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INFLUENCE OF BE.4hI LOADING OK EMITTANCE GRO\$‘TII INDPCED I31 
RF i\hlPLITUDE NOISE: 

S.R. Iiosciclnink 
TRIUMF. 4004 We.rbrook Mall, I’ancouaer, B.C., (‘u?~IIJG l’c;T &AY 

Abstract 

Botll p!msc an(l implitud<~ ~ioisc~ i‘i,~, sprml 111~ tmncl1 1011 
gitlldinal mrlit t;trlw toxxrti tllc~ rf l)llck<>t boundary. Tllk pa1m 
shows that t 11~ ~r~oduliilio~~ tr;irlsf~~r functions of ii cavity (I<,- 
tuned to c-c)nlpcxwntc lx~ii111 loading s17vv to incrcaw t!lc (wlitm 
tnllw grmvtli rntc. Tlir vffvct of fast fc<dlmck OII tllcx tI.ansf(.l 
flnlctioll is also disnwxc i 

Ilktrc)tluctiori 
The cffcv-t of I~OIW ill .synsb otroIl lorlgit o&Id ~IIzLx-B~K~~~~ 

ii to product tliffu<ion of part,icIv traJvctorie to\virrtl tl,<, sr’lx- 
ratrix. Givcll that storage rings at CERN routinrly hold twam 
for *~miq liours. it might lw thougIlt uoisc will bc of no consc 
q,~,~~,cc to the I<AOn: Fxtory[l] b 1 vi% (71 that, the storag? tinlcb 15 
at mo~t 100 ms. IIow~~~r, lift>-tirnc, (in tllv prescncv of noise) 
\XI.if’S its tllc* invcwx~ sq,Iarc of tIl(s iyncllr01 ioIl frc~q1l~wcy fs 
At C’ERN f, is t!-l>ically - 10’ Hz, xvI~(~r(ws f is gwatc~r t hall 
10’ Hc at IitZOS. This <liffvwncr is vu<,~~gh to (.u1wl. partially. 
thus illmllmlity 111 stcxrgc, timm. The noiw tolrrnncc~s arr tliffcrm 
r:lt at tlus cayity gap ;m(I rf so:1rcv, antl dvpm’l 011 tlv dvgrw oi 
drtunillg This Papa ~1~0~~s tllnt, anlplituclc~ n&v is ~xhanc~cd 
t)y dlvtuninq. tnlt cafe lx, att~~nuntcd t,y fast fwdlmcli. Thr pa 
~CJ- is a 11:tlc11 al)ritlgtTtl vc,rxion of an Illll)lll)listlml vport, hy ttlc, 
nlltllor[‘:. 

:\lnI)litudc* Koiw 

Eilu;lt ioll [ 1 ) mc~lc~l~ tllr> vZT<v.t of illlil)litlld(~ Imist’. 

c,1 t &,i[l + a(t)]0 = 0 Ill 

HmY~ LdF ii tt1c syiic.llrotroIl ;ul$iIl;1I- frcYpw”“~, rrl;lttYl to Ill<. 

cavitv lx,ak \.olt;igc> I;,, BCC;II~W of Ilois. this voltapc; is :~io(l- 
rdntc~~l. ‘I-(t) = [lb + A17(r)]R{c*‘d,‘} lvitli u’, tllc. rarri(7 rf 
TIIIE \vc Iclmt,ify n~,t) ai the, wlativc~ wii~)litllcir~ noise, qua1 t,o 
AIF(f)/l~l. whicll could l ,c IJlt-<M1r~‘il as i) f I1 O\i’P. One could t idi(, 
ii si~:ial froni tliv ~a*‘. lw.rforl:i ;uu;)litu<!<, (i~‘illodllliitio:i wit11 
ii fast pak-d,~tcdor alld sampl<~ t.hii signnl at, say% t,llr n~vol11- 
tiol: f:.vql:m~.y. Thi5 give Al’(t) ill sulll)l<~l frmn. Tlie, Ilois<, 
frql~m~cy spwtrllrn is tllcw folu1(1 1)~ FFT. 

