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Review of Beam-Beam Interaction in Electron-Positron Circular Colliders 

Kaoru Yokoya 
National Laboratory for High Energy Physics, Tsukuba? Ibaraki 305, Japan. 

1 Introduction 

For the last few years theory of beam-beam interaction in 
electron positron storage rings has shown a remarkable progress 
due to the demand of high luminosity B-factory. In particular, 
problems related to asymmetric colliders have been studied inten- 
sively as a nevi feature of this field. Rrcrnt studies have been sum 
marized in review talks by Keil in the prcceeding confercnces[l] 
and in summaric~s of norkshops by Gareyt,e[%] and Keil[3]. 

This paper summarizes the investigations mostly last and this 
years. Those which were described in the preceeding reviews in 
detail will appear only briefly in this report. The notation is not, 
fully defined but I b&eve it to be standard. 

No general conclusion was attempted in this review. 

2 Beam-Beam Limit in General 

During the last few years analytic models of strong-Arong intrr- 
action to revcal t.he physics of the beam-beam limit have been 
tlevclopctl. which lvas initiated by Hirata’s work on the mapping 
of the srcond moment {x’), (.r.r’) etc. [1] The theory has explained 
Errious phenomena such as flip-flol) qualitatively. Hirata[5,6] has 
extended his theory to higher momenk using Stratonovich (gen- 
eralizc~tl Hermite) expansion. In the strong weak case he got 

a good agrettmrut, with romptiter simulation, taking as high as 
18-1.11 moment. For strong-strong case, only 4th moments were 
included, clue to a ntunerical problem, but the agreement with 
simulation was s t 11 improved. i 

Trm1yso11[7] has tlevclol~~l a uem met,hod of computing the 
Itcau-beam limit, which may be ~allcd self-con&tent strong- 
weal< lllotlrl. He assumes that (a) thr final state is time- 
iudrpendent and that (b) the time variation of the r. m .s. hunch 
length uZ(i = 1.2) of each beam is a function of oi and o2 (and 
other constant parameters) only, i.e.. da,/& = Fi(ai, ~72). Then, 
l)y :v<~al<-htr<)ng simulat,ion, hr finds the weak bunch size Si (g2) as 
a function of the strong bunch size gj. The same procedure gives 
S,(ol ) by changing the role of strong and weak. Intersections of 
the two curves on (pi, az) plane give the equilibrium bunch sizes 
(Fig. 1). He proved that dSl/daz x dS2/du, < 1 is the necessary 
and sufficient condition for the stabilit,y of the quilibrium point. 
He claims that the bean-beam physics can be reduced to strong- 
weak problem by this method and that strong-strong simulations 
are not very powerful because of nummerical noises. 

He tried round beams only. In principle non-round 

beams can be treated by introducing four-dimensional space 
(a,i, cryi, 0~2,a~z) but, this will require even more computing time 
than strong-strong simulation. Extremely flat beams are nearly 
one-dimensional and may be treated by this method if we can 
ignore the energy flow from the horizontal degree of freedom. 

It is not clear in his formalism whether or not the ‘stable’ so- 
lutions found in this way are stable against coherent motions 
such as dipole. It seems the assumption (b), hased on which thr 
stability condition was proved, excludes such possibility. This 

P 

assumption is much stronger than the Gaussian approximation 
employed in most strong-strong simulation codes because it does 
not contain terms involving 2’. 

Low Current: High Current: 
Below Bifurcation Above Bifurcation 

Fig.1. Beamsize function and equilibrium points[7]. 

3 Round and Flat Beams 

Iu the case of equal rings, the luminosity is given by 

(1) 

Apparently round beams have an advantage over flat by factor 
of 2 becalise of (1 + r). In addition Iirishnagopal and Siemann[8] 
excrggerated that in the case of round beams the beam-beam 
parameter 

I, = 
N I-, Jy 

27r)O,(U, + u,) (2) 

does not depend on the longitudinal position s in spite of the 
variation of $ and P’S with s. (Normally, round beams mean 
not only g’r = gy but also $* = a,). When the bunch length ca 
is considerably shorter than the beta function, the synchrotron- 
betatron coupling is excited. Round beams can avoid (some part 
of) this coupling. Krishnagopal and Siemann[8] showed by com- 
puter simulation that tT,,oo will be larger in the case of round 
beams. 
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Fig.2. Luminosity and trnaz vs. 8’ at CESR[S]. 

