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Introductio_r; 
Charged particles in circular accelerators experience nonlin- 

rar forces which limit thr amplitudes of betatrori oscillations. 
Beyond the limit. the amplitudes grow until the particles are 
lost at thr beam pipe. 

The 1ssur of nonlinear force: has attracted incrrast-d atterl 
iion with thr construction of large synchrotrons and storage> 

ringh. Sourrcs of uonlinrarities inclutir~ systematic sextujwlr 

fields to compensate the chromaticity. ortupolar fields nli,ght 1w 
necessary to danlp collective instabilities. and unavoidabl~~ in! 
perfections of the guide and focussiug fields introduce additional 
nonlineari ties. 

In hadron accelerators with superconductirlg magnets which 
exhibit largr systematic and nons~steulatic nonlinear field el 
rors: it becomes one of the most crucial beam dynamics issues. 
This is especially true for low beam enrrgir. Then the field of 
the superconducting magnets is additionally distorted 1,~ cd(l: 
current effects in the superconducting cable (persistmlt currcuts I 
and the beam size is large. hloreowr. iIl.jrctiorl and s~nchronizn- 
tiorl proccdurrs reyuire additional aperture. Thi+ iucrrawb the. 
effective beam size. 

The distortion of the motion lq nonli:lraI fields mtrrfrm,. 
nit.11 irltcraction among the particlrs. collective effects. iztrr- 
action with residual gas in the beam pipe. tlrt- effect of poxve~ 
suppl>- ripples or radiation effecta. The real accelerator is thus 

quitr. h co~i.~~lica:r.i! ol>jvi.i c~f’ ctutl\ In~leilfl alf stu<l+rlc tlu, 
rrnu].kl >yil ?I,. li 1: ,l,lli+ l!.t~s:ll TIS .-art fl~);il a Idl1Cc.d lll~)d(.l 
c,f t h? tlli*Ch:ll’ 0~ cim5lti-r- 9ll)ric t:impmi pa171cli.i wl-hici. 
tnovf’ undfT thf. iI.flumtr i,E coliwr’iatlTf’ hrwar and lmlllln~a~ 

fOT(.P>. l-hrsr f%)r<.r> iil‘f’ p*7fc,ctlv ~lr~ri,.l(li,. with rf*spect to the 
c~cuulfertmct~ of tlli, acrel~r;~t~,t. In tllc context of this Hatuilt~~~ 
niiin u~r~clc~l 011,’ mtroducv , thr ~i~n;i~uic apc*turv ai tile dotnai1, 
w-h<srr~ trif*iS~.‘crsr’ ant1 lorl~it~ldiual osrilli~tluns ilrr~llIl(i a rloscc; 
refercncc’ trajrctc2;~ ut’ar tllr, cmtcr c8f t lir, beam pip? arrs st ablr~. 
This uir,tion li I~~~n:lti ~(1 closed surfaw- (tori) in phase space. 
It is tall<sti rrgril;ir mot1m. Inhtvmt tcr thf, nonlinra~ dwamics 
is tlirs existenrr of quasi-stable or chaotic motion for whirl1 the 
tori arc destrvyrtl due t.0 the rlon1iuPar forces. Large chaotic do- 
mains are likrly to occur at large amplitudr~. .4 part,iclr injected 
in chaotic large- amplitude regimlb of phwe s!mc? will be subjec: 
to amplitude gro>Ttll. Eventually. souwt~uws after quite a while- 
(up to 10’ turns around the accelerator). thr particlr will reach 
the domain where strong nonlinear forces CW~SP a rapid loss of 
the particle. Tht- border between regular and chaotic IIIOIIOI~ i- 
therefore defined to br the dynamic aperturp. 

Our ultimate goal is to opbilrlizr thr design of thcz arrelwator 
and its componrnts such that nonlinearities do not limit thv per- 
formanrr. Tools are needed to determine the dynamic aperture. 
Most important for determining the d~nanlic aperture are ml- 
merical simulati~m procedures (tracking). The equation of IIIO 
tion of the particles is integrated piecrwice element by element 
and the correspmding mapping once around the machine is it 
mated many times. Once the dynamic aperture as a function of 
various machine paranwters and operating conditions has beeu 
found. one needs to understand the mechanism which produces 
the stability limitations. This enables thr dpsigucr to optimize 

machine lattice and corrections schelnrs. 
Since it is in genera! not possible to inclnde in the sinnlla- 

timis a11 r.c~l~\-imt rffwt.~ wliirh arr l’rr’2.wt in the real nlaclline. 
thr results nwd fllrthfr iutrrprPtatinu. The undtr:tanding of 
thr intdvrrncr 1~~,iww11 varioub I~~)nl!uca1 r.rfta<is is glcatly in- 
1~r0~c.d I,!- wIl;il~~i~ k:ill silnlll;itii>u illi -illil,lr, I:olllixiear sy<ttIn5 
Hov;ryrr. yuantitative p~rdicti<~~l~ fibr thv real machincas remain 
\r:ry (.1111111vrhon1~ and ulm~lial,le. 111 0rric.r tci rt~ilnrc- tlic liIl- 
crrt irinty. exprrinzcatit al kilowlcilgr of h<,w tlie rrsult? of mvdr! 
ciilmlatiot~s tr;>!lilatc. illto thrs lwn111 Ilt~li;i\~i~iiir in a r<,al ac(-i~l( i’- 
ator uccds to lbe gained. Thi; ha-. li,iltivatad test’: of tlyilaulic 
aljvrfnrc’ cnlcllla:ivns 1,~ lnachinr tslminl~7l:5. 

