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A method for estimating a beam centering error from a beam density distribution obtained by a single radial probe has 
been developed. Estimation of the centering error is based on an analysis of radial beam positions in the direction of the 
radial probe. Radial motion of a particle is described as betatron oscillation around an accelerated equilibrium orbit. 
By fitting the radial beam positions of several consecutive turns to an equation of the radial motion, not only amplitude 
of the centering error but also frequency of the radial betatron oscillation and energy gain per turn can be evaluated 
simultaneously. The estimated centering error amplitude was consistent with a result of an orbit simulation. This 
method was exceedingly helpful for minimizing the centering error of a 10 MeV proton beam during the early stages 
of acceleration. A well-centered beam was obtained by correcting the magnetic field with a first harmonic produced by 
two pairs of harmonic coils. In order to push back an orbit center to a magnet center, currents of the harmonic coils 
were optimized on the basis of the estimated centering error amplitude. 

1 Introduction 

One of the reasons for loss of a beam during acceleration 
is displacement of an equilibrium orbit from a magnet 
center[l). The displacement of an orbit center is due 
to a first harmonic in the magnetic field and/or inade­
quate adjustment of positions of an inflect or and a puller. 
The displacement causes precession of the orbit. A large 
first harmonic drives a linear resonance at Vr = 1 that 
makes the radial motion unstable. A crucial resonance 
will cause an increase in amplitude of radial oscillation 
that results in loss of the beam in a center region. The 
final beam quality may also become worse due to the 
resonance caused by the centering error. 

On the other hand the resonance is helpful for in­
creasing a turn separation just before extraction, what 
is called precessional extraction. The displacement of 
the orbit center may improve an extraction efficiency. 

For the optimum tune-up of the cyclotron beam, the 
beam centering error has to be reduced during the early 
stages of acceleration. The beam centering error can be 
measured precisely with multiple radial probes[l, 2). The 
JAERI AVF cyclotron[3) is equipped with three radial 
probes; a main probe, a deflector probe and a magnetic 
channel probe. The main probe covers a full radius, and 
the other two probes work only in an extraction region. 
Radial beam density distribution is obtained only by the 
main probe equipped with a differential head of three­
finger type. Thus we devised a method for estimating 
the beam centering error from the single beam density 
distribution. 

Estimation of the centering error is based on a con­
cept that radial motion of a particle is expressed as the 
betatron oscillation around an accelerated equilibrium 

orbit. A position of the accelerated equilibrium orbit 
is a function of particle energy and betatron oscillation 
frequency. The energy is calculated from the sum of 
an energy gain for each turn. The energy gain depends 
greatly on a phase of the particle. A beam spreads radi­
ally because of the different energy gain of particles. We 
can know an average position of orbits from the beam 
density distribution. The energy gain and the betatron 
oscillation frequency as well as the amplitude of the cen­
tering error can be determined by fitting the average 
beam positions to the equation of the radial particle mo­
tion. Here we assume that the variables obtained by the 
fitting are identical for several consecutive turns. 

2 Method for Estimating the Centering 
Error 

2.1 Measurement of beam density distribution 

The radial main probe of the JAERI AVF cyclotron con­
sists of two heads: an integral head and the differential 
head. The integral head is a copper block 20 mm thick 
cooled by water. The block has enough thickness to stop 
a 90 Me V proton fully. The differential head is divided 
into three tantalum blocks 8 mm thick aligned vertically. 
The three fingers are projected by 0.5 mm from the edge 
of the integral head. The beam density distribution of 
a 10 Me V proton beam obtained by the main probe is 
shown in Fig. 1. A radial position of each turn is de­
termined by the position of a maximum current density. 
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Figure 1: Beam density distribution for the 10 MeV pro­
ton beam measured with the main probe. 

2.2 Fitting of beam positions 

A static equilibrium orbit is uniquely determined by the 
particle energy. The static equilibrium orbit changes 
outward due to an increase of the particle energy af­
ter acceleration. The radial position of the particle is 
expressed as 

R(B) = Acos(vrB) + Bsin(vrB) + R eq (i3.E,B), (1) 

where A and B are amplitude of the radial betatron os­
cillation, that is the centering error, B an azimuth inte­
grated from the first acceleration, Vr the radial betatron 
oscillation frequency, i3.E the energy gain per turn, Req 
the radial position of the equilibrium orbit. The A and B 
represent amounts of the orbit center shift in the direc­
tion of the probe axis and in the perpendicular direction, 
respectively. 

The radial position of the equilibrium orbit in the di­
rection of the main probe axis is uniquely determined by 
the average radius of the equilibrium orbit. For the 10 
MeV proton, correlation between the radial position of 
the equilibrium orbit and the average radius of the equi­
librium orbit is shown in Fig.2. Using a second order 
polynomial of the average radius, the radial position of 
the equilibrium orbit is expressed as 

(2) 

where the constants OJ. (12 and 03 are determillt'd by a 
fitting of the data in Fig. 2. 

