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Abstract

Principle of alternating gradient acceleration is proposed
to overcome one of the major limitations on laser acceler-
ation: phase slippage due to the difference between phase
velocity of acceleration wave and longitudinal speed of ac-
celerated particle. According to the principle, net accel-
eration can be achieved in various ways even under con-
tinuous phase slippage. Single particle dynamics of both
longitudinal and transverse motions are investigated under
alternating gradient acceleration.

1 INTRODUCTION

In al known accelerators, acceleration gradient is kept pos-
itive along the entire passage of accelerated particles. This
is so for agood reason, of course, as synchronous acceler-
ation or all-positive-gradient acceleration can be achieved
so easily that there is no need to do it otherwise. How-
ever, situation can be drastically different when accelera-
tion wavelength is scaled down, where phase slippage be-
comes acritical problem limiting net acceleration.

For direct field laser acceleration, mgjor difficulties have
been encountered when trying to maintain synchronous ac-
celeration. In all schemes proposed so far, the approach
to overcome phase dippage is to either place structuresin
the near field of intense laser and particle beams or load
gases directly in the passage of the beams, in an effort to
either terminate the interaction or slow down the accelera-
tion wave. Asaresult, hefty price hasto be paid by sacrific-
ing accel eration gradient and beam current, and in doing so
the very attractiveness of the laser acceleration schemesis
severely compromised. Phase slippage is a'so amajor lim-
itation for ponderomotive driven acceleration in al laser-
plasma-based schemes.

In thisreport, Principle of Alternating Gradient Acceler-
ation (PAGA) is proposed to overcome the phase slippage
problem. According to the principle, net acceleration can
be achieved in various ways even under continuous phase
dlippage. Several schemes based on the principle have been
proposed to achieve high average gradient for both direct
field and ponderomotive driven accelerations[1, 2, 3, 4, 5].
Therefore, synchronous acceleration, a concept so deeply
rooted in the conventional accelerator physics and practice,
is neither a necessary condition nor worthy of striving for
in order to achieve high gradient laser acceleration. It is
now the time to cross over amajor conceptual threshold.

The dramatic change of operation principle from syn-
chronous acceleration to alternating gradient acceleration
may have profound impact on the beam dynamics we used
to know. The main purpose of this report, therefore, is to
establish a new foundation for both longitudinal and trans-
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verse dynamics, and reveal some unique characteristics of
beam dynamics under the new principle.

Taking a perspective in a broader scale, PAGA is pro-
posed as one of the two pillars for a new landscape of
laser accelerations. The other pillar, Concept of Oversized
Open Waveguide (COOW), is required to overcome other
two major limitations on laser acceleration: diffraction of
laser field and structure damage by high power laser. By
supporting each other in harmony, the two pillars together
support a great variety of architectures that are capable of
overcoming simultaneously the three major limitations and
hence to provide high gradient acceleration over much ex-
tended length in single stage with durabl e solid-state accel -
eration structures. Readers are referred to my recent arti-
cles[1, 2, 3, 4,5, 6, 7] for amore complete exposition of
the entire framework.

2 THE PRINCIPLE

Longitudinal field of a traveling wave seen by a charged
particle moving on an orbit defined by ¢(z) is of the form

Elz,t(2)] = E(z) cosv(z) . @

Assuming phase velocity of the wave and longitudinal
speed of the particle are different, the particleis accelerated
over a distance L, corresponding to a = phase dlippage,
and then decelerated over L, correspondingly to another 7
phase dippage. Respectively, the energy gain and loss are

L,
AW, — / E(2) cosip(2)dz = qEqLaT, |
0

Lox

AWd = E(Z) COSQﬂ(Z)dZ = —quLde y

La
where Lo, = L, + L4, E,(Ey) isthe magnitude of pesk
acceleration (deceleration) field, and T, (7)) isatransit fac-
tor over the distance L, (L) satisfying0 < T, <1 (0 <
Ty < 1). The average gradient over Lo, isthen

- (E)(EHDE)]

1+ 72

G — AW, + AW, .
2T — La +Ld — a

Y

where G, = AW, /L, > 0 is the average gradient over
L,. Thus, the condition requiring net energy gain over a
27 phase slippage follows

Gy >0 = <§—j><§—j)(%><l 2

Equation (2) isageneral statement of the principle of alter-
nating gradient acceleration, applicable to all types of ac-
celerations under continuous phase slippage. It also reveals
the variety of approachesin achieving net acceleration.
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3 LONGITUDINAL DYNAMICS

We now discuss single particle dynamics of longitudinal
motion in the field of Eq.(1) under continuous phase dlip-
page. In particular, we consider direct field acceleration
by an electromagnetic wave confined in a waveguide. For
electron with ¢ = —e, energy equation can be written as
dy

Fr —kacos

©)

where
eE(z)A

aqQ = ——
2rmc?

w:wt—/ozkz(s)ds.