Experiments of changing the betafunction were carried out at 
CESR[S] (with flat beams). The bunch length was fixed constant. 
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It turned out, contrary to the first expectation, that i3,’ N uB was 
the optimum for the luminosity as seen in Fig.2. As 8’ increases, 
lnlul becomes larger but the increase is less than linear. This re- 
sult was explained by Krishnagopal and Siemann[lO] by the fact 
that the bunch length causes the modulation of its own betatron 
ocsillation as well as relaxes the effect on the opposing beam due 
to phase averaging. In computer simulations, therefore, it over- 
estimates the modilation effects to include the shift of the colli- 
sion point, due to synchrotron oscillation with one thin-lens kick. 
Taking into account these facts, Iirishnagopal and Siemann[ll] 
again compared round and flat beams by strong-weak simula- 
tions. After optimization of each case, they got E,,,(R) - 0.10 
and E,,,,,(F) - 0.05. [In Fig.3 < ,).uI is plotted against a,/!? for 
two different cases.) 

(1) 

Bulcn ImptIn I a*t,- Surxn I.nptn I WI*- 

Fig.3. Los for round and flat beams[11] 

C’hin[12] has also tomparetl round and flat beams for APIARY 
rings by strong-strong simulation but obtained different result 
[,),sJ (II) - 0.035 and &JF) - 0.04 with an interesting observa- 
tion t1ia.t the round beam has an rquilibrium distribr1tion sharply 
cllt off whereas the flat beam has a long vertical tail. 

Hirata[l3] made analytic comparison using a Gaussian model. 
Under the assuml)tion $*(n) = 1$(F), which is quite in favor 
of the round beam, he found the maximum luminosity L(R) - 
1.4L(P) when the luminosity is limited by flip-flop bifurcation 
and L(R) - L(F) wl~u E sat,llrates without bifurcation. In both 
cases he found [,,,,(Z?) - (,,.,r(F)/2. Actually, since the above 
assumption is very difficult to achieve for round beams, this result 
says the round bra~us cannot give higher luminosity than the flat 
beams. 

These results strongly contradict with earl1 other. It should 
be mentioned that the bunch-length effect, which is the key of 
Iirishnagopal and Siemann’s simulation, is not taken into account 
in Hirata’s simple model. (The derail of Chin’s simulation is not 
known to me.) As is seen in Fig.3, when the bunch length is 
short, the round bc~nm does not have an adrantage. Also, to be 
fair, the luminosity limitation in Hirata’s model comes from the 
strong-strong nature of the interaction which is not taken into 
account in Krishnagopal aud Siemann’s. 

It is impossible to give a definite conclusion at this moment. 

In recent designs of asymmetric colliders, however. people tend 
to adopt flat beams, admitting that the round beam ca.nnot give 
overwhelmingly higher luminosity which can pay for the consider- 
able efforts to make the beam round. (An exception is Siemann’s 
suggestion[l4] that the round beam allows a long hunch which 
can reduce the required rf voltage.) I am afraid that, the round 
beam issue might come to an end without conclusions of beam- 
beam theory because of the practical need. We have not only to 
wait for the round beam experiments at CESR hut also to try 
more simulations and analytic works. 

4 Energy Transparency 

Since there is no e+e- collider with asymmetric energies upto 
now, it would be nice if we can resort to our experience in sym- 
metric ones by imposing some conditions, called ‘energy trans- 
parency conditions’ by somebody, such that an asymmetric col- 
lider looks like a symmetric one. 

It has been usual in designing asymmetric colliders to makr 
(1) the beam sizes and (2) b earn-beam parameter [ same in 
the two rings. Y. Chin[l5] added two more items to the list, 
namely (3) Atrelative energy loss between collisions) and (4) 
a,Q,/,@(betatron phase modulation due to finite bunch length) 
through try and errors of computer simulation for the API.-ZRY 
rings. 