By solving the equation of motion, the average radius 
of the equilibrium orbit is expressed as a function of tlw 
0, i3.E and Vr: 

J 
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Figure 2: Correlation between the radial position of the 
equilibrium orbit in the direction of the main probe axis 
and the average radius for the 10 MeV proton beam. 
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Figure 3: The average radius of the equilibrium orbit as 
a function of the particle energy for a 10 MeV proton 
beam. 

where Ro is the average radius of the first turn and Eo 
is an injection energy. 

A relation between the particle energy and an aver­
age radius of the static equilibrium orbit for a 10 MeV 
proton beam is shown in Fig. 3. By non-relativistic ap­
proximation, the particle energy can be expressed by a 
second order polynomial of the average radius. Thus we 
approximate the average radius of the first turn as 

(4) 

where the constants b1 , b2 and b3 are determined by a 
fitting of the data in Fig. 3. 

The partici(' energy of the first turn is defined a.5 Eo 
+ ~ fJ, since particles art' stoppt'd by the main probe 
after having t he first ent'rgy gain. Tht' parameters of A, 
fl, :::,.}~' and Vr are determined by a fitting of actual beam 
positions to the t'quation ( 1 ). 
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Results of the Centering Error Analy­
SIS 

Estimation of the centering error 

:w centering error of the 10 Me V proton beam was 
t imated from the beam positions of the first twenty­
(' turns shown in Fig. 1. The fitting for estimating 
(' centering error was applied to consecutive five or ten 
rns on the assumption that the parameters A, B, t1E 

1.1 Vr don't change drastically during ten revolutions 
1he center region. The positions of the first twenty­
(' revolutions are plotted by dots in Fig. 4 - 7. Radial 

'sitions of the accelerated equilibrium orbit obtained by 
<' fitting is also drawn in the figures. The parameters 
t ermined by the fitting are summarized in Table 1. 

,hie 1 : Amplitude of the Centering error A and B, frequency 

f the radial betatron oscillation Vr and a energy gain per turn 

t1E of the 10 MeV proton beam. 

Turn A B Vr t1E 

number (mm) (mm) (MeV /turn) 

1 to 5 2.6 -50 0.99 0.037 

6 to 15 0.3 -2.2 0.98 0.042 

11 to 20 0.7 1.4 0.98 0.043 

16 to 25 -0.1 -0.9 0.97 0.040 

The centering error amplitude of the first five turns 
is quite large and the energy gain was smaller than 
:' others because of a phase slip caused by a center 
mp of the magnetic field. After the sixth turn the 
ltering error was minimized and the beam was almost 
lI-centered. A correction of the centering error of the 

',,1 five turns was made by the first harmonic in the 
Id produced by two sets of harmonic coils. 
In order to evaluate the results of the estimation, an 

:)it simulation was carried out using the operation pa­
.11eters of the 10 MeV proton beam. The amplitudes 
.''llld B, the frequency Vr and the energy gain t1E ob­
ned by the simulation were -1.1 mm, -0.2 mm, 0.99 
,j 0.042 Me V /turn, respectively. The result of the es­
·Iation from the real beam density distribution was 
.Isistent with the computer simulation. 

Energy gain 

.)fder to compare the estimated energy gain to a nom­
"..1 value deduced from a Dee voltage of the practical 
':'ration, the beam density distribution measured at 
'['efent Dee voltages was analyzed. The estimated val­
" are shown in Table 2. 
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Figure 4: Radial positions( dots) from the first to the fifth 
turn of the 10 Me V proton beam. The curve accounts 
for the accelerated equilibrium orbit determined by the 
fitting. 
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Figure 5: Radial positions( dots) from the sixth to the 
fifteenth turn of the 10 MeV proton beam. 

Table 2 : The energy gain obtained at different dee voltages 

Nominal Nominal Estimated 

Dee voltage maximum t1E t1E 

(kV) (MeV /turn) (MeV /turn) 

11.45 0.046 0.042 

19.69 0.079 0.070 

29.69 0.118 0.128 

The estimated energy gain for the nominal Dee voltages 
of 11.45 kV and 19.69 kV was smaller by 10 % than 
the nominal value. A cent.er of the acceleration phase 
might shift from the phase of the maximum gain. On 
the other hand, the estimated value for the nominal Dee 
voltage of 29.69 kV was larger than the nominal one. In 
this case an error of the estimation might be larger than 
the others partly because the beam was extremely off­
centered. The centering error amplitude for the nominal 
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Dee voltage of 29.69 kV was A= -21 mm and B = -6.4 
mm. Evaluation of the errors in the estimation is in 
progress. 
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Figure 6: Radial positions( dots) from the elevent.h to the 
twentieth turn of the 10 Me V proton beam. 
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Figure 7: Radial positions( dots) from the sixteenth to 
the twenty-fifth t.urn of the 10 Me V proton beam. 
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