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Abstract 

Multi  mode approach in cumulative beam break up 
theory results in number of features of beam dynamics. 
Besides enhanced action of induced fields, deflecting rf 
gradient manifests much more strong co-ordinates 
dependence than that in the case of single mode 
approximation for non resonance cavities excitation. 
Beam heating is a consequence of such non linear beam 
rf cavity interaction in transient particle dynamics. 
Transverse beam dynamics in induced electromagnetic 
fields in multi cavity linac is the subject of this paper. 
Multi mode approach is used for the processes modelling 
in multi cavity linac composed of single cell uncoupled 
cavities. Beam kernel coherent motion computer 
simulation is accompanied by trajectories calculation of 
halo particles. Plots presented serve to illustrate beam 
kernel envelope evolution along the accelerator length as 
well as halo emittance growth.  

1  INTRODUCTION 
Cumulative beam-rf-cavity interaction in multi cavity 

linear accelerator is a kind of convection instability in 
infinite media  [1-4], when perturbation growths in 
limited area that moves to infinity. In multi cavity linac, 
offset head beam bunches excite non symmetric rf modes 
in cavities, that deflect the following bunches. Bunch 
transverse displacement growths with the bunch as well 
as with the cavity number. This process has not beam 
current threshold. In our previous papers we developed 
multi mode approach to get deflecting forces for non 
resonant steady state case. Of course, these forces are 
small, if resonance conditions do not take place for any 
particular mode. We remind briefly here the main 
features  of multi mode interaction. Infinite set of 
deflecting modes is excited, while deflecting gradient is 
limited. Effect of mode saturation takes place - even for 
point size bunches deflecting gradient does exceed  some 
asymptotic level with adding infinite set of TM modes 
with large wave vector numbers. As a rule, mode 
saturation takes place for the modes with smaller wave 
vector for the case of  bunches with finite bunch sizes. As 
numeric calculations had shown, contribution of the 
modes higher symmetry order than dipole is rather small. 
The other very important feature of multi mode 
cumulative interaction is non linear character of 
deflecting gradient. In principle, this is a quantitative 
effect that manifests itself in single mode approach for 

large beam offset, but when many of TM modes are taken 
into account, non linear character of interaction becomes 
stronger. The strong co-ordinate dependence for 
deflecting gradient takes place both for transverse as well 
as for longitudinal direction. 

Non liner beam-field interaction results as rule to 
beam emittance growth. A priory this statement is valid 
for non-linear cumulative interaction too. The paper 
purpose is to estimate this effect for halo particles by 
beam dynamics simulation. Unfortunately, we can not 
suggest other way than computer simulation for the 
reason of problem complicity. For the same reason we do 
this for halo only. Halo particles do not affect beam - 
cavity interaction due to much smaller halo intensity in 
comparison with beam kernel intensity, that simplifies 
simulation and takes smaller computing recourses. 

2  THE MAIN EQUATIONS 
Imagine the linac, composed of uncoupled single cell  

cavities with the focusing elements between them and a 
charged  particles beam traversing this arrangement. We 
will assume beam to consist of  point size bunches,   
moving with the velocity v along  z-axis that coincide 
with linac axis, and  separated by a  distance L. We also 
suppose, that there are the particles that accompany any 
bunch, but do not affect cavity field (halo particles). After 
any cavity passage any particle acquires additional 
transverse momentum [5,6] 
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where 
→
A  is the vector  potential, e  and d are particle 

charge and cavity length, τ  stands for the moment at 
which particle enters the cavity (MKS units are used  
throughout this paper). We assume using the formula 
written above, that particle  displacement is small inside 
cavity and can been neglected in transverse momentum 
calculation.  

