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The transient eddy current in iron-solid magnets would disturb the magnetic field distribution at the magnet gap with
variations in both space and time. In order to formalize this phenomenon by an analytical expression, we attempted
to introduce the incremental permeability to Maxwell's equations together with a fringing field effect. An analytical
expression for the O- and C-shape iron-core with a circular cross section is obtained by means of two-dimensional
simultaneous Laplace’s transformation for both the space and time. The expression is useful for estimating spatial field

distribution and time constant.

1 Introduction

In a magnet with an iron-solid core the transient eddy
current would be induced by changing the magnetic field
and disturb the magnetic field distribution at the magnet
gap with variations in both space and time. Theoreti-
cal study[1] has suggested that effect for the magnetic
field due to the eddy current has time constant associ-
ated with mode of spatial magnetic field distribution.
Also experimental study[2], in which transient phenom-
ena of the magnetic field were observed for iron-solid
core magnet, has been reported. It seems that such a
phenomenon is due to some transient characteristics de-
pending on the time constant associated with incremen-
tal permeability. The theoretical study, on the other
hand, suggests that the eddy current effect does not de-
pend on the permeability of the iron-core. To solve that
contradiction we introduce the incremental permeability
to Maxwell’s equations. We also assume leakage flux ra-
tio at the magnet gap because existence of the leakage
flux would affect the time constant since larger amount
of the leakage makes magnetic flux density higher in the
iron-core. When discussing the eddy current, we claim
that permeability for iron-core should NOT be treated as
a constant value because of hysteresis. The incremental
permeability can be introduced to Maxwell’s equations
through Faraday’s law:
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In this paper, we tried to formalize the eddy current phe-
nomena by treating the permeability as the incremental

permeability pa = gj, and discuss the magnetic field

distribution with variations in both space and time by
assuming the ion-core whose shape was simplified prop-
erly. The leakage flux density has also been introduced
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to discuss that phenomena in which the time constant
directly depends on the leakage flux ratio.

2 Formalization of Eddy Current Equa-
tion for O-shape Iron-core

2.1 Derivation of basic equations

Firstly, we are going to start the discussion about the
eddy current with simplified iron-core model: O-shape
(no gap) iron-core with length { and radius on cross sec-
tion 79, and N-turn coils are wound uniformly around
the core. The Maxwell’s equations considering the in-
cremental permeability in the core are given as follows:

V-D=0 (2)

0B O0H
VX E=-5m5 (3)
V-B=0 (4)
VxH=0cF, (5)

where we assume Ohm’s law and neglect displacement
current. It is adequate to take cylindrical coordinates
(r,8, z) for discussing the Maxwell’s equations because of
symmetry, and Faraday’s law can be rewritten as follows:

14 0B, OH,(r.t)
ror OH, ot
E,., E, and B, are zero because of symmetry.

Next, we take surface integral of Ampere’s law about
closed curve along the core and obtain

(rEq¢(r.t)) = (6)

To
le(r,t):NI(t)—f—la/ Eo(r' t)dr (7)
where r represents distance between symmetrical axis of
the core and integrated closed curve, and I(t) the coll
current. By differentiating (7) with r, we obtain

OH,(r,t)

o = —0Ey(r,1).

(8)
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Boundary conditions for (6) and (8) are given at the
surface of the core (r = rp):

NI(t)

1
RI(1),

Hz(r()vt) =
27TT‘0NE9(T‘0,t) + Vo(t) =

(9)
(10)

where R and Vy(t) represent resistance of the coil and
applied voltage to the coil, respectively.