Tlli> a! ticlr v-ill l)rocrrd as follows. 111 tlic fiwt scctir-n. thr 
illi:lcirt ant ~~li~~non~c~ia of Ilonlirlc~;~r (isltilllli( b 2% ,l*~~r~rilictl 1)) 
v;iIi(,ns lwrtllrbation teclnliyue5 will br rcG(l\r-rd. The :rctiflt: 
wliich fi>l!~,ni dcscrillcas ~i~uulatiot~ alyilIit1n.t. ant1 illtt~rl)tf~t;l 
ti,al. of tll*: rw11lt\. Tlic report is clwrd 1’~ a wvi(w of ~lonlit:l.a~ 
11) iiii11iii.5 *l:ac 11t.(’ vxp<.rill~vnts w1lir.h h;tvv Iwrm cariimi out iI, 

’ rcr’f~31t yl’a*h. j 

Dv.c ril)tion iIf S\‘,+]Ji1~<~;13. ~!iiwi~~~lrna ii1 il~.crlvrat~lrs 
‘Tllt~lr j, as 1”’ 1.1) tllc:<lI \’ il\-ill d J (’ .I, 11 for an -Inalytic calculation 

of ttic li!-r.wlllir. ::pl-‘l t ,wc. ‘l‘ht-rr ar* l~<m(‘>vr mal,vtical pr<lc?- 
duwh wliicli cllal;l(. ~lii~<.t,ilif. iii ii;l~cTr : tir l!ltq:et t11<3 rPhlllta of 
~,lr~t~r~;ltiou5 a114 :ii,ii1l;ltii~lis 

The co,,LYpr (2 Il0:llilll.h: T?‘bliliillli t . ha.. ,,I i,\‘?d t 0 tit, :I p<“r 
rrful toc)l to iliterprct ant1 tr8 im01tr9ti tltml:nPar effect5 !n accel 
rrij?or:. A n(millli.il. II~.oII;II,~‘~ (‘c l“il- Ii‘ -i-G 11, InilILeilz i‘< sJ.1 6’ il;i- 
ii v~Jn~poumt Kliicl. <~~cillal t’i \j-lti, :I,! lPliitl<~r, iIcyur~l,<~ Thl- 
i< the, C:LIC’ if the twit‘% <j2.&.<‘. ilIe rhi 1011~1 liuriliw:C Tl,t, 
motion ni tht, vlcnut~- trf 11011l~u~i~1 ~~~mil~~cc~ i5 p(~lt~lltiall~ uw 
st;dLc~. Thv dchign ant1 tilt, ~~~~ri<>rnla~ic~. of arcclrrator> 1’ usuall:, 
optimized 1,~ 8voltliIlg or calldlIl52 stroup rc~cwmt cr~~lli~Ol>ent 
of the uonlincar forcei I drly~xll’ t cl’m. / 

Another iinportant wnccp: is uonlinrar detuning In an\ 
nonlirlear sy5tcm. the tulle dq)r:l(lh mi the (w,cillntion ampiitudc-. 
This phrntmwnon of deturnng 1 ‘i cl<wl~ related t,o nonliwar iii 
stability. On on? hand. detuning telltls to stabilize nonlinear res 
C~IlaIlr~‘h. On thr otlicsr hand, strong drtuninp inducrb inst abilit: 
by causiu~: close stabiliwd rcsmanccs to overlap in amplitudt 
spacr. Tlii> was first discc~~rrcd 1)~ Chirik(vi 1 as a uwchim:sill 
and criterion of chaotic motion. 

The description of thcst phenomcxm acrompaguir~ with the 
attempt to con~pral~c:nd the nonlinear moti~)n by means of peI 
turbatioll t hrc ,rv. Thrrr is a larpe varip:y of trchniqurs which hai 
been introduced into our field. Many of th-:rrl share a co~lm~m. 

ccbncept; one attempt: 1~1 express the motion in a trarlsformcd 
coordinate syhteul where the solutimtc are lzarrnrmic mcil!ations 
(rotations in phase space) with amplitude dependent frequen- 
cies. In the following. this concept is demonstrated with classi- 
cal perturbation theor! Jo]. Explicit formulae will be given fol 
one degree of freedom only. 
C1assica.l Perturbation Theory. Consider how the constants J. Q> -. -. .-- 
of the linear betatron moticm z(s) = ,i?J:?(s) cos (‘2(s) $ %,) 
(13(s) is the envelope function. ‘Z’(s) is ;he betatron phase ad- 
vance. both defined by t.hr linear focussing system; s is the 
pathlength around the closed orbit, the “time”) are affected b> 
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nonlinear forces derirerl from a potcnt~al Ii. $0 that dJ,!tls =- 
--(pH,‘&]l. (/(IV ,(j,\ 311’8.7. H (the, Hamiitonianl nwy l)r 
given ill lrrms of poipou~iuals of thv cc~,~dill:ttt~ (mull.ipolr cx- 
pansion) 

H = -&,rr = 
7‘ 

(nt t {--7. -n - 3...n) 1. ExploirinF tllc fart tha! o,,(s) and iI(.cE) 
and rk(s) - Q 2xs:C (Q 15 the linear tune: C is the rnarltillr 
cucumference) are prriodic 111 5, IJ is rx~~andrd in a Fourier 
series (index q) in 2x.+/C 

$4 \z /L,,,,,&T”!2( ~trn+- Id-q)?na/C’) 
nrr. 

Thr canonical trarlsfurtrlation our is ainlnlg for is H, J, Qj --t 
h-.I,q. whrrr K depends only ori the new amplitude (actiou) 
variable 1. In this case the action varies according to I’ -= 
?IIi,/L?p = 0: thus I ‘: ’ IS d coItstaIlt and the phase variable varies 
according to r’ = aI</ = f(I) which results in the amplitude 
deprrtdcr~t tunr 0 -: Q -t- J :Tt+c’ = Q + f(I). Thus the solutions 
arc harmonic oscillations witll an amplitude dependent tnne. 
Such tr;lilsfr)rlll;itiilr:5 mity 1)~ gc~~~ratrti Iy ii inaction S( I, 45, .5 :I 
mixed in old and new variables from wllich the tralisforlrlatioll 
equations are derived as J .= c7S/OG and fp := 13Sjt3I arrortling 
to the tllrory of can<ulica.l trarlsf~,rIllntioll~. S relates the original 
and thr transformed pot+wtial or HaIniltoniaIl by the Hnmilttrw 
Jacobi equation 

as;‘05 z 1; Ii 

IV? choosP f0r s an cTxpallsio:l 

s ~ Jq, ., 21: ~,,r,,qI,l:?(,(mPii-(m4--qi?n./('). 

