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Abstract level/scale of resolution. Starting in part 2 from Vlasov-
We present the applications of variationawavelet a Maxwell equations we consider in part 3 the generaliza-

! ; . : ion of our roach n variational formulation in
proach for computing multiresolution/multiscale represer{EO of our approach based on variational formulatio

tation for solution of some approximations of Vlasov-the biorthogonal bases of compactly supported wavelets.

Maxwell equations.

1 INTRODUCTION

In this paper we consider the applications of a new numeri-
cal-analytical technique which is based on the methods of
local nonlinear harmonic analysis or wavelet analysis to the
nonlinear beam/accelerator physics problems described by
some forms of Vlasov-Maxwell (Poisson) equations. Such
approach may be useful in all models in which it is possi-
ble and reasonable to reduce all complicated problems re-
lated with statistical distributions to the problems described
by systems of nonlinear ordinary/partial differential equa-

tions. Wavelet analysis is a relatively novel set of math-
ematical methods, which gives us the possibility to work 2 VLASOV-MAXWELL EQUATIONS

with well-localized bases in functional spaces and gives fo,&nalysis based on the non-linear Vlasov-Maxwell equa-
the general type of operators (differential, integral, pseUs,ng’ leds to more clear understanding of the collecti-
dodifferential) in such bases the maximum sparse form% effects and nonlinear beam dynamics of high inten-
Our approach in this paper is based on the generalizati%rp[y beam propagation in periodic-focusing and uniform-
of variational-wavelet approach from [1]-[8], which allows focusing transport systems. We consider the following

us to consider not only polynomial but rational type of NON<om of equations ([11] for setup and designation):
linearities [9]. The solution has the following form (related

Figure 1: Base wavelet

forms in part 3) {£+m,3+y,2_[k (S)w+8_¢]i_
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» i>N ((%2 + 8y2)¢ N, /dw dy’ fo.- 3)
Uk = [lstow Uk(w?z), w?~2
() @ ];v jwjz), v The corresponding Hamiltonian for transverse single-par-
B ticle motion is given by
which corresponds to the full multiresolution expansion in
all time/space scales. Az,y,a' 0, s) = l(wlg +y?)
Formula (1) gives us expansion into the slow pagf® 2
and fast oscillating parts for arbitrary N. So, we may move +1[k$(s)a:2 + ky (s)y2] + U(z, y, 5). (4)

from coarse scales of resolution to the finest one for ob- 2

taining more detailed information about our dynamical pro- Related Vlasov system describes longitudinal dynamics
cess. The firsttermin the RHS of formulae (1) correspondst high energy stored beam [12]:

on the global level of function space decomposition to reso-

lution space and the second one to detail space. In this way

we give contribution to our full solution from each scale ﬁ + vg + Avﬁ =0, (5)
of resolution or each time/space scale. The same is correct oT 90 v
. : ; 02V ov ol
for the contribution to power spectral density (energy spec 42y WV = = (6)
trum): we can take into account contributions from each or? or or
* e-mail: zeitlin@math.ipme.ru I6;T) = /dm;f(ﬁ,v; T). (7
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3 VARIATIONAL APPROACH IN wavelets. Biorthogonality yields
BIORTHOGONAL WAVELET BASES . .
b = / onmoLns (12)

Now we consider some useful generalization of our varia-

tional wavelet approach. Because integrand of variation&o now we can introduce this more useful construction
functionals is represented by bilinear form (scalar producthto our variational approach. We have modification only
it seems more reasonable to consider wavelet constructiogg the level of computing coefficients of reduced nonlinear
[13] which take into account all advantages of this strucg|gebraical system. This new construction is more flexi-
ture. The action functional for loops in the phase space ispje. Biorthogonal point of view is more stable under the ac-
1 tion of large class of operators while orthogonal (one scale
- /pdq _/ H(t,~(t))dt (8) for mul_t|resolut|on) is fragile, all computations are much
0 more simpler and we accelerate the rate of convergence. In
all types of (Hamiltonian) calculation, which are based on
some bilinear structures (symplectic or Poissonian struc-
tures, bilinear form of integrand in variational integral) this
ﬁ’amework leads to greater success.