The electron phase may be separated into two parts, ¢ =
Y1 + 1, where +); depends on accel erator lettice

m—A%%@@L

and v, depends on particle’s energy and initial phase

# 1
w7=/0 dsk <%—1) + o, Yo =uwlo-
We are interested in the relativistic regime satisfying

d¢l d%
‘ dz > ‘ dz

Conseguently, we may define alattice period, Lo, accord-
ing to the condition for a 27 phase dlippage by

|AY(Az = Loy )| = 27 .

In addition, we introduce a(z) = as(2) fi(z), where a;(z)
isassumed to vary slowly inthe scale Lo, fi(2) and k. (z)
are periodic functions with period Lo, and 0 < f;(z) < 1.

Taking average of Eq.(3) over thefast scale Lo, one gets

dy

dz
wherey =< v >, C; =< ficosy; >, S; =< fisiny; >
are averaged quantities. Obviously, net energy exchangeis
possibleif C; # 0 or S; # 0. For convenience we may set
the lattice such that C; = 0 and S; > 0. Hence, longitudi-
nal equations of motion in slow scale become

dy d k
d—z = kasSysin, , ﬂ =

—kas(Cycostpy — Sysine,)

dz 272" @)

It is important to note that Eq.(4) is casted into the same
form as the usual equations of motion for alinac [8]. Asa
result, our entire wealth of knowledge about synchronous
acceleration can be directly applied to the case of aternat-
ing gradient acceleration. For example, period of small am-
plitude synchrotron oscillation follows directly from Eq.(4)

=3/2
Ao = _ P (5)
\/@sSpcosy
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4 TRANSVERSE DYNAMICS

Transverse motion of an electron under direct field alter-
nating gradient acceleration by a7’ M mode can be derived
from the radial equation of motion

d(yr')
dz
where ' = dr/dz. The transverse field components

can be related to the acceleration field, E.(r,z,t) =
Jo(k1m)E(2,t), in paraxia approximation by [8]

e

(Er — BepoHy) (6)

me2

OFE, r J(e€)
E. t) = = ——
(nmt=r 5t =g
OH, er OE
Horzh=r =57 =2

wheree = egeq, €1 = 12, v; = 1+ 6vy. Hencefrom Eq.(6)

diyr')  er [0E = PBe O 1 O¢y
= oot ot \qas )8 (O

Upon introducing reduced variable @ = /47 [9], Eq.(7)
can be converted into the form of Hill's equation

Q// _|_ KT'Q = 0 R (8)
where
2 2 .2 :
K, = k= <a cos”¢ asm;/) + advy siny —abcoszb)
4y 2y
- i(%ul
T 2w 9z

There are four small parameters: 1/7 < 1, a < 1, |b| <
1 and |dv1| < 1. To compare the relative magnitude of b
and v, it is convenient to introduce a profile function

fa(z) = 1+ o—G+La/D/A 14 e—G—La/2/A

C)

where L, isthewidth of the profile, A isthewidth of rising
or falling edge, and 0 < f; < 1. Note, with A/L; < 1,
fa approaches a square profile. Using Eq.(9), we have

oG]
o 0z T 2rA

max max

b
(;Vl

Thus, for highly relativistic particle in a medium loaded
structure with dow rising and falling edges satisfying
(A/27A) < 1, K, isdominated by one term

_ k2adv, sin
—

To realize alternating gradient acceleration, we consider
aspecific scheme[1, 2] in which an oversized open waveg-
uide supporting T'My; modeis periodically loaded along =z
direction with plasma layers, each of width L; and sepa-
rated by avacuum of distance L. The plasmadensity pro-
file can be specified by n(z) = ng fq(z), corresponding to

K,
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areduction in the index of refraction o1 = — fq(2) /277,
where v, = w/w, > 1 and w, is the plasma frequency
associated with the peak density ng. Inthis scheme, F, =
Ed:E,Ta:Td:2/7r,fl:1,and

2 /(1-¢
5= 2(15¢)
where¢ = Ly/L,, which variesin therange {0 — 1}, and

under the condition A/Ly < 1, fy is approximated by a
square profile, shifted in z from Eq.(9)

0 : 0<z2<1L,
fd(z)_{1 Loy <2< Loy .