'L,mj 

.AII ;~ppri~s;n~;\:e >oltltlo:i c;111 tllr.1: ltt, c!nstrllctf*d 11~ settiili: rhv 
c~&i!civt. .-.,,,,L cd 111r ,rtmr7;itill:: i”1Lu(.lirlu vqu;4 to 

fl,,mcy I j, ,/II_ itnr<)(l) q) 

wilicll, w.11~ inscrtcd iI1 tiara HaInilt~~I,-J;,~~oi,i equatiur,, cancel 
thr terms h ,,_,, y so that ! ,,,,,, y :- 0 in first ordrr according to thr 
penera ccwwpt Tcrlns in t11f. old Hurliltonian which ticpmd 

only on thr action .I (~11 =- 0, q = 0) cannot 1~ inclndrti in thr 

transformati<)u T11f.y are the IowPst order terms to lw :~llsorl)rd 
in the new Hamiltoniall. The tunic Q(I) in t.llc denominatnr 

of flnrno co:lt;cins iuny)iitutle corwctlons (dc>tnnjngi which result 
frcm ?xpaIldlIt~ the trrnts y,, irr,oc,.7”!* 1 in tcrmh of tilt npw ac- 
tiou variabiv J. Cblsider 11 aject ories with Yarioui ampiitutirh. 
Wlten~ver tlie amlblitlide tirpcudwt l.urlr C&I) is clc,sr lo a rci- 
OIKII~C~ mQ ~~ (I of urtlrr (711 _ II i, tllv coefficient s (T,,,,,~ wouid 
beconw arbitrary large. This is prcvcnted by absorbing thr cur- 
rcspondjng terms. tllc rc5onancC driving trrrnl; (secular t+rms), 
in thr nrn Hamiltonian I< a< well. Expansiml of the old action 
value in terms of the new action valur introduces additional 
higher order terms in Ii. Tl~esr I~FLJ: 1,~ rrruovrd bg a seco~id 

triinjfornlaril)r1 whicll creates terms of third and higher ordrr. 
A srqumct~ of canonical tra!~sformations is formed this way. At 
every step, new high order detuning and secular terms are crc- 
ated whirl: may drive nonlinear resonances up to any high order 
(even for quadratic nonlinrarities ), The procedure is knowu to 
eonvergr poorly aud it is in general not possit)le t 0 prove that 
convergence occws at all. OUP of thus reasons for the dificulty in 
the mathematical prove of thr cxi.itence of closed tori is that the 
amplitude dependent tunr 0 is nlodifird tllrougilout tllcs proce 
dure as nrw detmiing term 5 ap;,tbar a~ rach step This requires 
rradjustmrn! of tile initial aml)litlidrs in order to fix the tuner: 

in order lo prcvcllt wculnrit~c5 ticvelopin!: in trrnli prcvi;,rlsl> 
considucd II~I:~-u-II!;*~ 

If SiI‘OI,!: l<N Wd(V W(.lliilI ,rr,.,- dri,.il.p, a sinpI< *(‘io~lil!~(‘r’ 
.ru(l - q :- (1 OCCUI vtrrly (111 IU tit]< ~~rocedur~. they quite !ikpl! 
dominate tlte tlpnamics a:~d map cause a drastic retluct~on 01 
tile stability bit. III this case OIIP prcveeds as foIlowL. The 
explicit “timr” drpencieucr~ of tile :runcateti Hamiltoniall call 
the al)sortwd i:ito a IICW phase wwial)lc 0 -: pi (Q-- qim).I?:,s.‘i 
:irid the corresponding Harniltonian G hecomer independent of 
time at tllr cxpenrr of an adtlitioual term A I, A l>raiIlg the 
diStirIlrfx of the 1iIlrar tune from the resonance A 7 (<j - q !v ). 
Hence: the motioli is Integrable in this approximatiorl. 

G z AI A 1 ,$,r,oI”12 . . \-‘ ,k 
r,r,ip II”!’ Cob (77lGJ i G,,“,,, j 

II 

If the rletuniqq i> small compared to the driving forcr.. url\t al,!*, 
motion occurs for unplitudcs l~eyontl the separat ris, the cant 0~1 
G(1.q~) =- G(I,~.&) contains tile fixed Iwints la,po drfinrd I,! 
X/81 :-- ?GIDp .- 0. Insitlc the scyaratrir tllr mritiou ii l)ou~ld 
to closed tori. 

If the detuning is st rang compared to tlic driving force, tier 
particirs will alway, pf’t csut of ~)has? with tile tlririug filrcr ;u~d 
the branches of ihc~ unslit1~1(~ orbits will close to a stallilizc(l *w- 
onimcr island. 

Since thr. tlnlr tlq~wlds 1011 tile imq'litutlr~. ti,r, OCCurre,,~? of 
hrbc.ular irrms ill tllp traI1sforrll;ltion (Ir~peIlds o*l tilt actual nlnpli- 
tndc. Consrquentiy, a denw welb of rf5oIlant island chains cover’: 
the nonlinear phase sl,acr. Thr variation of the aml)litud.c~ aloup 
these islands. t,llr island width. dqwutls on the squaw root of 
tllc ratio of dririnc forces and detuning. The dista:lce betnrcr~ 
islands ii inverslg proportional t.o tl:r tietuning:. Tlnli w+th in- 
creasing dr~tuning thr island chain5 approach pacll otlltv i;istrr 
til;il: tllcy shrink ant1 tliry r~vrntnall7. i~vf~rlap. AC ~tlCtttio!lml 
riir1jf.l. ovrrlal)l)iIlc i-lalicl r~il;,llli ii: r Clil:~l(i?:‘~~(l ii5 ii Ill(‘Ctlhlll~lli 
i;,l cll;,ot~c lJcllii\.i(v7l!. Tlir. 011ieT oi mi~\iivr. ciia(t5 iu ac(.Clr~riilo: 
pliast. spar,: tuark5 tllc tlyuamic a]~crt~~:‘e limlr. Tllv tlctuuine 1’ 
thus a central ;~arm~~f~le~‘ ccuhliwtcvl tu siuRl+’ particlr stzilZit> 

