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Abstract used for the derivation of equations of motion are as fol-
lows

We present the applications of variational-wavelet ap-

proach for the analytical/numerical treatment of the effects 4, = cosh(k,x) cosh(k,y) sin(ks)/(kp) (1)

of insertion devices on beam dynamics. We investigate the A, = kysinh(k,) sinh‘(kyy) sin(ks)/ (kykp)

dynamical models which have polynomial nonlinearities
and variable coefficients. We construct the correspondingith k§+k§ = k2 = (2rr/)\)?, where) is the period length
wavelet representation for wigglers and undulator magnetsf the insertion devicep is the radius of the curvature in
the field By. After a canonical transformation to betatron
variables, the Hamiltonian is averaged over the period of
1 INTRODUCTION the insertion device and hyperbolic functions are expanded

In this paper we consider the applications of a new numd® the fourth order in: andy (or grbitrary order). Then we
rical-analytical technique which is based on the methodda@ve the following Hamiltonian:

of local nonlinear harmonic analysis or wavelet analysis to 1 1

the treatment of effects of insertion devices on beam dy- H = 5[1?35 + ]+ e (k22® + Ky
namics. Our approachin this paper is based on the general- P

ization of variational-wavelet approach from [1]-[8], which + 3 (ko + kyy* + 3K2K2 2%y (2)
allows us to consider not only polynomial but rational type ’ kp

of nonlinearities [9]. We present solution via full multires- _ sin(ks) e (k2% + K2y%) — 2k2p,ay]

olution expansion in all time scales, which gives us expan- 2kp
sion into a slow part and fast oscillating parts. So, we Ma}e have in this case also nonlinear (polynomial with de-

mbovg lfrom coars(,je sglatlgs c;f reso!utlonbto the fln(;ast ongf ree 3) dynamical system with variable (periodic) coeffi-
obtaining Imo#a etailed in ormatlo'r;a' out our fyr;lamllca ients. After averaging the motion over a magnetic period
process. In this way we give contribution to our full solu-y oo e following related equations

tion from each scale of resolution or each time scale. The

same is correct for the contribution to power spectral den- . k2 2 5 5 k2xy?
sity (energy spectrum): we can take into account contri- TOT T2 {x + gkwa’ } Y 3)
butions from each level/scale of resolution. Starting from 12 9 9
. o ! i . Y 2.9 3 kizy
formulation of initial dynamical problems (part 2) we con j = ——2=|y+kiy’| —
2k2p? 37y 2p2

struct in part 3 via multiresolution analysis explicit repre-
sentation for all dynamical variables in the base of com-
pactly supported wavelets. Then in part 4 we consider fur- 3 WAVELET FRAMEWORK
ther extension of our previous results to the case of variabighe first main part of our consideration is some varia-
coefficients. tional approach to this problem, which reduces initial prob-
lem to the problem of solution of functional equations at
2 EFFECTSOF INSERTION DEVICES the first stage aljd some aIgebrapaI problems at the sec-
ond stage. Multiresolution expansion is the second main
ON BEAM DYNAMICS part of our construction. Because affine group of trans-

Assuming a sinusoidal field variation, we may consider acl—atlon and dilations is inside the approach, this method

cording to [10] the analytical treatment of the effects o esembles the action of a microscope. We have contri-

insertion devices on beam dynamics. One of the maj(ﬁ_‘unonh tlo f.'”?' .:esult Ifror?.each gcalelof rssolgtmn from
detrimental aspects of the installation of insertion device e whole infinite scale of increasing closed subspages

is the resulting reduction of dynamic aperture. Introduction”V~2 € V-1 € Vo C V1 C V5 C ... The solution

of non-linearities leads to enhancement of the amplitudé§ parameterized by solutions of two reduced algebraical

. . . oblems, one is nonlinear and the second are some linear
dependent tune shifts and distortion of phase space. Tﬁ(rgoblems, which are obtained by the method of Connec-

nonlinear fields will produce significant effects at large bel -
tatron amplitudes such as excitation of n—order resonancég?n Coefficients (CC)[11]. We use compactly supported

The components of the insertion device vector potentié’lvavelet basis. Let our wavelet expansion be

*e-mail: zeitlin@math.ipme.ru f(ﬂC) = Z Céﬁpé(«f) + Z Z CikVjk (95) 4)
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If ¢; = 0forj > J, thenf(z) has an alternative ex- we obtain the coefficients of reduced nonlinear algebraical

pansion in terms of dilated scaling functions oifliz) =  system and after that we obtain the coefficients of wavelet
> eqepge(x). This is a finite wavelet expansion, it canexpansion (4). As a result we obtained the explicit time so-
LeZ lution of our problem in the base of compactly supported

be written solely in terms of translated scaling functions, : :
v?velets. On Fig.1 we present an example of basis wavelet

To solve our second associated linear problem we ne : . g .
P §lnction which satisfies some boundary conditions. In the

to evaluate derivatives of (z) in 'terms Of"o(x)'. Let be following we consider extension of this approach to the
wp = d"pe(x)/dz™. We consider computation of the . . .

