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ON BEAM EMITTANCE AND INVARIANTS - APPLICATIONS TO ATF BEAMl.lNE’ 

2. Parsa 
Brookhaven National Laboratory 

UpIon, New York 11973 

Absrracl --- 

Formulations of moments Invariants ‘md emitlance (including 
1ho iorrela(lonb be1weeu degrees of freedom) is discussed and are 
used as uselul !ools for analyzing Ihe beam bcbavlor. Some of Ihe 
resul1s of our analysis for the Brookhaveu Nalional Laboratory 
(BNI ) Accelerator Tesl Facility (ATF) beanlline are also included. 

Beam I_)2lnamics: -- -_._--- 

I.et {Q’,m = (q,, q,. q,, pl, p2. p,j be Ihe coorJmates of a 
particle III a magnetic field. described by a Hamll1oniau H@,~,I) 
e.g.. in Cartesian coordinare sysrem (x. y, L). 

wx, y. 2% PI> p,, pz; 1) = 

{mt+~(~,-qA,) + (P,+,) + (P,-~A,)]}‘~ + YQ (1) 

where A and Ip are vector and scalar potentials. mu and q are rcsi 
mass and chari:e of particles. it IS of inleresr IO know when a 
particle will reach a partuzular localion, and whal iis Iranverse 
dlrpla<ement and momcntun~ will be there. Thus changmg the 
indcpendanl coordinate I --) L. and making canonical transforma- 
lion, with K the new Hamilionian 

H(x. Y. z. p,. p,> p,, ‘) -+ K(x, ya p,, p,. p,; z) iz) 

wilh 

x’ = aK/&,. p; = -&/3x , 

yj = amp,. p; = -3K/m( 

I’ = dK/ap,, p; = -away 

where prime 3 d/dL and p, = -E (Negative of To1a1 Energy). The 
Ilamillonlan eq can be described by: d 8d1 = -[Ha 

with go,(“) and @‘,I’) 
(3) 

as the initial and final phase space coordl- 
naleb of particle respecilvcly. The traJeciory of parlicle berween 
111ese IWO points may be described by an Inveriible map M such 
Ihal. 

5’ = M 5” (4) 

In our application. 1he lransfer maps could correspond IO varwus 
beamline elcmcnls (relating the coordinates and momenla a[ exit 
face OC an elemenl lo lhose a1 enlrance face). WC can express M iu 
lerms of sympleclic transfer maps for each element using Lie 
operators (e.g. a map for colleclion of elemenls can bej expressed 
as: M = exp(:fz:) exp(:f,:) exp(:f,:) ..,. (5) 
where each f, iJ+; homogeneous polynomial of degree n in phase 

space variable { 
Noting that, if f and g are functions of phase space variables 

(5’) 1hen there enisl a Lie operator :f: such (ha1 :k g E [f,g] (Poisson 
brackets); :f:’ g = g, :f:’ g = [f,gj, :f:’ g = :f: :f: g = [f,(f,g]) CIC., 
(defined as power of Lie operators); and 

exp (:f:) E 2 :fi/m! 

(exponential of Lie operators), such that 

exp(:f:j 5, = 5, + [f,$] + [f{f,$l / 2 ! + ..,. 

(for more details see e.g. 12.31). 

‘Work performed under 1he auspices of the U.S. t~cp;~rlmen~ of Energy 

Mornenls. Kinematic Invarianrs and Emlrlance: ~..~ 

Let p(c) bc the disirlhulion of patt” les ln l+,lsc hpace ai any 
16 slanl e.g. 

dhN = p (5, dh:, 

where d’N and dbc are the No. of parllcles. and small volume 111 a 
~-D~men~ional phase sp~e < = @,d]. q,, pI = I, 2, 1). respec[ive- 

IY. 
Let p(M-‘5) be the final distribulion dl [he end of ihe syst;m 

such [hat a set of milial momenls are i, = mdcx). defined as k 

! p(t) F,(t) d?,. Where ihe final mon1e111s become. 
J 

a 

k; = j ~(5’) F/M<‘) d”\’ (6) 

wilh F,W@ = 1 [),&Ml F,(c) , 

(I), IS a matrix and F,(t) are a complete set of homogeneous 
po ynomials.) Thus, the momenf rransport can be expressed in a 1 
simple form as: 

4’ = 1 F(M),, k; 
* 

E.g. in 2-Dirncns~onal phase space (wlih a Imr,ir map Mj, 

a$> f = (M,,)’ <q’>” + 2 M,,M,, <qp>’ + (M,?)’ .p’>” , 

<qp>’ = M,,+2 -q’>’ + (M,,M2, + $$%,) qp> 

+ M,,M,, <-p’>’ , 

and 

<p’>’ = (MI,)’ +” + 2MZ,Mz, <qp>‘) + (M:$ <p’>’ 

Thus, D,,(M) are quadratlc funclions of matrix elements M,,. 
For a Guassian dislrlbution 

<q*> = p& <qp> = -wJ2, cp2:> = Tcr2 . 

(+a’ = 1. (a$y are twiss p,uametera). 

and E2 = [<$><p*> - (<qpp’)2] (7) 

~~ 
21 
i:. a kinematic invarian1 in 2-Dim. i.e., of M is a linear map, then 

(E j = (E*)“; and is referred lo as mean square emillance. Where ihe 
emIllance is defined as “some measure of the volume m Phase 
space “occupied” by some significam Portions of ihe Parilcles”. 