Tilr t,lliltl ~1’ vf strop low order rrsounnt harmonics and dr- 
t VIGIL: if’rlll\ v:lurl~ ccmsidvrilbl ” 1.(.1111(.<~ t I,? tl\~IliiIllir apcrtulT, 
rit~i taaiily IN avoided by appropriate iat ticc desip and cor*cc- 
tiwl scl~~u~c: Tl ‘. : 11, li good prnciicr in drsi,cuinc and ol”r;ltiug 
at-crlcrators. For iargc 11dron colliders ilw relevant question is 
wl,at is the stn1,ilit.y llniit fi,r a well designed and optlrnizrti Illi+ 
cl~111c. Frcu~ this consideration arises tile drsire to carry OIL the 

prrturhatjoxi srrjv lo higIl ortlrr to rxtrart arid analyze higl: 
order resonance drivinfi terms and detuning. 
Prrt.nrbation Theory Bawd cm Lit, Transformatiolls. Tile class:- 
cal procrdurr. turns out tct be quite iuoffrctivc foI riilruiatin:: 
higher order tirtunir!~ and rcsonzncr driving fl,rcc\. Tl:<, mail1 
reason i!) that tIlta classical procedure is ~~0rircYursivr and thcrcb- 
fore iuvo!ws carrying out mult.iple integrals of incrrasillf conI- 
ple.xity o’i’v~ the nouliliear !ields around the accelcratc):. lattice’. 
The method using Lie transformations as d~reloped l>,v Horiantl 
IIcpritr3] I fbr an applicatio~i to acc<xlerators wc [4 ) has proved tii 
l)r more effrctivc. The hasir concept however is i.he same. The 
system is to Le trnnsfonnrd such that the Hamiltonian cor:tains 
only secular and tietuning terms. 

Tile ol,jcctiw is to transform the system J:Qb with the Iiamil- 
tonian H( 4~. .7. .q) = Ho+ C,: :;y Ii,, (r is a formal parameter which 
charnctrrizrs the htrcqtll of the nonlinear force) into ii systrnl 
1,~ with a Hamilt.onian I;-(p. I,.$) - Ii0 4 I:, $i~~” which til-- 

pds onI:, 011 tht actio:l variaG;c, or mow p,rucrally coil:airl5 
only swular terms. This transformation is to lx constructrd t)\ 
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Poisson bracket operation5 or Lie generatori; L :- g 2 $5 &, 
. L. which art upoii the pha~r space variable?. Tlie operato?. 

L may 13~ espandrd in the form L = \‘,, ii: L,,. They generate ari 
infinlresimal canouiral transforniatiou of a phase space variable. 
The corresponding finite transformatioii (J. Q) ) +,ir --+ [I. ,c ) i> 
to br expanded in powers of E as well so that A> S,, F: h>,,,. 

where iii 
_ ^ 

Skm$ ,Zf,,L ,,..“,. The fo!lov;icg expression (to be 
compared with the Hamilton-Jacobi equationi relates K to H. 

h’ : Al--‘H +A?-’ 
J 

rd~‘i~18L(~‘];.d.s. 
(1 

Inserting the power expansion for H. li. AP, L into this equation. 
one obtains a recursivy set of differential equation5 

i*- 1 
(a,‘& -. [ , Hc,!)L,t - TICK,, H,,) -- 3: ii,,- ,,, h-,, -1 n&,;:, H,, ) 

nt=: 

In lowest order our obtaina (H, = Q J) 

(a/h - Q. %c?C$‘)L, = (h-, ~. HI, 

(a!& - Q cY,‘a@)Lz c (Kz -- H,j -&(A-, + H;j 

(Q is the linear tuncj. This allows us to calculate recursively the 
Lie generating functions L, order by ctrtic~~. Quite iii analogy to 
the classical procedure, the functions (a;As+ q.??j??G~ JL,, tnay he 
cllosrr1 t,o cancel all tctrmb on t lie rhs of rhr rquaticms excluding 
K,. Then K,, vanishes except for secular terms which caunot 
he included in the traxlsforrnatioll. The equation of uic~tioii arr’ 
inkgrable in the new system as long as oulg one secular term 
has to be taken into account. 

This recursive algorithm is very well suited for analytic cal- 
culation by coniputrr to any t&h order. M~,~ei)ve~. the tram. 
formatiori &-* is giveri explicitly in the IICR- variables I, *” so 
that cmt~ cim si,lve nn~ncdiatrl~ f01 d autl Q1 111 ordm to wcofl 
struit tlit, tcm ill tilf: original 5y51~111 Till- pr”“‘iurt~ :’ Il>~~,l 
in crlrstial mvcl~auicb. Tllcr<, arc’ tuc,l- a~itilai~lr~ f~rr kc (.!‘l~IiiIuI 
apphcations (sw v,f ,4; I 
&<~~~a1 Fog~~.s. Tliis lwrtiiilmti<ui thcmry caii lw aJiJ)lic.cl to a tit,- 
scription of noulineai- tlyianiic5 iii terir!~ of iiiaJ)i as well 5h tr) 
a Harniltouian tlcscriptioi~. i:i Gmulation t~r~~wIurc>. Iioulinear 
maps which describe the prcq)aeiitiun of partirlf.i ohcr around 
the accelcrat,ur arc conxtruclcd c0i eacl. Turin. It seems to l,ch 
natural tcr Investipat<, the ~uaps to analyst the tracking data 
and to extract frcaii the map the relevant pan~~ietcrs like tunr 
shift b which gorrru the ti~nantics. Since, the cornp!ctc mitp is 
in general very complex and contains very high powers of the 
coordinates. ohe usually deals with truncated niap~. 