Krishnagopal and Siemann[lF] replaced (4) with (5) fractional 
part of tunes, (6) Q,, (7) ;? and (8‘ j j gs. They got three conditions 
by perturbation treatments of Hamiltonian so as to make equal 
the resonance structures and strengths of the two rings. As a 
result, Chin’s condition (4) was split into thrcr conditions. If we 
demand all these conditions to be satisfied, thr only parameter 
which can compensate the energy incqllality is the number of 
particles per bunch; N1yl = Nz?,. 

TennysonI argues, by his self-consistent strong-weak method, 
that symmetric machincxs have no obvious atlvantage over asy*r~- 
metric ones and the latter may have their own optimrml. He 
claims to have an example for which 6, # nL is an optimum. 

The issue of the energy transparency S~WIIS to have become 
obscure. Chin started with an optimization of the luminosity 
and obtained the eqllality conditions for thP particular set of the 
machine parameters. Krishnagopal and Sicmanu’s work is more 
general but it is not clear whether the conditions al-? nretlcd 
for the lumonosity optimizatiotl. Coml)utr~r simlilations of wider 
rililg? of parameters are desired in ordr~r to src if the equalitir~s 
make the optimllm. Among the, rqualitirs, Chill’s condition (3) 
has to be examined becausr it, is expensive to get the same &ping 
rates in rings with same circumference hiIt different energirs and 
also because this problem seems to be the simplrxst. It is not clrar 
whether Chin’s work insists the damping rates must be tllct same 
or be just as large as possible. 

5 Tail Distribution, Life Time 

When a machine is well tuned, the luminosity limit,atiou muall~ 

comes from the life time due to the particle loss from the tail 
of the (quasi-)equilibrium distribution. Since the particles in the 
tail do not take part in the strong-strong dynamics, we can em- 
ploy strong-weak picture to find the tail distribution after finding 
the corr (or by simply assuming a Gaussian core). 

Chin[l7] has developed a techuiqur . which he calls rc~nornlaliza- 
tiou, to compute the distribution function. A simple application 
of perturbation theory often CBUWS infinity due to the resonance 
denominator l/(Q(I) - Qrc,) when integrated over the action I. 
He solved this problem by treating the average and the oscillating 
parts separately and gave finite results. 

Comprehensive studies have been done for the life time cst,i- 
mation by Gerasimov and Dikansky[l8,19,20]. They st,art with 
the Fokker-Planck equation and show the (quasi-)equiliLri~irrl dis- 
trihut,ion can be written as Zexp(-4/// + O(l/)) in the limit of 
17 ---t 0. where 17 is proportional to the radiation excitation (‘weak 
noise asymptotics’). They studied non-linear isolated resonances 
mQz(l;, 1,) + nQ,(lz.I,) = integer and pointed out the essential 
differcncr between l-dimension and 2 Z-dimension. In the case 



226 

of l-dim o-- 00 = 0(M) (40 is the Gaussian distribution and AI 
is the resonance widthj but, in the case of > 2-dim, +6 - $0 can 
be the same order as 40 due to the mechanism which they call 
‘phase convection’. A pa.rticle initially at 1, = Ig = 0 may come 
to the point marked with a circle (SW Fig.lj slowly by radiat,ion 
diffusion and, then, it can go along the resonate tube much more 
rapidly. As a result,. d is almost constant in t,he region II which 
shows a long plateau if projected onto the 1, axis. This explains 
the energy flow from the horizontal to vert,ical degrees of freedom 
in tlir case of flat beams. 

They compared the theory with experimental results in VEPP- 
4 and got qualitat,ive agreements. The m&hod is very promising 
and we hope comparisons in more detail with computer simula- 
tions and with scraper experimrnt,s. 

Fig.4. C’ontolu of ci( I,. 1,)[20]. Tab 1. Fraction of unstal~le 

area (%)[21]. 