So, we try to use wavelet bases with their good spatial
and scale—wavenumber localization properties to explore
the dynamics of coherent structures in spatially-extended,

1q 1 ‘turbulent’/stochastic systems. After some ansatzes and re-
o(x) = / 3 < =Ji,x >dt — / H(z(t))dt, x € ductionswe arrive from (2),(3) or (5)-(7) to some system of
0 0 ) nonlinear partial differential equations [10]. We consider
application of our technique to Kuramoto-Sivashiinsky

The critical points off” are those loops, which solve the
Hamiltonian equations associated with the Hamiltorni&in
and hence are periodic orbits. Let us consider the loo
space = C>*(S!, R?"), whereS' = R/Z, of smooth
loops in R?™. Let us define a functio® : O — R by
setting

Computing the derivative at € () in the direction ofy €

Q. we find equation as a model with rich spatio-temporal behaviour

' [14) (0 <z < L, ¢ =z/L, u(0,t) = u(L,t),

, ! . u;(0,t) = uz (L, 1)):
V@) = [ <-Ji-vH@y>d (10
0 Ut = —Upgy — Uy — WU, = Au + B(u)
: : 1 1 1
Conseguently@’(x)(y). = Oforally € Q2 iff the loop is w + Tptigee + pauee + pue = 0 (13)
a solution of the Hamiltonian equations. Now we need to
take into account underlying bilinear structure via waveletd.et be
We started with two hierarchical sequences of approxima- N M
tions spaces [13]:.. Vo, C V1 C VO cVicW.. u(z,t) = Zzaf(tﬁ/’f(@ — Zaéwf’ (14)
VgcvlcVOC%CVQ .,andasusu- k=0 {—0

aIIy, Wy is complement tdy in V4, but now not neces-

sarily orthogonal complement. New orthogonality condi

tions have now the followmg formWO 1L Ve, Wy L

VO, V; L W, , V 1 Wj; translates of) span Wy, o 1,
! e Z {am ;

Wwherey¥(€), ak(t) are both wavelets.
Variational formulation

1 "
translates ofy) span . Bior~thogonality conditions L+ e+ ﬁal‘? Ve
are< Y, Vi >= [*0 Yin(@) e (v)de = Spdjjr,
wherey ;i () = 29/%4(272—k). Functionsp(z), 3 (z—k) +lza§a{;w§w§'},w;‘> =0 (15)
form dual pair: < ¢(z — k),p(z — £) >= 0, < L

o(x — k),(x — ) >= 0 for Vk, V{. Functionsp, @
generate a multiresolution analysig(z — k), ¢(z — k)
are synthesis functiongi(xz — /), ¢ (x — £) are analysis rher  _ k rpk
functi)(/)ns. Synthesis fuﬁétions ;rcgj k(Jiortho)gonaI to a)r/1alysis Mseas = Z Ligar + Z Z Ns‘ff ap

k.0

p.q

reduces (13) to ODE and algebraical one.

k. p,
functions. Scaling spaces are orthogonal to dual wavelet M _ E r " 16
spaces. Two multiresolutions are intertwinivig+ W; = W= () (16)
Vit1, Vj+ W; = Vj41. These are direct sums but not Lk = i( T - i4( T
orthogonal sums. So, our representation for solution has .
k 1./

now the form N = (Y] YPYE)

t) = birtjr(t), (11)  In particular case ofs \ V; we have:

Jrk o ao

where synthesis wavelets are used to synthesize the func- ‘:11 = [L] ar |+
tion. But b;; come from inner products with analysis a2 G2
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Figure 2: The solution of eq.(13) Figure 3: The solution of eq.(17)
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