We treat physical quantities at the time ¢ as a differ-
ence from those of final states, at which the eddy current
has been lost by Ohmic loss,

ity = I(t)— I (11)
b(r,t) = B(r,t)— By(r) (12)
h(r,t) = H(r,t)— H(r) (13)
v(r.t) = Volr,t)— Vos(r) (14)
E(r,t) = Eg(r,t) -0, (15)

where suffix f means the final state of each quantity,
and the Maxwell’s equations for these transient states

where C(p) the function only depends on p. Now we

perform inverse Laplace’s transformation about ¢ to (22)
and (23),

frp) = L7 [F(g,p)]
= C(p)Jo(jr/iacp) (24)
g(r,p) = L;'[G(q,p)]
= SO famepi(jry/acE) (25
= ——iVeaopi(irVuaop)  (25)
where Jo(z), Ji(z) represent Bessel’s functions.
From the boundary conditions we obtain
1 RI
= —— - 26
9(ro.p) = g5 | f(ro.p) — w(p) (26)

where w(p) represents the Laplace’s transformation form
of v(t). We solve f(r,p) and g(r,p) from (24), (25) and
(26):

Kw(p)Jo(%z)

are given as follows:

ah{g’;” = —eE(r1) (16)
14 Oh(r,t
;0—r(7’E(r,t)) = —ua (3:) (17)
N1
h(T’(),I‘,) = 1l(t) (18)
1
Elrot) = 5o (RO = o) (19)

where pa represents the incremental permeability.

2.2

and the solutions

To solve the Maxwell’s equations and the boundary con-
ditions discussed above, we perform two-dimensional si-
multaneous Laplace’s transformation to the equations:

Flg,p) =
G(g,p) =

]ng[h(T,I‘)]
Lap[E(r1)].

After Laplace’s-transforming to (16) (17) and differenti-
ating by ¢, we obtain

: Clp)
Flg,p) = ——m———nn 22
T e .
] qC(p
q.p) = 1) (23)

a\/q> — pacp

Two-dimensional Laplace’s transformations

: = — 7 "To 7 27
A s ey Y 27
1 Ruw(p)zi(£2)
g(r,p) = —5Fs (28)
org Jo(z) — BzJ1(z)
where R, 3,z are defined as follows:
N
K = i (29)
g = 27N K (30)
U N
z = jro/uaop. (31)

Because the iron-core has large o, we can neglect the
second term of the denominator in (27) and (28).

Now we assume the case that the applied voltage to
the coil has a step-like variation in time at ¢ = 0. In that
case, v(1) should be treated as the delta-function because
v(1) i1s defined as the difference between two stationary
We
perform inverse Laplace’s transformation about p to (27)
and (28) by using Heaviside's expansion theorem and
obtain:

states, so that w(p) becomes a constant value wyq.

[' } J L:n 1 ip 2
h(r.) & —2——0 §° 0rgn) 7w ()7 (39)

/J'Ao'rg ']1(:71)
Kw indy (EV?) _ 1 (:za)?
Bl s =2 g 2 == G0 (3)

where z,, satisfies Jo(z,) = 0.
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From mode analysis discussed above, we conclude
that the time constant of the eddy current for a n-th
spatial mode 1is as follows:

2
Lo
Tn = HAT | — 3
zﬂ

namely, the time constant of the eddy current directly
depends on not only the spatial mode of the electric and
magnetic field in the iron-core but also the incremental
permeability of the core.

(34)

3 Formalization of Eddy Current Equa-
tion for C-shaped Iron-core

Next, we discuss C-shape iron-core magnet whose size
and material are identical to O-shape iron-core discussed
in the previous section except that the C-shape core has
a gap whose height is g. Such an electromagnet would
generate a magnetic field not only n the gap (r < rp)
but also around the gap (r > rg) because of leakage flux.
It 1s difficult to deal with the leakage generally since it
depends on both pole shape and properties of the core.
Here, we adopt an assumption in which magnetic flux
density in the iron-core B.(r,t) and in the gap B,(r <
ro,t) are proportional to each other, namely,

B.(r,t) = kBy(r <7rq,t), (35)

which represents leakage flux ratio and has a value of
k > 1. This assumption violates the conservation of the
magnetic flux density at the surface of the pole, however,
we treat the leakage flux as a simplified parameterization
given by k. Also this means that when we take surface
integral of Ampere’s law around closed curve along the
core we only need to consider the magnetic field in the
gap although it depends on the leakage flux.