6 Coherent Beam-Beam Interaction 

The latclst rravicw (or rather a ‘tcstbook’) was given by Hirat,a[21]. 
Dikausky an<1 P(,st,rikov[%2] anti S’ 11110110~~~[23] have stlltlicd co- 

h4:rcnt phcnomcna (single bunch per bcnm). Varions formulas are 
stumnari0~tl in these papers. inclrlding growth rates, stop-band 

1vitlths. nn:ltipolc (>(lip&) modes. sgnchro-beta resonances, etc. 
TIics v.~xli that gaw the strongest iriipa(‘t in tlip fic,ld of co- 

hcrc‘nt int(%rRction dllring the last year ~~1s presumably the one 
I>y Hirata antI Iic,il[‘X.25]. Tl icy s tudic-sd the I-ohcrcnt, intraction 
I~c-tmwu l~wris with arbitrary muiibc~r~ of bunches. which has 
I>r~c.onlc important, because of asymmc+ric colliders, using rigid 
Gilllssiiln niodcl with lincnr a.pl’rt,silil;ltiolis and numc73cal solu- 
tions of nlatrix c~igc~nvalut~ problem. Their main rc&ts can 1)~ 
>ruiniiarizc~tl as follows. 01 ir ratio of th(x numl)ers of bun(.h(3 is 
It1 jllr v;ith n1 and n2 being rAti\-cly pIimp.) 

l The, sluu resonances rlZQL + niQz wiiltcxger are the most tlaii- 
g’rous. 

l The: >~a of t,hr unst,a.hle region in (QL,QZ ,I plane is approxi- 

matrly proportional to JG 2 Tab 1 shows the area of the 
uttstal)lr~ rc$on for somr coml~inations of n1 and n2 for thr 
coherent bean-beam parameter ZZ1 = E2 = 0.03. (.4lexan- 
rlrov and Prstrikov[%G] have shown, in the case n,/nz = l/n, 
that the resommces overlap when n 2 l/lGElZz, by using 
R dispersion relation and a resonance approximation. Notme 
that the relation between E ad the incoherent beam-beam 
paramet,rr < is not clear so long as one cmpolys the rigid 
Gaussian approximation. Hirata and Iieil assume S = J/2 
and Mcsanclrov and Prstrikuv E = I.) In order that the lun- 
stable region is less than 50%. the bunch number ratio must 
lx h's t11it11 -6. 

l When the operating point is in the stopband of a sum reso- 
nance, the bea.ms separate and fall into a limiting cycle. See 
Fig.5. 

. It seems very hard to damp the instability by a feedback sys- 
tem because a large gain and a large band width are required. 
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Fig.5. Limiting cycle at a sum r~~soll~lrlc,t,[21]. 

Ii seems that this thc\ory is almost eliminating the possiblity 
of incxpcnsive B-factories \vhich add a very small ring to a large 
existing ring, if not ma,ny o&r advantages of equal-size rings[27]. 
The maximum possible ratio is hard to say (the alm.~e value need 
not be considered seriously). In principle one may be able to find 
a good operating point between numbers of stopbands. But in 
order to convince oneself with the existence of such a point in a 
large ratio collider, one has also to study carefully non-Gaussian 
interaction, higher multipoles, etc. 

Upto now thaw cohrrcnt lxx~~~~-lxm~~ inst,nbility has not been 
harmful for real operations of colliders except an example found 
at DORIS II[BX]. The stable coherent oscillation with small am- 
plitudes has been used as a diagnost,ics tool of the beam: by mea- 
siring thr tlmc splitt,ing AQn lxtwern the T- and c- modes, one 
can est,imate the incoherent beam-beam paramet,er [. When < is 
small, thus relation between them werca throretically found to be 

AQr,z = 1.33Ez, AQn,, = 1.24<, (flat beams) and A&, = 1.21( 
(round hcams)[29]. .qn experiment, was done by Koiso et a1[30] 
and the agrerment was cxcrllrnt rsl)rcially for LJQ~,~, The com- 
parison of AQr,!, is limited by t,he accuracy of the luminosity 
monitors bllt t,hr results at CESR[31] also seem t,o confirm the 
abo’i.(B relation. 