When considering dynamics in the fast scale, we may ne-
glect slow synchrotron motion by setting v, = 1, and
furthermore, vy = /2 for maximum acceleration, thus

d
d_z = kasinyy ,

K7(Z) = _Hfd(z) COS ¢l(z) ) (12)
where k = k*a/2y~2. Noting that k. = kv (1 —1/277)
[1,2,4,5], where~, isaquantity determined by the waveg-
uide, the lattice phase ¢; can be expressed as

w@=(£§z+6%)[h@¢.

Thus by definition, we obtain from EQ.(13), using Eq.(10)

(10)

(11)

(13)

1+ ('Y;n/’)/g)2 -
Finaly, the lattice phase 1); can be reduced to

Yi(z) = {

Indeed, with Eq.(14), we observe C; = 0.

Given Egs.(8,10,12,14), an alternating gradient focusing
lattice is fully specified. Applying the smooth approxima-
tion [10] to the lattice, the 5-function is found to be

Lo=7;A, La

z : 0<2z< L,

Ld(z—La)—i—w L, <2< Lo;. (14)

A&

2

yme
- 15
b= () s (15)

where L2

Gy = 20m) _ g, ,
dz
4
Je

T a2E( + 6) - 1662 n2

It is noted that because of the scaling 5; ~ -, electron
beam size remains constant during acceleration for the AG
focusing lattice discussed here. Thus, the acceptable value
for normalized rms beam emittance can be determined by

the condition )
GQWUmH,z (16)
mc? fe
where g,,,4.. 1Sthe maximum rms beam size limited by con-
siderations of waveguide aperture and beam dynamics.
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5 EXAMPLE

An example of alternating gradient acceleration is given in
table 1 for highly relativistic electron satisfying the con-
ditions (v/v,)? > 1 and (v/7,)? > 1. The exampleiis
taken from [2], although the acceleration scheme was aso
presented in [1]. In this example, direct field acceleration
by T'My; modeis taken place in a capillary waveguide pe-
riodically loaded with plasma layers. Taking 0,,,4./R =
0.1, it then follows from Eq.(16) that ¢,, < 0.25mm-mrad.
For electron energy of 1 GeV, Eq.(5) gives A\, = 4.9m as-
suming cos 1, = 1 for maximum longitudina focusing,
and Eq.(15) gives 3; = 3.1m.

Table 1. Direct Field Alternating Gradient Acceleration

Apm] | 1 Py [TW] 10 | E,[GV/m] 19
R/X | 200 | no[10'7/cm3] | 1.1 E, [GV/m] 15
vo 15 Lattn [M] 53 | Gor [GeVIm] | 1
Vg 328 Le [cm] 108 | AW, [MeV] | 127
Yp 100 Lg [cm] 091 | AW, ([Mev] | -11
S, 0.53 fe 3.1 as [1073] 0.59

6 CONCLUSIONS

The analysis of single particle dynamics reveals no show-
stopper for aternating gradient acceleration. In fact, the
longitudinal dynamicsintheslow scaleis shown to beiden-
tical to that for synchronous acceleration. On transverse
dynamics, the AG focusing inherent from the direct field
acceleration is found to be surprisingly favorable for its
weaker focusing strength, resulting in much relaxed align-
ment tol erance and smaller emittance growth. Although the
dynamics presented here is focused on direct field acceler-
ation, the general dynamical characteristics under alternat-
ing gradient acceleration are expected to hold for pondero-
motive driven acceleration aswell. Effects of plasmawake-
fields driven by laser and particle beams will be treated
elsewhere. This work was supported by the U.S. Depart-
ment of Energy under contract No.DE-ACO03-76SF00098.
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