A powerful way of analysing niaps is the normal form proc+ 
dure [5.G which is agaiii base d 011 the principle that the mapping 
is to be expressed iii a new coordinate system where it is reduced 
to a rotatlvii with ai1 amplitude dependent tuue. A very elegant 
technique uses Lit, operators:i]. Consider a mapping of a phase 
space vector around the accelerator Z(s + C) = 1>5(s). If this 
form is inserted into the equation of motion dj:,‘ds : Sf’H =- 
13”‘. H: - HF (S is the symplrctic form, H is the Hamiltonian) WC 
obtain a diffewutial equation for the map d!?~ds = --AM with 
the formal solution Ai ~x~,(!TJ~~+~‘I?) = exp(i) (T stands 
for time ordered) which is called a Lie operator. Any map of 
this form can be factorized int.o a rotation and a nonlinear part 
[8] A> I? exp(p). A coordinate transformation generated 
y’= rxp(z)5 by a Lie operator I? is to be found so that the orig- 
inal map is reduced to au amplitude dependerit rotation O(J) 

n==e -k&icii 

Following the Iiasic rules for operatim with Lie operators (see 
for example ref 6 one rtJ2taim 

12 A,(, .-i: -I;-‘)I< . F -- ic1ghc T Wd~7 f+, ,i,i 

The goal is accomplished to lowest order if li is chosen such 
that (1 . R ’ )I; caucel~ the n~msecular terror 111 F. Having 
expanded A7 and F in eigenfuiictious il :- \ 5Jexp(19 I of 111(‘ 
rotation operator R. with R h -- ~np~z~~i if. tl;, is the linear 
tune) then li : L”,,, ri,,,,.h”i,““. f x-n”? J,,,,li’~h”“. and we 
see that wc have t,o require 

k,>,, .~ f .,,,I (1 ~ rxp( ~TIT/ n)Q:j 

for ~ionsecular terms (7~’ n)q z tr:‘cpc7-. and k,, = 0 foi 
secu!ar terms The reunnning term< iri F are tuneshift terms 
and resonance driving terms. 

This concept has been developed in:<] a recursive algorithui 
which allows calculation of the elements of the generator I;- or- 
dcr hy order. It has been applied to calculate tuue shift and 
nonlinear distortions of tori (“smear”) for the Superconducting 
Super Collider(7,. Another application for accelerators using a 
uiotlificd fornlalisn1 1s the layout of t uneshift correction sche~iei 
for the LEP Iiadrcm Collider (10 
Pr;turbation Theory aud Dynamic ilperturc So fai WC may su111- ___.-_~~ 
marizr by saving that pert,urbation theory provides qualitative 
undersr and&2 of ncmlinrar dynamic5 alit1 aui>plies iii with tjc801.* 
to calculate the relrvmit parameters for the design of an arrelrr- 
atut. Nothing has 1wr11 said so far aLou: the d~riamic aperture. 
Heuristic ~rmdcla have beeu proposed which give an estimate of 
the dynaiitic aJwrturc wliicli is associated rvith the, breakdowu 
of perturbation theory. For rsauiple, the civilantic aperture ha< 
been defined as the liiilii I,, n-itli (2.i iV I, 1. (1. The trail. 
forma~loii i,l~twf~tl tlic, 01~1 G~C’~IC~II ~:~:l;il,i~, .I all<1 tl!,, I.C’,Y act;o:. 
\.iirla ilc i 1s iii ( r~iilJ~li~riwl 111 ii wc~~i~d 01 rl<,r ciii~~~~iicifl 1 ri?:ih:c,: I 
n~iitiw~ which intrrJ]c~latc~~ aclrrii *e-ouil~~cc :slari& ‘11 11: au 
c~thr~r ;iJ~prr~li. tli<s H,, c riii ~1 .Jac,~l~i 1~juaii011 i-. ,m;vcd tli~~~rl~ it 
by an ItcraliYi~ proccdrm~ basr,rl (,ii Iivx3o:l’s nietiii~d conceit- 
vrrpencc of tlic, prcbccdurc i. mterJiiwtc~1 iti rl:c. tlviiailiic a*~cr~ur? 
limit ,12 OIlir~r prortduwh are ba-c~d on successive linearis:, 
tions of tire nonlinear equation of motion a11d sutsequrnt inr-c-5 
tigatiuii of linear stability :13 There are mx~~plc~s for all theac 
rmtho& wliich SWIU to indicare that the!- provide a reasoriable 
estimate for the dynamic aperture. However. there is as yet zio 
metht~d considered reliable enough t.r) replace numerical track- 
ing. 

Nurnrrical Met hods 
T11ts so called kick code:, al-e the, mist used tracking rotlc>. 

They are conceptionally siiiiple describing the motion by suc- 
cessions of phase space rotations followed respectively by a nm- 
linear kick which depr~lds on the particle position. Kick codes 
are svnip;ectic so tha! they describe a soluiion of HanGlton’s 
equation of motion Due to the large number of turns ureded 
to make a reliable prediction of stability, kick codes turn out to 
be very expensive tools for investigating the dynamic aperture 
of future large hadron colliders. 

M aps which carry only the essential information about of 
the motion could hc more effective. The mapping generated by 
a kick codes includes ext,remely high powers of the coordinates to 
be tracked. The calculation can only be speeded up by truncat- 
ing the map at a given maximum order which is appropriate to 
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tltc prnl11f~:11 i*lvt~stlpi~tP~l. It is thus r\-id6Wt tlhnt describing the 

n~n:1011 1~7 ii miiji il:~jll. j. I, c <rric8ilG ;1.)~)l.(~.~i!lli~tio~~s 011 tt:tx othri 

harltl. tllr~ kick 1~~<~crd’:r,- i. i apI)roxinlilti- too. since the actlo 

of t]lc, ~~~~:~l~~irar fo:ceL ii conccntrtit,t.d 111 a nlinimum number 

o! thin 1m~ kick:,, ii11 approx~n~r~rm xhlrti the grncration of ii 
tr,lIlcatpci 1mp does not rely GIL On t ht, ccmt,rary. there is much 

li’ii r?strlrtion o:, tilt, amount of iEformatlon which can be take11 
lilt<, ;scccltlr!t :n hujldiuc the II~:L~I This effort 10 itpratc the map 
rrrnaili5 tllr, sanW 