Kicker Frequency 

Fig.6 Hysterisis of the g-mode response 

An int,ersting phenomena of coherent oscillation with large am- 
plit,udes were observed by Ieiri and Hirata[32]. They excited the 
oscillation hy applying rf kicker with a slowly changing frequency. 
The response amplitude showed a hysterisis behavior: it took dif- 
ferent courses for increasing and decreasing frequencies (Fig.6). 



This is a well-lmcmx rhrartrristic nf nomlilwar darnpcd oscill;t- 
tars. The, sli(~lt<)n curve (tldd) gives thr tune-amplit,udc rch 
tion Q(I) if tlw system consists of t1vo rigid palticlcs. Our systmi 
is rns~ml~lcs of pi~rticlrs, howPVPr. and wc only know ihat tliv im 
tcmwtioli of tllr, ski: lion and t,lle llorizmti~l axis. AQn, gi\w <. 
JVhat wr thirc is a t~hcmy. U;ith it. we shoulc! lx able to extract 

il! lfwst (,II<’ *now ~mranlt~tr~r whi(~l1 will if311 IIs alxjllt tlir pi\rtic-l(~ 
tlistiihtl*ion fuilctiob in th, (‘or<‘, < .,+. h>xv it is clov to Gz:lihsiiili 

7 Simulation Techniques 

Rt:ce~~t statw of t h, colllp:ltc~r ~imulatiox~a ir wlulnnrizetl 1)~ 

Sicirlxll*[33: xvho says that 011r sh~ilaiiolls <‘ill1 wprodll~~~’ mall! 
trf thrz cy~&iir:lt;+l fmtlirt-s of I~v;l~li-lv~a~ii iiitc-Iactioi. :iI?~lwc! 
rIlc% C’ESR llulhosity has l,wn cq)l;ri~~c~~l to -+ 10% arcuracy[34] 1 
liut thr prrdicti\c lxwcr is still pm. Hm~, wt‘ olil!. rrir~~tir)ri 
SOIT~ wrli5 after hiq *wi~wv. 

T,I fi11<1 tllv l~wnl Iifc, tilllc tlxxca to tilt, i>kl* li(,l<s loss fr<Jin tllc, t;iil 
as long its a f,w &,l~iw to ho1m-. w’ Iww1 it t lwnclldolls ro111- 

Imtiq tilirla iiy;lic:111y l(!“’ :, b 10” pit17 iclv tlrns) Irwin~35~ prw 

pwm1 a fill< twlmiclu~~ of t ~i1Ckill& p:irti<,l.>b c9il)liabisillg tllc, tail. 
?‘llv v;l~,~lf. I,Lc,c~~.~~ af-sq fil~ililli.; 1 llv CI,I’C’ clisrril,utioIl consist5 (if 
s(q.vriJ si q’s cz1~1; of y.vllir-h Ims all nnlplitlldc~ lxmidxy illcma:lsiug 
fro111 ,iq, to hlC1’ III P;lc~ii Ytly’ I:,, st arTi :54!li ‘Iii> iiAitial rlistri 
I)ilti;)il tlcti-rruilirrl lyi tlic- data iwc~ui~~~li~~(~l in tile lxvi’ic~l1i 5rcyl 
;t11,1 :r;,vk tlw prh-lvs f<X ;11,0~1t (!I,(’ ~iillill)ill~ 1 ill]< . Iwrdi:‘~ 

thr mordi~~atc~~ of lxu?ic.lvs ~clilig i~cross ill<> 11011lldi\1~~ (~lltwRrds 
for tli~~ ni,xi sr,y’. I3;. tllic v;i :,. 1143 is ill #lb, fll tr;,rl; l,ll~IC’ p”‘.tid~~s 
in t,hr, tail. 

It ih vvry ihll~rhtilh& to ~i’c’ 1vlli tllc7 tllk ;Il#ritlllll (‘iill I‘(‘])*<)- 
11rlcc~ tlii, .l)liitht~ <,i,li:v.iiilll’ stllclj~vl 1)). Chi~iiii:o~- ;trlci Dil~:i~d~~. 