Following our previous papers [7,8] and [9], let us 
represent vector potential of excited   electromagnetic  

field in any cavity as the sum of eigenvectors )(
→→
rAλ : 
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                          (2) 

with the time dependent amplitudes q tλ ( )  satisfying the 
differential equation 
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and  with A
→
λ  satisfying the condition div A

→
=λ 0 as well 

as the Helmholtz equation: 
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Here,  λω  and Qλ  are frequency and quality factor 

of any particular  mode respectively,  
0ε   is electrical 

permeability of free space, c  is the light velocity.  The 

solution for amplitude ),,( tNkqλ  for the point size 

bunch of charge q  can be represented in the form: 
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Here indexes (variables)  k and N denote, that 
appropriate values have to be taken for bunch  number k 
in N-th cavity. The formula is valid only for a moment 
when bunch has already left the cavity. To get the 
expression for the transverse momentum that any particle 
with charge e in k-th bunch acquirers in N-th rf cavity, 
we have to calculates the sum of the fields, induced in 
this cavity by all previous bunches of bunch train: 
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where the following designations are used: 
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For cylindrical cavities the components for eigenvectors 
of deflecting TM modes are: 
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and the formula for particle angle change 

kkk pp /,⊥∆=∆α   looks like  
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where TqI /=  is average beam current and 
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Here,  lower case Greek letters designate  normalised 

values, Λ=Λ=Λ= ξδρ xdR ,,  Λ and R are the 

wavelength of the TM010  mode and cavity radius, 
Λ = cT ,νn m,   is the m-th null of Bessel function of the n-

th order  J xn ( ), 21/1,/ βγβ −== cv ,  

,...,1,0,/,/ , === pRkdpk mncz νπ  m, n=1,2... , 

and 













≠

=
×++=

0,
2

1
0,1

)(
2 ,,,2

,

223

, p

p
CBA

p
J mnmnmn

mn
pm δπ

δν
ρπ (12) 

2

22

2

2
,

,,

0

2
,

0

2

,
0

2

,

,

,,

,)(

,,)(

δ
π

ρ
νν

νν

p
kxdxxJC

dx
x

J
BxdxxJA

mn
pmnnmn

n
mnnmn

mn

mnmn

+==

=′=

∫

∫∫
   (13) 

3  DYNAMICS SIMULATION 
To make simulation, the main equation for additional 

particle momentum angle change in rf  cavity has to be 
supplement by the appropriate relationships for transverse 
motion in the space between cavities. We shall assume 
that single quadrupoles are installed in the mid plane of 
drift space,  focusing sign being changed  periodically 
every cavity period. Thus,  
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where P is quadrupole strength, P=1/F, F is lens focusing 
distance, and D is the distance between cavity exit and 
next cavity entrance. 

Recursive expressions (10) were used to simulate self 
consistent beam kernel transverse motion in induced non 
symmetric rf fields and focusing channel. Step by step 
one can calculate co-ordinate and angle at the entrance of 
N-th cavity for k-th bunch in a train, if appropriate values 
are already known (calculated) for (N-1) cavity as well as 
co-ordinates for bunches with numbers 1,2…k-1 are  
calculated, too. Fig. 1 represents the dependence of 
maximum train displacement on cavity number for two 
different cases. 

Fig.1:Beam envelope along the linac  for multi (M) and 
single (S) mode approach 

Larger displacement corresponds to the case when the 
modes up to 5 radial and  2 longitudinal variations were 
taken into account for excited field calculation, while 
lower curve corresponds to the single mode (TM110) 
approximation. For simplicity we considered the costing 
electron beam with the energy 5 MeV and average beam 
current 10 A, focusing parameter being equal PD = 1 and 
Q=1000 for all modes. The train was considered to 
consist of 300 bunches. MATLAB code was used for 
simulation. The same main equations were used for halo 
particles transverse dynamics simulation, but in this case 
the simulation reduced to particle trajectories calculation 
in external fields of focusing channel and time dependent 
field, excited by beam kernel. MATLAB interface makes 
it easy to save workspace in file and restore it  later, that 
allows to make this separation process of simulation  
comfortable. 

Fig.2: Final halo density distribution 

Fig. 2 represents the halo particles final distribution in 
transverse phase space for the  bunch number 250 with 
the initial line uniform distribution within the normalised 
co-ordinate range 0.03 – 0.1. Cumulative interaction 
resulted in emittance growth, that manifests itself  in 
transformation of phase segment  into significantly 
curved line.  

4  CONCLUSION 
Non-linear effects of transient multi mode  

cumulative interaction in rf linac may  result in enhanced 
influence on beam dynamics, including process of halo 
heating. These previous results of computer simulation 
have to be continued to see more detail picture of such an 
interaction.  
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