.& t:u,rc‘;l,,r,Il pI.o(.&ll,. I. pr”YidiYi I,;,, ns,np LlC, cq’erittilrh 
to descri\,r tht> nlotic,n through single clr~Inentz. There are well 
c~~t~~!~llihc~ti rule5 t 0 conciitcriatr a:ld fac:urizia these propagator5 
whii-h allolr ~1;~ Ill;Lp t0 1~ reprmdd as a product of operators 
n, c-xl) 1 i., I IC rvhc~ the> 1,ir generating fl:nrtlon L, is conIp0s~Yi 
of l~olnu~cnic)u-: pol!;nominals in the phase space variables of or- 
q1t.r :, The I)~dac: c’ar~ 1,~ tnmcatrd at any or&r. It alwayvs will 

proyidc- a symplcctic mapping. The procedure is implemented 
in thy colnputrr code &lARYLIE i9i. 

LIapping 1,;; L!c opcmtors exp (L) 7 i . L-I 1L2 it . . implic~ 
ii*, jI&itr ~r~rjc~> of :terations which is evaluated numerically 
in I\IARYI,IE by a Kirv:tc)n’s mctho<l. Crntiidrrablr progress 
I,;*> 1~~1. r.lad~ rteutl> i14j by expressing tlllz action of it Lir 
oI)crat or 1,~ i, numbrr of kicks. This is accomplished by writing 
;l,r* Ljc, ccnrr;!tnlf function5 ~vhich art usually rcpr?seZte[! a5 

LI T- _>l, * 77, I (J,,,:,J ,” “’ in the fornl I’, 

Li. = YLAk,(3. .rosQ,, -, 1’; .slrl~I’,)k 
I. 

A Lie 0l)erato: of the form rxp (1 ,f(o.r - bp,)l) produces just 

a F,~n~~r:&zr-~l kick As af!ar,l, Ap, = Df; c3.1. The 9, arc 
;nq$c. tr, 1,~ chohcn apl,Iopriately t( , assure thar one can solrt 
for tilt. ~.o<~fl!<~i+~11:. .A,, ‘l’ll< io c;,llr~l kick fact~~ri7arion ma! 
C011!.ii1t.1R1~11 \lW’l II:, tilt. r~Yl,l?.iiilll11! 0 f LICK ~:(~ll?ritt~~<l lIl%~,‘. il’ 
1~.I h: 01,6- cii IXY~~ ~~WIW 0f fl(.c.liOill 

Xniitllf 1 bii? to j11~8cillrt~ trli1lcatt.d 1nap> 1s 1,~ using diii;rri~- 
t>;,! itlptu ;,‘I r, Thrx <.>\,‘I,(‘(’ <i f thii tc-clmique is that it pr,>pa 
~at<~+ I,arti;ll dcrivilti\-car i?‘.f ,‘3.Tn “1, to an:- c)rdpr n of a function 
:I J:) lhrcnlclr i: herleh of in;ithi~~~~;itical operations on .f by al’- 
pl!.int’ diff~,I(.IltiiLtl~lxI luli~s s~lcli i:i (y ,f I’ = g’.f + f’p. rlpplird 
tc~ trackmp al$oritllnlr. ,f :h to 1~ idcntifird with a phase spncc 
wctoi ? wtirh ih prc~pqatcd arouml the machine. It has t,hr irii- 
tial form .f; ,?(,j = .?(, v;ith L?.T;aj,. equal to the unit matrix, and 
Pj: 0.1’ -- 0 for 11 1. After one turli one obtains p?,/a?d. 
the cc&icir-nts of a Taylor expansirni rrprcsenta.l,ion of the onr 
turn 1uap. I:Ilfr,rtlLIlatf4v, this map is in general not, sympler- 
tic and s~lllI~lectificatir~~~ cannot be performed unarnbiguouslp. 
Non~‘thrl<~hc. rhis nc\v t<)o; ])rciridr!: a powerful truncatiIIg rnech- 
anism The, rc,sultlng map can be easily evaluated. 

From the many mrthnds to determine thrx dynamic apert,urr, 
WC will selcrt and discuss thrw examples. 

Th+ straightforward approach for determining the dynamic 
apvrturc is lm.)ng :erm tracking. Particles are tracked for many 

turns. Thr initial amplitude is varied until the bet&on oscilla- 
tier. arrz stn’,lr, for a large number (? 10” ~ 10s j of turns. This 
procedure is VW~ expensive (simulation of 10s turns in HERA 
usine the kirk cod? RACETRACK [lC] takes 2 10”s for one in- 
tial cor,tiltlon on an IBM3090). It is therefore not well suited 
for sttldying tllr dynamic aperture as a function of many pa- 
rarnrtcrs like tuneh, chromaticities. different statistical seeds of 
rnagnrt errors, test: of different correction schemes,etc. More 
effective methods arc very desirable. 