S~wctral (lrmsitv of iloih~~ 
L<,t trit) 1~ ii sr;ltiimaIy ~;~li~lcmi v;rri;ild~~. i1.t) tl?filkf% the, 

Fo111im tran\folrrl pail 

iL(ua,r) = ~Tci/f)r-‘.“‘d: ; 1 J 
cm fll,f) =- ;;-- n(;)r+'"tdd (2) -i: -I 

Ttl(s slwctr-a! rlc,I1dt:,, is Sl(&,) -: (,I(&,. T)cc’(*s, T))/T (3) 

111 c,ach of (2) and (3) the lmgtli of tile tiInr> nvcragr> T f 
_1;. Tlw allto wr~cbtion an(l slwctr;11 ~lm~~itg forIn n Follricr 
trali~f<,rm Ilair: 

Ii, = irr(l)cf(f + s)) = & 1:’ Su(d)~‘y’d-d. (4) 

Ii can tx* foulid rlsiq a trarisield tligitiwr, and hrnw S(w) 
calrulatcd. From (4) W(’ fiIld that th? dilll~JlSiOIl.5 Of S,, RJT Ill? 
squxc of th tliluwsions of u(t) ninltiplicd by tirncx, thiit is 
(diilirIlsi~)Ii!c,ss)’ x (tilrw) = (tiIll(‘). 

Growth Time Constant 

TIw c.volrltiorl of ttlla I)ll;\s(‘-sI)z\c<* dibtrilnltion is govcr1~~~1 

by thr (Eirlat,~in)~Fokki,I--Pl~~Il(.~ (FP) c’q”atiorl. For gmmal stn 
tionary misc. wd motiml tic~rivabic~ from a Hamilto~~iiu~. t llv FP 
qIiitt,ion rrtl11ccs[3] to tl IV diffusion cvllmtioll. Tllis is custct:nm- 
ily rxprc~ssctl iI1 actioIl-mlglv coordin:tt(vs JI. ~3. Tlw equation is 
of Sturm~Lioilvill~~ fmni irntl so Itp*b<‘r l)oullds for tlw cGgvIlv;il- 
ucs can tx rstimatrd t)y the uwthoti of RaylrTigh-Ritz. without 
rscourw to drtaild solution. 

.i\ull,litutlr~ lloiw will I)rud~~~(~ an cvq~cmt~f1ti;tl gI-mvth of 
tlic* rnls osrillatioli aiiplitutl(5 

IJ’) TllllS ------- = 
,J,: fT(;) 

Ttlis growth law 11;1s lm*11 \.vrific%(l ~~sl)(‘~-iInc~rlt;rll~[~] 
The full mu-liner tllcol-x[5]. appropriate to a sitlusoiciztl 

rcdoring form, rq~lacc5 tliv sirip,lv ttrni T, (ill~ovv) 11~ it h1i111 
over the infinite srt of t‘~h011ilIJrc frqllmlcirs nii’, 71=2,d,G ,_. 
whew I*‘, = Li, (,I) is amplitutl(~ rlqwti~i~wt, Colls~q7t~~J~tly, growll~ 
r&C tt(‘p’IXtS Oil hIKtl tPIJgtt1. ~~OWVPJ’. ttlc: ,,=I f’.l“~U”Il’.~ 

miw iuld n=2 iunplitlide nniw kx-nls dominntr for short tn111d1w 
ij 5 T/I). 

Inlplication for KAON Brmstrr 
The ernit,tancr~ growth Lvill be Ilt~gligihlr~ if ttw c-foldirlg 

r, tirrlc is h to i of tlic stoI-;ig~~ prriod or a(.wlmation cycle. 
Tl’r take as rsan~ple. the 50 Hz Bcwstvr rills; r, = 100 1115 aJld 

(-9.) = 2~ x 30 kHz \vllivll inII]lilx that 

S,(L-,) < l/(7+;) = l/(0.1 x 3.G x 1O”‘j = 3 x 1(1-l” Hz-’ 

This cm~~lxtrc~s f:tvouratdy \rith valuc~s acllicvd l~wvicnlsly. For 
iristmcr. tlw CERN SPS[G] tq)otu:, : 

F IL = 5 x 10-“/d% or S” = 2.5 x lo-“Hz- 

So, with citrc. \v(% rq~wt, t,hat tllc, ~lcv-rssnry toic~rallc-c:s 1J1ay t)<L 

a~liic~vc~(l for tllca Bmlsti7 IIow~~v(~r, ;t ~li5rrleml twlr,w> IW;IIII 
lo;~dirlg will adcl t,f, t,tlc rliffidty unl~u RF fast fw~llm~~k i\ 
(‘rJlp1”y”‘1. 