L d L case of arbitrary variable coefficients.
wavelet - Galerkin integrals. Let®(z) be d-derivative of

function f(z), then we havef¢(z) = >, cpd(x), and

valuesy?(z) can be expanded in terms gfz) 4 VARIABLE COEFFICIENTS

d B A 5 In the case when we have the situation when our problems
vi(z) = Z mPm (), (5) (2),(3) are described by a system of nonlinear (rational) dif-
m ferential equations, we need to consider also the extension

o0

d of our previous approach which can take into account any
A = | pl@)pm(@)da : e o :
m ¢ m ’ type of variable coefficients (periodic, regular or singular).
—o0 We can produce such approach if we add in our construc-

where),,, are wavelet-Galerkin integrals. The coefficientgion additional refinement equation, which encoded all in-

A\, are 2-term connection coefficients. In general we neefprmation about variable coefficients [12]. According to
to find (d; > 0) our variational approach we need to compute only addi-

tional integrals of the form

dida...dn _ di
Ao = / [ (x)da (6) / bij ()(01)™ (2™ — k) (2)™ (2™t — ko)dw,  (10)
5o D
For Riccati case we need to evaluate two and three connetthereb;;(t) are arbitrary functions of time and trial func-
tion coefficients tionsyy, o satisfy the refinement equations:
At = [t @) ), ™ pilt) = > aiwpi(2t — ) an
oo keZ
didods _ dr do ds If we consider all computations in the class of compactly
A / o (@) (@) (x)do supported wavelets then only a finite number of coefficients
- do not vanish. To approximate the non-constant coeffi-

According to CC method [11] we use the next construceients, we need choose a different refinable function
tion. WhenN in scaling equation is a finite even positivealong with some local approximation scheme
integer the functiorp(z) has compact support contained in

[0, N —1]. For a fixed triple(d, d2, d3) only someA $17243 (Bef)(z) == Z Fui(f)es (2 — k), (12)
are nonzero2 — N < { < N-2, 2—-N<m¢< aczZ

_an? . . .
N-2, |[f—m|< N—d2d- ;I'here areM = 3N"—9N+T7  \yhere F,,, are suitable functionals supported in a small
such pairg/, m). LetAdlde be an M-vector, whose com- neighborhood of2~k and then replacé;; in (10) by
ponents are numbers;, ™ - Then we have the firstre- p;.(+) In particular case one can take a characteristic
duced algebraical system/ satisfy the system of equa- fynction and can thus approximate non-smooth coefficients

tions (d = dy + dz + d3) locally. To guarantee sufficient accuracy of the resulting
ANTd2ds _ 9l—d pdidads 8) approximation to (10) it is important to have the flexibility
of choosingyps different fromy, 5. In the case when D
Atymigr = Z ApQq—20+pQr—2m+p is some domain, we can write
? 4
By moment equations we have created a systefd efd+ bij () [p= 0<§2@ bij(t)xp (2t — k), (13)

1 equations in\/ unknowns. It has rank/ and we can ob-

tain unique solution by combination of LU decompositionwhere y ;, is characteristic function of D. So, if we take
a_nd QR algorithm. The seC(_)nd reduggd algebraical system} — ;. which is again a refinable function, then the
gives us the 2-term connection coefficients{ d1 + d2):  problem of computation of (10) is reduced to the problem

of calculation of integral
ANDE Zgl=dpdd 4, =N a0, 50, (9) ?

b H(k17k2,k3,k4):H(k):/ 0a(27t — ky) -

For nonquadratic case we have analogously additional lin-
ear problems for objects (6). Solving these linear problems ws3(2% — kg)(pill (2"t — k3)<p§2 (2°t — kq)dz  (14)
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The key point is that these integrals also satisfy some sort T~
of refinement equation [12]: *2\/\/\/\

27 MHE) = bk H({),  p=di+ds. (15) A S e
tez -5#\/W\A/—\AA/~«M/\/V\/\A/\/\
This equation can be interpreted as the problem of comput- -swvw—w»»—«qw

ing an eigenvector. Thus, we reduced the problem of ex- I \ I el

tension of our method to the case of variable coefficients to R ] A P
the same standard algebraical problem as in the preceding
sections. So, the general scheme is the same one and we

have only one more additional linear algebraic problem by 7% o1 oz 03 o4 o5 o6 o7 o8 05 1
which we can parameterize the solutions of corresponding _ _ . _
problem in the same way. Figure 3: Multiresolution representation

On Fig. 2 we present approximated configuration and on
Fig. 3 the corresponding multiresolution representation ac-
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Figure 2: Approximated configuration
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