Thr earl> rlrtcaction of chaotic motion can speed up consider 

iil~ly the j~rocrss of tlr~tvl ming tlir dyniilnic aperture. 1 lie c .\po 
nential divergence of two. initially verp close trajectories is a cri- 
terion for chaos j 171. A mrasurr for this divergence is the average 
pro\vth ratr of the separation ill ;IhRSC “piI“?: thr SO Cdlf?d Lga- 
IJI~IIC,Y c-nponrnt dtheti as CT ~~ Iin~~,~, .r lim:< .% i In 2. Here d 
i: the srparaticln of two vector!: irl 11hasr spat? d,~ .: /lai(:\r)ll 
and JT 1ncasurcs thp time in turns arotmd the accelerator. This 
I~::ram~tu can tw rr1atc.d t$.) the eig~~~~r;,h~rs A:’ nf the .I’-turn 
Jacobiall J:, 1 (1;7( ,V’) !a.?[ 0’1. ol,t ainrd by linear expansion of 
tllr firltls al~ut tlic> ira!tArti,ry unilrr cc,ll~i~lc,r;itiilIi. Choosing 
ilF, along the eipenrectors TX of -7,~ rrsults in 

17 : Mas{ li7,1,,~~, ‘TN} = Moz{ l17r:,, 1X $ 111 ,~A;-xy*> 

Thus tllc L,yapnu~~v rxpml~at IIIC~EIIW.~ t~swntidly thr dmsity 
of unstal!lr fixed points associated aiih nonlinear rcsonanccs 
al<lng the particle trajectory. Fc)r linear motion, c is zero. For 
regular motion where me enlwcts linrar divergence of djdo, o‘,v 
r~.olvrs it5 lIl(O Ayj,v. approaching zero quickly. For chacltic 
tra:cctories. 0 is diff(,r,snt from zero. SUCll Irlethods hitV? hwl 
urrd TO detrlnlint‘ the dynamic ;ipeItllre in the HERA proton 
rillg /IS]. Stability <If tlic, Inotii8n (‘an t,c prtdicird for ?- 10” lo7 
1111.115 aftrr 104 10’ ~1111111%1~~~1 tlllllh. This ~a\-es a factor of 

1 f! 100 in cvlllputiur: tiller. 
Iii the siilli<’ hlliiit, stiil,ilit,v is pr<‘dicted for lnrgc times by 

ii~tiilyiil~g the Illotioll for sh(utcr tinlrs I))- a IuPtllod following 
Nrkhi)rchlic~r’s rhcorclt~. Ntrkhorohllcv’s thror~m trlls that per- 
turbation thcorp is ahlc to predict stability for a finitr time which 
irlcrcaaws cspon~~~ti;Jl~ viith the size of the phase space domain 
considered. On the basis of this theorem, the following principle 
has bran rhtablichfd [2(1,. C’ollsidcr the deviation of the action 
bJ(t) from ail a~~pt~~xirmtc ~11100th torts obser\.Cd <)vcr a tjmr 
T. If the I~L~~IIIUIII yariatioli a.7 within a domain J, : t?, is 6J 
I)VCI a period T. an clrlllt which i? confined for the same period 
I‘ iu a sniallrr donlain .7 II: ‘- 01. will remain within (1, for 
a time, of at least dlrn1.7, ~~ ,I2 I ‘t.7 7. ‘Ilw approximate torus 
nrct-:sary for thi? analysi+ is found bv fitring numerical phase 
space data from tracking I(> a g:r-ntzrating fullction. Normal form 
analysis of a ant’ turn map migh: hr another w:av of providing 
apprr)~xmltit~~ tori. Thr method has bet-n applied to a model lat- 
tire rvith srxtupolar nonlincaritlcs. Stability over up 1.0 lO* turns 
11a:. tma11 pwdictrd Iy this Inct hot1~2U 

Exprrirncnts 
The physics of particle bcarns in accelerators comprises man! 

effects which have not been taken into account in the Hamilto- 
nian model. The meaning of the dynamic aperture for a real 
accelerator is therefore not obvious. Experimental tests of cal- 
culations arc necessary. 

Resonant behaviour has been studied in many accelerators. 
The performance ha;- been improved considerably by the com- 
pensation of resonance driving t,erms. The compensation of third 
order rescmances in the CERN-PS 121 j is a typical example. In 
almost every accelerator operating in fixed target mode, slow 
resonant extraction has been controlled with high precision by 
exciting nonlinear resonances on purpose and by adjusting the 
tunes to be close t.o a nonlinear resonance (see for example [22]). 
More recently, nonlinear phase space trajectories of electron and 
proton beams in the presence of strong sextupole fields have been 
observed directly by analysing digitized signals from two beam 
position monitors. A small beam has been kicked transversly 
and the beam position has been recorded subsequently for about 
1000 successive turns. After taking ht.0 account filamentation 
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rffrcts ir: the multilmrticl<, l)?anl. thr nwasilr~mm~t~ confirm. ~~11 
thf predictions !13.24,. One- can wmnariz~ that resonant br- 
hilviuur alid t hrd strl>ilit!- limit nriu *~~~o~~anccs iu a rv;bl machin* 
can be reliably pwd~cted qualitatively and quantitatively by an- 
alytical and nru~wrlcal czilruiabic.)rls. 

Further cq>PrinlPnts havr~ lwe~l pcrfcmnrd to mrasurc thp 
short trrm dyniimir arvrtrlrr m the rilbi’ of strong nonlinrari- 
ties but for olwratint: far from low ordu ~C~OIKULW>. The dy- 
Ilallllc il~lrr:,l*< iI1 ~““‘PUC” of srrong wxtupi,1r ficl& 11&h ‘twrxi 