Effcvt. of RF CIavit\ 

T\:c h:tvP est,iil)lihllt~(! tllc tolcranct~ for S,, “swn” t)y thcs 
Iwarn at, t,hv rarity gal>, but tliv rf rlcGKIIt7 is iI~t(7cxtcd in the, 
t,olvrancr at the arnplitu~lr SOWC~~. Tllis cm, lx grossly diffvrrnt, 
hincr tll?rP can lw JJJRIJY shgcs of filtering and :%JJl~'lifiiXtiOIJ 

hctmwcn the frquency source (\‘co input), aniplitlldr sm~rcc 
(.4\‘C irlIlrlt) zmtl thv rf cavity. So WP Inlist br;msfonlJ lmrkwa~-d 
througll the cavity to tlw curt-cat gcnrrator. Let us suppow tlw 
genvrat~or current is: 

I(t) = [I, t AI(t)]X{e*'"~') 

tlJ('I1 t11r Idat ion t,(~t\VWJl SI”d ral tlrlisitic,s JJJi,? tw writtcw 

ywq = Glu;)lAq* 
VI 

or St,(w) = G(Ld)S,(w) (G) 
0 
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wlicrr G(u) is to lw d(+wnIiIIc~~l. Now im L,c’.R rirruit Inay 1~s 
rcprcwwtcd try its c011ipl~~s iIIip<di\Ilcv Z(,*) : 

I.!d) - Z(d) = J~,4,/0 
I(&‘) *,2 -. -.-7 x R 

*,; + J-bA,/Q 
(7) 

Hew q, = l/\/E is tlIc> cavity ~~c)II~IIc’<~ f~.~~~lImq.. CJ -: I?(?+),, 
is thC qlIa1ity factor, alltl .) = ~a. II1 ~‘<iIIiLtiOIl\ (C) hIltI (7) &’ 
is tlIc> aholIItc~ fI7vluvIIc.y. 

In the followiIIg. c’qII:bti<lIIs (8) ;iIIc! oII\viml. it is l)I.c,ft*r.- 
at,!<- to work Wi’h 77J( ilit’ fl.<‘liII(‘IIC’~ <lvvi;itioII frOIIi tlI<x r;l*‘- 
ricr frcqumcy. Iicnw d = (A,L, $- w). Tll<~ tr;msfc~ flmction f01 
~~n~~litudr-to~i~~~~~~lit~~dr mod~~latirul. cj( IV). is fc)llucl 1,~. s~IIII- 
ming over rllc3 IIp~wr (d i 11,) anti lo\\-C’I- sitlrl,;lI~d ;*,. - 71,) : 1 2( 71’ i- dc) qi 77.) = ; s -c “( ” ‘. ;;r.“‘c 1 Z(L,, i Z( -L’,.) 1 
Then G = g.y’ \vlIc~w ’ iIi(li~.atm coiII~~l~~s conjugatt~, imcl .S(u,) 

will rrfcr to tlIc> Iloiw dcwsity in tlI(, 7.ik,iIiity of tllv carIil.Ir I\;, 
Inay Iq$c~ct cllIaIItitic*s l.ip,ht7 tliit:I S~YOIICI ord(~r iu (1’ IXY-;IIILI, 
‘?(.d, f IP) s!lows ii StYoIIg r~‘Yl~IIilI,~‘,’ ;,7 *‘, -i i() alIt 1,’ -+ [I 
TVC fintl: 

G(w) z - 
dT? + WP 7,‘ ‘7’ 

47iJT? + (WC* 1;‘ - if’ 2 T,’ ) 2 
xalitl for - C< 1 (9 j 

-0 

HCW tan u’ = ( 40 ~ L’c T,. i! I1 c 1 1 T, = _ ‘?C)/do. t+* is tlIt, c:ivity t IIIliIig 
angle, anti T, is the cavity tinlv c.cmxtaIIt. TlIr> fluIc,ticlII G( 11’. 1, ) 
is s i ctrhd for tlnw valu(~ of tllr tI:niIIi: ;uIgl~ iII figrm~ 1. TlIc, 