Assuming (35) and considering the transient state
similar to the previous section, we obtain following equa-
tions:

Oh.(r.t)y g 0b.(rt) . .
—_— - 2 = o F(rt
: or kpo  Or lobifr.1) (36)
1o  Ohr) A
;5;(7’5(721)) = naT - (37)
lh (1o, t) + ——b.(ro.t) = Ni(t) (38)
ko
1 .
E(ro,t) = 3 -(Ri(t) — v(t)). (39)
7T7'0/\‘

Now consider infinitesimal variation in B. .(r,t) and
H. .(r,t) and the incremental permeability pa be kept
a constant value during the change, namely,

b.(r.t)y = pah (rt). (40)

524

The Maxwell’s equations and the boundary conditions
are then given as follows:

gpa \ Ohc(rt) e E(r
(1+ k_/lo)——ér_—_ loF( ,t) (41)
10 _ . 0Oh(r?)
;E(T’E(Tat)) = paTo (42)
(1 4 ‘”‘—A> ho(ro,t) = Ni(r,t) (43)
Ho
Elro.t) = QW:ON(Ri(t) — (1)), (44)

and are resolved to that of the O-shape iron core. They
can be solved by operations similar to that in case of the
O-shape iron-core, and the time constant of the eddy
current is given as follows,

lo To 2
449\, /)
HA

kuo

gap —
h =

(45)

In this case, the time constant depends on both the in-
cremental permeability and the leakage flux ratio.

4 Discussion and Summary

4.1 Behavior of the time constant

Now we discuss the time constant (45) in the case that
1)the iron-core has large incremental permeability and
2)the magnet has large amount of the leakage flux ratio.

For large pa the time constant is written as follows:

[ r 2
T3P ~ k—pgo <l) .
g -

“n

(46)

Namely, (46) indicates that the leakage flux makes the
time constant longer and it seems that & makes the gap
height shorter. The time constant(46) corresponds to
that of the theoretical study[l] when the leakage flux ra-
tio is chosen to be unity, namely, & = 1. In this case
the time constant does not depend on the incremental
permeability, but, on the other hand, we need to under-
stand some relationships between the leakage flux ratio
k and the incremental permeability pa.

(45) shows another interesting behavior about the
leakage flux ratio. If k has large value, so that [/ua >
g/kpo is satisfied, the time constant would be rewritten

as follows:
2
gap o
Th ~ AT R s
~N

that corresponds to the result of O-shape iron core. This

(47)

means that larger lcakage flux ratio makes the gap height
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shorter effectively, so that the time constant becomes the
same that for without gap. Such a case may be realized
at near the edge of the pole face, and consequently there
may be some dependence of the time constant on the
radial position in the gap.

4.2 Suggestion for experiment

Some experiments are needed for verification of the eddy
current effect. The time response of the magnetic field
for an excitation voltage pattern of the coil should be ob-
served with both iron-solid and lamination core magnet
which have the same dimension each other.

According to (32) and (33), which are the solutions
for the step-like variation of the applied voltage to the
coil, the spatial distribution of the field tends to become
larger at the edge of the pole than at the center. The
time constant, on the other hand, implies that the edge
of the pole tends to have longer time constant than the
center. Such a dependence of the time constant on the
position in the gap should also be observed, and similar
experiments with some patterns of the excitation voltage
to the coil are needed.

4.3  Summary

We tried to formalize the eddy current phenomena in the
electromagnet and an analytical expression for simplified
iron-core was obtained by means of two-dimensional si-
multaneous Laplace’s transformation for both space and
time and by introducing the incremental permeability
into the Maxwell’s equations.

The time constant from the analytical solution with
the leakage flux ratio depends on both the spatial mode
of the magnetic field and the incremental permeability,
and the larger leakage flux ratio makes the gap height
shorter effectively. This effect implies that there is de-
pendence of the time constant on the position in the gap.

Both the analytical formalization and the experimen-
tal verification of the eddy current effect for the magnetic
field would be able to contribute not only accelerator
control but also experiments in which one uses the elec-
tromagnet. We are now preparing the experiment for
the study of the eddy current phenomena in the electro-
magnet.
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