mrasurvti 11, tll<, TE\‘ATROY I.: . di <t part of tllcs Ei’7S machirlc; 
exprrimrat 2.5 Tilt, 1 1’ )c rim mliflimc(’ vca5 incrvahc~d ly man> 
small traliSYf’:iP k~,.k> wllil~: The beam pr~filr was monitored us 
ing w-ir<, SCHI~IIC‘I’S Tlvh 1 z’ w Cu11 width. aftrr iucrvasing for ir while>. 
rciichrd .omc filial ~.illllc wllicll w~i:b iutr:pr<‘tvd iis thr short trrm 
dynamic a~~~r:n~~‘. Tl tf’ r~w~lls oblainrd for different values of 
the strcngt1, of tilts scxtulmlr~ was compared with a 500.turn 
dpamir aI)crturr front lrackintr Tlit, ~~spvri~riental wlues arc 
alaFlys smaller tllilil the, pxd1ctc.d raluts. Tl~r discrepaucy is 
40% for low wzcit>l+loll of sextupolr5 and 20% for strong sex- 
tupolrs. III Psperilur’urs yrformrtl at tlic> CERN-SPS [2G] (IT- 
namic aI)tdtlrr has hwu I~~ra~iuwI under similar conditions. A 
small protinl 1Wiilll is kicked by a single kick. Bcaxn loss is take11 
as an iritlicatiurl that the edge of ihc Le8m rrachrd th? dynamic 
apcrt ws.Thc, drllauir a~~‘rturv in thr rorrcspnrldill~ siluu!atiotl 
was d&r& as thr bctrdf~r Letwwn rceular and chaotic tra,irr- 
twit-r; dctr.rlninwl hv tlr!4icni of a rlonviulihlling Lyapuno~ (‘I- 
ponrnt .hIc~hsarrtl and simuliit vd dynamic apertures ( -- 1711,7,1 ) 
agrw wtlnu a fvw nullln.(~tr(.i. The-we cxperimctnts swm trs ill- 
dicatc tl.at if 111~ actual fi+ld errors in an accrlrrator arc’ kn<w:l. 
dyuamir ~i~~~~rlurv ~iilcllli~fiou~, do indwll prtylict w-it 11 rt~s~~nili~l~~ 
arcuracy the ar:li,lillldr hiit tn hliorl tt-riu strtldit). for liar 
scalw 0: tlir. 0rtlr.r uf ICI:’ t\:rIIb ,,I ii ff.17 ~vCoticl+ ilk rc~al tillj,,. 

I\lcr- ) 1 Ci:~‘W,,li~‘llT’ iAl\” t,f’W ~-;?ITl(V~ lillt f(l ?‘SJ’l’?f’ the’ ,‘;,:ic! 

i*:- of dv11iiuil8. ~~I~~II~I~oI~~ for is lii1~1’? -,ut<~ sal:,. 111 t hi, CERN 
51’5 t~xl~i~~lrl~+wt ‘237 rliR;liiiiI. III~Y~ICYYI ijT 5rrt11ic, i~xtl:])(lliil I,(,I, 

li]~rarillc~i ha- l>+ui illvc5ligat-il. T~Ic, lir-aru siL<s is controllerI 1’~ 
zcrapl”~ t 111~ l)<.;L111 \1‘11r11 tilt, >cral”“h %I“‘ I(~l(.iiif’d. tiw hall1 
lifr tliiir in ri~awvr- for R v~hilc llniil the IWRILI i> ~rlc~wn up 1,~ dif- 
fusiolh pn~~r+wh, 1’1 ~1’ diffll~iou i> clritrlj- wlatrd lr) tlir strength 
of lllr wstnluAf~5 11~ rlii, corrrspcbndinc ICII:C tc1’111 trackinK calcu- 
lalir)n (\l~’ tii l!l” lllrli: I 110 s>~u. iif (Iifbloil 11arr. iwe det rrtrcl. 
To supprrss they thiflsion. amltilitll~lt+ 11avr~ to hr r~ducrd to at 
icas: half tllia bhorl t(.r:Il rlynamlc a~~!~rtur~ 

Tliew ar? r~otlr~l~ whic11 descrilw lunv diffusion is induced 
hy au Illterfr~rerlct <If tlmr motlnlaticm and xlc~r~lil~cnritir~s. Tunra 
modulatirm citllb~‘b sirI?trands arolu~tl ilablr w~mauc~~ islands in 
phase :pac< For low ruodulatic~n frc~qll~‘l~cy iixl~lucrd fur exam- 
pie bg pow?r supply ripples ) but lar~c> modulation drpth. these 
sidphandi ovulap and this therl satis fin tllr~ C’hirikov critrrion 
f or chaos i~‘il. This nwchanism ca,u tw investigated analyticall> 
ill th? (illtcgratrlc, ! sinzlc wsonmi-~~ mo(lrl. Small amplitude. 05. 
ciliation around tlrv clowd orbit associntpcl with a stal&ed reh- 
o*la*ic~ cxposc~l t 0 rxtcrrial tlm<’ mcdulatiun corresponds to tlw 
motion of a tirivrw pmd~llum. Thr analysis cd this model reveals 
a phaw transition between regular and chaotic in the parameter 
spacr of modldation cl<ytll anti frrqucnc!-. The validiry of this 
model hah l)rc*n cxplc~r<~l in the Fermilab E’i78 cxperimrnt [%I. 
The> beam is kicked as a whole, populating a rwonance island 
generatwi hy strong sex-t up~~lcs and has H working point near the 
resmancf’ 54, 97. ~Vhcr(~w thr cvherent signd from the part 
of t,he I-warn u-hich is outside thr island decays quickly due to 
drtuiug iuducvd filamcntat.iou, thr beam which is trapped in 

thr island provid*c B prr-i\tnlt ~igrlal sncc all amplitu~ies illsidc 
the island arr on awraLr* tli+ biiiu~-. Slow dway of tlus p?rsisrcI1( 
siqua 1s tiur t I) dlffll\Ilm JII:iC?Sh?. - I’ I~I KlliCli ]‘il:.tiClrb Irai: out cbti 
thr islaud This hits hm st~nmlat~~d :II the ET78 experiulrut 11: 
tune modulation ElAancr’d <lc,cay ~atrs lla\,~ 11w1~ ot)b(*rv(d ~OI, 
mc~dulatiou parsrrirters n,llirll wrrrspwrl 10 t liv chaotic pliair 
iu tlw yvndulunI nlodr~l 

Thew ha.< been ccwidPral)lc prtrgwsh in ~w~lrrstandity tllr 
mlpac: cd nonliurar plleni)tli~wa in accc~lcmlurs. Nrw iirlal>-tic 
and nrinwrical niethiidz 1liiYr 1.1ren tl5~~l~~pf~l ;ind to 1)~. jtst~l t 0 
drlrrmibv. 1~2 itniily~ aIll1 ii] iruI~rgw(~ ill<; dyr,;iin:r ajw: tlirr il; 
largt- lladrclI1 collitir~rs. 

Tllc, author gracefully irckno~~led~~~~ iu*eIc>tiu~ dihcushluw 
with D. Barhrr, E Forwr and H. Rlais 
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