I / / 

i /-I@==-ni3 c 
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Fig I : Spv.tIal Trms c r f j RIIIctioII fg]I, IktlIIw~l CJavit) 

ResoImncr~ 
!2’lIm1 the> cavity i’; (IrivvII at I I~)II~IIcL~, 7:’ = 0 nIIi1 

G(w)= I 1 

1 + (““.-y 
SC’ S\,(2d?) = ] + 4(*,,Tc)’ S,(2d,) 

(10) 
C’omscqumtly, if the, px.odIIct of sync1irc)t i0I1 frcyIwIIcy ;uItl I’:Iv~ 
ity t itnr- ccmst,ant i7 g*~~itc~ tlnn (or ortlc~r) Ilnity, ttw tolmwn4.c’ 
of noise in t,tir currrnt pwrator i5 nl~icli incrcvwd 

For ~xmnplr WC takr thr KXON Ihclstcr ring Ini(lwa\ 
tlIrough acwlcratiml. The synchot ran frc,clIImcy is ,f9 = 30 kHz. 
the cavity remmnce frquency is f. = 53 MHz, illld the cavit> 
& = 4000 for I)~‘rl)~‘II~lic.rIl;iT hias. I\‘c hiti ;,,Tr = 4.5 and so 
5,(201~~) = S3 x S,,(2ti,). The IIoisc ;~llowc~tl iII tllc, currmt ~CII- 
erator cm lx 83 times largc~r thaII that I)<mnit tcxti at thv cavity 
gaps which is it significant iInprowIIIwt. III simple tcmris, tlw 

cavity hehilves as a filtc,r; at r(w)IIiuI(‘<’ tlI(t IIoist~-~cil:t;liIIiIig 
sitl~~hds iIw ;\ttc7IlIwt,txl ~0Iu~xi~~~d nit!I tlu* rarris‘r fi.vcliI(.IIc!-. 

To coI:11)(.IIsatc’ for I),‘~IIII~I,)~I,I~II# tllg* acr~*l~~ratiIIg i.;lviti(,< 
arc hIIl~stimtially dvtlu*ml. For tllc, li.AON F;h(,tory ~-jIIg:‘i tllllif:g 
Nlgll~s c’~ > ir/3 a*<> (Y1(.011111(~1~~Y1 

Th frcylIvIIcic,s af \rllicli tlic, v,t:~al~r!. G = 1 il~ilrli an’ 

pjvcw 1)~ wr,. = Lm--- 1. FIII- tlllli:lg ;u~p,lr~ \vl~ic.ll sat isf!, 

tllcs i-onditicrll tkrli z*’ :> I/L/? 01’ \’ y 35.X” I li<m is ;d\v;i\-i ii 
*-at*gt’ of IIiotlrIlatiolI fIi’<ltIvIIcivs [/(P/ ;a 0) foI wlIicli G(w) > 1. 
Tllis IwaIIs tlIc IIoiw iII tlu, g,(m<ar;ltor si~II;ll Ivill tI(* ;rIIIplificd at 
tlIc cavity gap for a l~~~anlmlo;itliIlg : at io cwcYYliI1~ o.;u71. ‘I’I,<S 
rciIhoII foI tlIc% ‘1xmstiIig‘ is that 0IIc <If tlIc% sidt’lxIIds is hllifiocl 
toward tlIc> ccrltral rvhoIIiIIi~‘~’ at .d,, ;i*lii so this is arn~~lifi~~ci 

COllli~~tI~<‘~l Lvitli t Ii<‘ Icx;iv>I~<~’ at tllcl c;tII’Ivr fr<vllI(‘IIcy For riIIc;i 
which 0lwraIe lx’lo\\ triIIIsitioII c7Icyq. it is tlIc> Iioiw i:t tll~~ 
nppu sitlcl~nntl at (-,, -t Jr,) wlricli is ilIIll)!ifivil. ‘ii~iw t!Irs (1riI.f. 
frcyII(wcy is l~~~lnw tlics rvsoII:iIIw frccllI(wcy jir’, < ;,,), 