This ih ncjt tril-i;ll I~~Y.;~IL\L~ Irwin: I~;lrl to :3w1m(’ tll;tt thl, l,arti 
,.lr: lnriht t,i~v: tlivil. init id (.olt(Iitioli:: rllll ilit rach stc,p h:’ that 
:I;<~ ~~cir.rl~l;itlcul i:, !cn t 13llt ill<, 11l1;:-4> (coIb-\.(.(.Tisli i,- a l;il)i(l au11 
~orrr~l;t~r~<l ~‘I:“‘.“““‘“” 

c.qert-2 d!s:r:7uncn 

~~.~~‘.‘,~~,./\,:.‘..., _; _:--l\\ f\ _:‘y 

CL ++ I--? 

I\ (:oulornt, kerni, 

Fig.?’ Solrirlg Poissm ry”ation using FFT. 

Iiiklltnlli[3C] has tl~~vclcqd il co& in nhicll the lxarn-hewn 
forw i.5 ccnnputcvl rGng Fourit~ tI-;\~sforI~~atio~~ \vithout ass~.u~in& 
ill<> Gacssiail tli~tril,utir-m. Th n1dhl is sl~cnun in Fig.7 [l- 
clim for illusir:it ioiii. First ( I;i,lric,r trm>form the (lil;tril>lltim 
fun(.tion (soli~l lint at toplvft ). mnltipl:; Fourirr kernel of tllc 
C’c~llmicml) pc1t<~liiial (I~~ttcdll-left 1 iLll(l t1 arFh111 h-k to thv xi11 

s~xm=. If one naively al)plic,s FFT, tllcx ghr-mt charges (doitrd linv). 
which irlrvit,al)l> COIUV from tllf, lwriotlicit>. of FT, cxrt forws 
onto th rwl cl::wgr~. In Iiiklltani’s cwl~ the; rangc~ of FFT is 
tnirx: its largcx a< ihr, real cliargc~ arm (iop right ) with sonic prier 
of tlw romputing timca, and a truncatrd Co~1101nl~ kernel (hottoin 
right) is usd 50 that the ghost, charge-s ~10 riot colitribut~e to t,Iw 

[l] E. Iivil, Beam-bcnm cjcc+d 111 elecl,?o?L und p?“‘for! rdlidr:w. 

C’lliq” C’onf ad Tsul‘2llx~ C’onf. 

121 J. C~;wvt~~. Novosilbirsk Workshop,. 1,135 ficsltl in ilir mil -11xg~~ rr~gion. L 1 . , . . 
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He was al)lr to confirm the rrlntim AI),,, = 1.33[,. v:hich cm 
only 1~ cvq)l;thcd ody with thv nomGa\lssian xatllrr. The, cons- 
puting thw is still toIw;il~l~ but th II&~? p0l)lrn1 has not !:c,t 
hwri st tidictl flully. 

T&rata. ~~OS~EI:I~II~~T tmtl Ruggic~r0[3?] 1, r ~,imr-il 1ht. :1.11m Ililt’ 
ronsitlw? the s~nr1~rotron oscillatim effects (111 the hewn-bean: 
fort,c-, lir must ~1s~) i& inra, zr-i-c,iuli ill** i-,,rrc’~l’“l’,lillg <w 
rqy c-liim~c~ iI1 ordrr t,0 xmikv the. tjrcc byllll)lw-ji<. ir: tlv 4x- 
cliniensiocal phase space Altl1ough t21r d&Y:t rlur~s 11c,t i<‘Cl,, t 0 

lx> large lwcausc ihr longitidinal rrnittance ix ~~suctll;; much l:lr,fyr 
than the transvcmc~, onv can include tlicw df~~cts for >aft!r as tlica 
propmecl algorithm !o cornp~~tc~ the ~wunterpart tlws not rcq1tirfz 
n-01(-11 rwnlputin~ tiiila*. 

