO A o ? . 2,{1 02y ? _
X, X} = (Q;XOZ _“] cos[XO \/QOXD 1 +aoj

here L is the effective length of the solenoid lens.
C. At the exit port.
According to (31), the radius X, and maximum slope X’

are
{Xf = X2 (39)
XX =X, X -0X, =X,(X; -0, X,)
D. In the free-drift space (after the lens).
The beam envelope equation is
yooUoe (40)
X x
The solution is
. X] % K » 41 41
v e el = S0 (C II)+4“{(( - 10) —i]exp( 1) (41
12 1jx;?
0= S e, 4\/ " ((g—n) }exp(—lz)
here ¢ ,(\ "Q()Xb)z +% (42)
1, =2\g17(z - L)+ ln((‘l + 11+ 24T1{x] —QOX,,))
.. . d
At position z, of beam waist ¢; Loz, =24%:=; =0, we find
- («, An)’ﬁmi (43)
PR ET
a4V [(|+11+7J—(\ —Q[,Y)]
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Fig.3.Curves of the position z, and radius X, of

beam peak of proton beam as functions of B,.
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This shows how the position z, of beam waist changes with
Qg , L and II. Fig.4.shows the relation of beam waist

position z, with Bo.
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Fig.4. Curves of the position z, of beam waist of proton
beam with the magnetic field B .(here, take =20 cm)
The beam radius.X, of waist is given by

X= X_bz“(cl -y + 41‘ }I -(c - n)} @4

This shows the change relation of beam-waist radius y,
with B, L and II. Fig.5.shows the relation of beam waist
radius y, with Bo.
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Fig.5. Curves of beam waist radius &, of proton
beam with the magnetic field Bo.(here, take
[=20cm)
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