R(stIIrIIi:Ig to 0111. c~s;IIII~~I~ 7 c)f tilt* I<.AOT F;tutory lhr~>>t,*I 
IiIig. arid SIIistitlItiug R triIli]lg ;rIip,l~~ I,’ : F-1.3” tyl)ic;tl ilf 
Illid-ryclc (that is tan I’ : 101 ilit C(cr,) (<qlIatioIl 911 XVC’ fifltl 
G( 2~3,) = 11 iln~l so tl!c, Irhtivc~ IIois(v iIt llIc> c;Ivity gal> Sk,(2;, ) 
is o\‘w tr11 tiII1C.s th;tt ilf t11v iOllI(‘,% $,12.“‘,). 

Fast Fwril,;\c~li 

111 tllv I<.AOS F;dory. tlIr> Iik’ (.ii\.i’i(L:, arc quipI),~<l \vitl. 
lIiglI-~m\v~~I~ fast fuvlback ar-r)riII~l III<, cax-Ityi 1 ‘-1 imcl tlIi> Lvill it1tr.I 
tlic transfer fwIctivns. Tlt<~ syxtl,IIl i-. s1Ion.11 lwlow. fipIrv ‘7. 
HPI~~ w in(!iratw tlw nhcllutc~ fIlvlrIc,IIcy. 

i 

-.-....pJ c) ;-? 
I 

I(w> -----p(mw) I--L,:, 

F1g.L’: SclIc,In;ttic- (If f;,it-fr,~~(ll,:l,,l; 

The transfer frIIIrt ion is T(b,) = Z(d,)/[l $ .4(d)Z(di] (11, 

TlIc drlay tllrtrIIgh conllx)II(.IIt ‘A‘ is a<ijlI\t<xl to 1)~. a11 il.tc.gc.1 
nrIIIIlxr of cyclrs at the) ca\.itv rescuI;lIIcv fIc~cll~(~IIcy. For si:n- 
[‘licit), wc tidifb .4(&,) coIlstaut iI1 tlitb vi,.iIliry of .dCi: iwt\Iiill~. ill<, 
I~aIidwidtli is .i~*v~~al hlHz 

Thus T(w) =: 
R 

(1 -t- AR) t ](W Qli, 
(1’) 

wlwrr R is tlw cavity slIIIIlt rc.sistaIIw. T!;, ~SWIIW tlI(, systcwl is 
driwn at, frcyIwIIcy dC claw to q. TlIc* ;\InplitIId(‘- to-;uIll)litIItl~‘ 
motlulation trarisftkr furlctioll is : 

‘f(w] = 7’(7P + d,.)/T(d.) +- 7‘( 7,‘ ~ .+)/T( -*I, ) 

IVP f01111 11lC p”‘lII’~t G(w) = f.f’ ;11,tl llt;ilif~ tllc% si:l)ititllt ioIls 

o = AR. :i = n(n + ?), t;rnl-.‘ = r (A,,, -~ ii, J n11t1 .i‘ =- ,PT, 

Thm~w V.V find tlw s1)wtral tr;uIsft,r- fllllct IoII 

G(r) = 
(!I + !w2 i,sy + (1 + ;j).r’ 

4( 1 + ;I)9 + jr’ + w(.: q” -- xZ)‘Z 
(13) 

In the limit. d + 0 rquation (9) is rwo’r.~~r~~d. tlw CILSC of no 

fwdlJiidC. 
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The> fllllrtion (13) 11ns va111cs C[lr)) 1 1 if I> > b: \VIICW~ 

t;tnr 1 (1 $- (k,/fi: ;r~iil li:is il~litx g;iill at tl~c, fnod~lli~tio~l 

f ~ulli~llci~‘s 

; wr,.)’ : 2 tan” $’ -. (1 $ ,I )’ \Yiill I’ > I‘ 114) 

111 ltrw tll<s tl~rc~il~ol~l tl<,il~~ii~~g i (3 c ~‘1 :I)(, cffi,ct of tlw <a\-it!, 
~lih;i~i~~~mx Ilr~itl~~~r filtr,rillg il.’ = 0) ,101 r~Illl;l;lc.~~l11~‘1lt (c” # 0) 
of ,,O,S~~ OCCI11‘S. 