In 6-Dim phase space, there are 3 funclionally inde enden 
P kinematic invariants made up of quadratic moments, e.g. E,, EC. E:, 

such that: 
I,(k) = E; + E; + E; 

I,(k) = E: + t-; + ES 

I,(k) = r: + c-; + E; 

or m general I,,(k) = ; (-1)“R l&J? 

where 5 = 6x6 matrix, whose eniries are moments. 5 k = 

with I = 3x3 iden11ty malrlx and I = - 
01 *’ [ 1 

~5 ck>, 
J 

-I 0 

E.g., I,(k) = <x*><pf> - <xp;> + <y’><p;> 

-Syp,>’ + <T*><pf> - <T&>’ 

+ zCxy><p,p,> - 2 (xp,><ypx> + 
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This is a generalization of 2-Dim mean square emillance (e.g. See 
Refs. [2,3]i. Higher order Kinematic invariants (e.g. cubic and 
quartic moments); and correlations between various degreea oi 
freedom may be construcled. and used as a Iool, in beam studies. 

E.g.. for a beam transporl syslem wilh m~sal~gnmen~ one may use 
an invarianl: I a <x%<p,>’ + <p?><xz’ - 2 <xp,><x><p,l 
(ConsIructed from a linear and quadralic momcnrs). 

Notations: 

In the nexl ~ecftor~. for convenience, WC change lhe phase 
space var~ahlej from (x, px, y, p,, I, p,) lo a sel of dimensionless 
quantitiles (X, P,, scaling transformation. Such 
Ihat, X = x/C, Px 

Y, P,,. T, P,). by 

= pxJpo, y = yic, P 
(p,c). Where (0. (C/c), (po) and (pot 3 

= p,/p,. 1 = 1l(Clc), Pr = p,l 
arc used as the length, Ilme. 

momentum and p, (negative of the particle energy) scales respec- 
tively. E.g. we use C = 1 m (scale), thus units of x = X In [ml, y = Y 
in [ml, t = T/C in [set], where c is Ibe speed of llghI in [m/set]. etc. 
These scales and units should be noted in inIcrprcturg Ihe calculated 
resulIs, e.g. parameters used in Figures 2 and 3. 

Applications -- ATF-Beamline 

Brookha\co Accelerator Test Faclllty (ATF) consisIs of a high 
brightness rf-gun. and a 50 MeV/c electrons LINAC. both operating 
at 2.856 GHL, [J.Sl. Figure I. shows a schemaric layout of the 
beamline, designed IO transport an intense, low emitrance electron 
beam, from the rf-gun to the LINAC entrance. whllc preserving Ihc 
beam emitlance. 

As an application of the Lie algebraic formulation discussed, 
we present some results of Ihe analysis for the beam along Ihe ATT: 
transport line. With an initial distribution of 3.353 particles ((from 
the 5000 particles generated in Gaussian distributwn). that corre- 
sponds to a proposed beam of 4.5 MeV/c momenIum a1 the gun 
exil), and using the configuration shown in Figure I, and e.g. Ref. 

[S]. Figures 2 and 3 show the heam profiles at 1he proposed location 
of the momentum monitors (X-slit), and at the LINAC entrance. 
These paramelers wcrc calculated includmg tblrd order aberralions, 
and were used to calculate the beam emitlance. illustrated in Table 
1, (for few points along 1he transporl line. due to space Imlirations). 

BEA” HONITORS 

Fig. 1. ATF injecrion system 

Table I - Beam Emittancr in [rr-mm-mrad] 
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Sur1mq 

An analy11caI pcrIurb;rIlon mrlbc-)(I for iornpul~ny l).trIlclc tra- 

jeclories (using Lie algebra and Lie groups). and an application IO 
beamline elemenls for Brookhaven AcceleraIor Test Facility is 
discussed. This includes formulaton of the familiar mean square 
emitlance (a kinematic invariant) in Z-Dim (with a Gaussian distri- 
bution). invariants in 6.Dlm phase space. and generalization of 
kinematic invariants (e.g., cubic, quartic moments). The correla- 
tions between various degrees of freedom should be nored and may 
become detrimental in the beam emitlance calculalions. As an 
application we calculated Ihe beam paramerers including the 
emirtance for rhe ATF transport line shown in Figure I. Where the 
imtial quadrupole triplet is used to bring the diverging beam to a 
double waist at the momentum slit and Ihe second set of quadrupole 
triplets is IO provide a matching of the beam at the LINAC eo- 
1rance. Our calculaiions include nonlinear effects including 3rd 
order aberrations in the beam (e.g.. due to magnet fringing fields), a 
reason for the differences in Ihe results (e.g.. see beam profile aI 
momemum shl. or al LINAC entrance), as compared IO those 
obtained with Is1 and/or 2nd order calculations with TRANSPORT 
(used at ATF as a standard design program)? The beam emittance 
growth is illustrated in Table I. and may be improved by: e.g.. a 
better fitting of quadrupoles (mcluding Ihe fringing effects); use of 
slits (to reduce beam size); use of smaller iniriai (laser spot) beam 
size; improvement of the photocarhode gun performance 151; and 
placing of the gun directly into Ihe LlNAC entrance (see Refs. 
15.61). These and other possibilities are being investigated IO assure 
the production of a high brighrnesr, low emillance electron beam, 
required for 1he new melhods of acceleration such as used for FEL 
and IFEL experlmenrs. Due to space limitalions, for mapping 
formulations of the particles through beamline elements and/or 
additional beam Darameters along the ATF beamlme, see e.g., Refs. 
13) and 16,. (' E.g.. Bee Pig. 4. (after iittin 

k* 
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Figure 3 a-d, shows (transverse and longitudinal) beam profile 
a~ the LINAC entrance. 
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