Tllrar<, Ilns IJCYAIL iI:1 :tr~llc~Illr~llt iis to I~o\v 781 t;\k<’ illtv ;la.c<)\l:lt tll<* 
c~mit.tar:v chlgt~ dll~- ti3 thi> cq>ticb clli:ilg~- ly tl1c. :iliv;ir 1x11 t 0: 
tllc, l)mm l,cwn~ intl,ri\(.tioll.33.38]. Th- lad IM~M r on thib issllr, ii 
1)~ Himtn an<1 Rll,ggiwo[3Dj ~110 si;lt,(, rll;r. tlx, st;r~tl;url tv(~lmi~ll~~~ 
of ~c~:lt~r;lting r;i(liatiou ~‘iui ;illt(,*li;,tir~;ill!- 1t ~~~o,!~lw tilt* cor1’v’t 
cvilitiancv if tll4% lwtatrml phabt~ il~l~iill(.~‘~ lif t~~t’(‘ll tli<’ If illlll 
thv hmding niagr.vts im’ i\Il:liht unif~o1.ml:i tlistl,iln!t IYI. wl,i(,Il 6. 
rltrrm;rll\- h;itisfbtl hi lqer. ri9g:-. 

(C’hwld[fO] has ,“‘~“,r”‘tl il :I(‘\&. 1111’111, ‘<I (If t1 :h4iy’ ill- 1110 
ill(‘Llti; of tll<l tlist.ril)litiuii fimc-iirm I)llt. ,l,lf~11,tiiil;lt~l!.. it !I:lq Ilot 
IVY,IL ;~1xil:~lili~ to xii’. I 

8 Crab Crossiug 

T‘ .jv 50 ~~;~ll~~cl c,r:il, c:iv.-iu5[.ll] ik it :~tv t<rpl(, of tllf, I>( ~~IJI-~I(‘.III! 
ilitx-action It is pIo1xkwI ii, or&~r to lllHli(’ ih? closbiug illl’:lc’ 
i;ll-hl’ vb,ithcici loohiii~ rllr Il1lninc)sit;i :ill(! \;Gtlll1llt c~zcirhg tl!f’ 
sy11(.11ro lvt;,trrmh ~m~lli~nm~s. If i-vmyilhlg is 1~(‘1fi,f,t. thrt illt<,l 
actilbll v.Gili n fillit,, c.i.v+ilig ;illgIr~ l>llii tliv ~,ri~ll tilt i,. !l~(. iiiu., 
a: 13i;Lt of !~w(l-ol~. T1:v p~~(~l)lrw is. tllcwfol-c~. t h tl,liwlliYY- <lf 
!li,% lilri1il15 Imral~wtcm. ~111 v:tinliltioIi foi ;L 7 cliilrlli fa(,tcwy ih 
~~rwmtcti ill[-LZ:. 

Pinilliki[l3] mad<’ it strong-v+x,;di sinndiili~r~~ ftlr rolt:lrl lb<,;111ls 
aIlt1 rons:~i(vxl t hr cavity pc,!V“r all<1 l’li:lic (‘1 I oi‘h 1 htilfiC.j~ tlli, 
clrw in the l,etatrori pllasc aclIxncc ai16 tlii* c6wt of tlic, l,llIlcll 
lci~gill \vith I-spct tn ihc cral)-c;lvity wcL. ~-l<yy11. Hr found tl:<, 
tolc~riulct~b f0r tlic ciniit;ulw l~lo:v-u1) to 1,~ steal! ills’ not tiglll. 
‘The iolrranws for tail particlri i3i‘ta il little tikhtrr 1~lIt still ci3hily 
nm1;r&,1e. 

Ii&o anti Oiclc[-M] consiclcmvl tllv tolcrxlws for :lw (wars flIl<, 
tuating from turn to tlnx using strong-strong simuli:tioms. Thq 
found, if thr four cauitiw have the same c’ri‘ors, t,lle tdrranws arc3 
noi a prol~lmi at all. ‘Il’hen the four cavitim are intlqwitlrnt ~ tlw 
rrqI~irct1 tolcriinws look tight l,llt do not malie prohlcnls if tll(‘ 
four cavitirs arc fed 112. the same lily5tron. 

I;\;, can say tlxmq+ thcsc stuclic2 tllilt tllc cr:ll) crmsing is 1lOt 
,a prol~lrm for the l>enm-beam interariion. 

Th(, allttml is gratc~fld to !AY. E l<lGl :ul(l I\. Hirara hlr I~c~ll>fld 
discussions. 
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