Fie;l~w 3 c‘o,nl>arrv Gc ,r, (: ) Iwlo\\~. at, a11d iLl)OI.<’ t II<, tllr~~sll- 
oltl Ilt,t~lni~lq. K;otc I bat G is I;II~V OXC’L it 11111c.11 m?rIcr rarlgc tllill1 
its onlutr~1parts in ~+IIW 1. Tllis is i)c-c;llls(l tlw ilnl)txlntlc~t~ ih 
“l~,,~.ilt~l” ill fllc ‘willpi’ ;11)0~1t tlic, ~~iw)ili~iwc’. t11oup$ tllc fvi~il- 
1>;1d< I.<YlIIC~~~ tllc, inlpwl”‘l“” at t11r, flll!dill:wIlt a1 (d = A,,,). 

12-L--- 1 -I------ .I. - -t 

,... -~ 0 2 4 ---------4 E 8 x = w 7, 
Fi~.3: Spwtrnl Trax\fi’r Flulctioll Rlt- C;~v:!~ wit11 Fwtflmck 

i\‘itll sliffic.icqlt fwr!l,;\i.lc ti iv fluirtioli G( I ) ii rcwlarkai~l~ illhl’ll 
siti\-<, :5, tllc tllrlilrg a~~i:lc-. I II ,“..(~Il<‘C’. 1111’ i,ti;Yt of fast ftYYllm~~li 
i\ to II:;I~;c* inIlltt ax111 CJII~I~II~ ;ilil,<~. 50. iii lllc, lillllt c>f l;lr~l~ 0. 

S, z-z i‘: fo:- ;ill tuiiiliR illq,l(,.: :111,1 illrl~lIll;itl~Il. fi~,~<p’Y”~ic~~ 

IIr:]~lic;rtioll for KA~lOS IIo~~.~tc’l .-. 
Fo1- tl1r I\:\OT BlK~stl~I. tl. <’ $a,:’ of t Ill> fast -fwdl,;ick >Y% 

tc3ll 1’ ct Z cX ;r11d TIIf ~~~,I-~(,.~I”‘:“liI~~ t111(~hl~<,l(l tillling ;Ill&!c~ 
iz gi:.c,il h!, t,:lii 7: = 51, v _, ’ 6 tliat is V - S5.-1”. 011~~ U~OIC~. \v<* 
(~v:llll;lt<~ s, (?A,*) = fl-.s,(zs, ) fol :I:<’ Booitm ~-iilg, Thcs ICI<, 
vii11t pxillll~‘twb ill? + z (I), tan <’ = 10 imcl tt’r, = 3. \\‘v tiIl<l 
fI.OIII iY~ll”tioll (13) tl!;lt ff’ = 0 939 oi S,(“;,) = 5,~(%&,,1 so 
ill,, lol~~;~ii~~~ 5 tn illii;>litilcl<< ilc,is a~‘( t llv 1;;u1h,’ ;I! cavit!, g:kil 
nIli rlIlrt~111 ~;t’rlcTxtor‘ F;r f 111s ]>;lr-t1,~111;11. C‘ilhf’, fast f?~~tllxlck 
II;C pro~111rr~ti it clc~finiti~ ,*rll”,,,‘.‘~ll~‘llf I~oIII~~;I~.(~~~ xvItI1 tlw ‘lmlr<,’ 
ddlIrl~‘~l rnvit)Y 

TII~~ all;tl>-sis of ;rllll)litrlrlc~ uoisv. ~~~~~.s~~I~I~YI Ilcm’ill. :a~~ 
i~tt:~w tIltal-c is lie 1ra11l fm illmr~k, rx,lltmty to tlltx msr of I)llasc’ 
IN)~Y~,. In fart, it in v<‘I’~ lilic~ly tll:lt I ><‘;1,,1 f<rvll,;l(~k will tx ii]> 

i)licvl id50 for tl~c qi~a~lr.~l~~olr~ 111ocl<~ alicl tlwrc~l)! (lriLIllilti~.:ill: 
t-c~l~ir~~ tlw (7llittil:lc.c. ,q~~\~t~~ ~.iilc,. It i5 aILl iciImt<,cl rht tllc 

;w!pk will IP,I~II~I~~I~ rl:i~t for ~)I~;Isc, llcpiw h (7 
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