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Abstract

To realize effective transverse laser cooling
simultaneously with longitudinal laser cooling, two
possibilities are theoretically studied. The schemes are both
based on forced synchro-betatron coupling, which transfer the
extremely effective longitudinal laser cooling action to
transverse directions. The coupling is provided by an rf-
cavity with a transverse variation of the longitudinal electric
field (e.g. TM219 mode) or by a normal rf-cavity located at a
position of finite dispersion. It is shown that, when a working
point is close to the difference resonance, cooling in all three
degrees of freedom is simultaneously obtained.

1. INTRODUCTION

Electron cooling and stochastic cooling are well-
established techniques, which have been successfully applied
to decreasing the temperature of stored beams of anti-protons
as well as other particles. A new method, called laser
cooling[1], has recently been employed, experimentally, in the
TSR Storage Ring of Heidelberg[2] and in the ASTRID Ring
of Aarhus[3]. Longitudinal temperature of close to 1 mK, the
lowest circulating beam temperature ever reported, have been
achieved for 7Li*. The laser cooling mechanism is, however,
applicable only to longitudinal motion, and no effective
method to realize simultaneous cooling in both longitudinal
and transverse motion has, so far, been developed. Thus in the
experiments mentioned the longitudinal temperature was 1
mK, but the transverse temperature was 1000 K.

In the present paper, we explore two possible schemes to
achieve three-dimensional laser cooling based on forced
synchro-betatron coupling [4,5]. In principle, with only minor
modifications in the hardware of the ring, it shounld be
possible to cool transverse beam temperature to the same
order as the longitudinal temperature.

If the present schemes work as theoretically expected, it
should be possible to observe beam crystallization[6,7]. In
addition, laser-cooled beams with ultra-low temperatures
could be employed to cool another beam, just analogous to the
electron cooling scheme.
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2. A COUPLING CAVITY
2.1 Rf cavities

As a source for developing synchro-betatron coupling, let
us first consider a coupling cavity excited with TM 219 mode.
Assuming a simple rectangular pill-box geometry, the vector

potential is given by
A = (o, 0, l’asin(ﬁ)cos(ﬂ)sm(mca)), 1)
e a 2b
where 2a and 2b are, respectively, the width and height of the
cavity, V¢ is the voltage amplitude of the rf field, and ©¢
denotes the rf angular frequency (harmonic number hg).
Since the longitudinal electric field derived from Eq.(1) near
the center has a linear horizontal (x) dependence, we obtain a
coupling between the synchrotron motion and horizontal
betatron motion.

In order to achieve enhanced coupling, it is necessary to
force stored ions to execute synchrotron oscillations. Thus we
need to introduce an rf bunching cavity which is an ordinary
cavity excited either with a coaxial or TMg19 mode. We
write the vector potential as

Ay = (0, 0, &sin(mbt)} @)

©y

where 0y and Vy are, respectively, the angular frequency

(harmonic number hp) and voltage amplitude of the bunching
cavity.

2.2 Equations of motion

Taking a linear approximation, and assuming zero-
dispersion and zero-derivative of it at the cavity, the
Hamiltonian of the system including the coupling and
bunching cavites can be given as [8]

1
Hl = "2"(px2 + VXZXZ)

2 > 2
-;—QE—+Z—1£!L‘——Sin(\|I+Wb)6 (G—Ob) (3)
2 o '
_2nh, T,

h. X sin(i—;\y + \yc)8p(e— 8.).

Here q is the charge state of stored ions, & g=Y,2-y * is the
phase slip (or off-momentum) factor which always takes a
negative value in our applications, vy is the horizontal tune,

v, is related to the longitudinal tune vy as cos(2nvp)<1-
21t2VL2, yp and y . are the synchronous phases at the
bunching and coupling cavity respectively. The canonical
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variables (x,px ) correspond to the horizontal displacement and
momentum, and (y,W) to the phase and energy deviation
from the synchronous values. The coupling strength has been
introduced as T'c=qV.R2Bocppa, where R represents the
average ring radius, and pg is the reference particle
momentum. In Eq.(3), the independent variable is taken as
f=s/R with s being the distance along the reference particle
orbit, and B and 6. indicating the location of the bunching
and coupling cavity respectively.

To couple the vertical motion to the other two motions, it is
only necessary to install a skew quadrupole or a vertical
coupling cavity in the ring, but, in this section, we consider,
for simplicity, only longitudinal-horizontal coupling.

The Hamiltonian (3) yields the equations of motion

2
d_ez' +v. 2 x= =2nl yd,(0-6,), 4)
2
LY | 2%, 298, (0~ 8,) = ~2nE,Tx8,(8-8,), (5)

de
where we have assume that y,=7/2 and y=0. In our model,
the simple frictional term, £A (dyAl8), is added to the Lh.s. of
Eq.(5) to incorporate the laser cooling effect. Here, e=1inthe
laser cooling section, while €=0 in other regions. This
modeling of laser cooling is only approximate (it does not
include the variation of cooling force with longitudinal
velocity and it does not differentiate between the cooling of
longitudinal velocity and the cooling of energy), but the
approximation made is adequate for the analysis of this paper.
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Fig.1 The damping rates, Im(v), of the longitudinal and

transverse modes plotted as a function of the coupling
strength T for three different synchrotron tunes. The
horizontal tune and the damping parameter are fixed,
respectively, at vx=2.17 and Ap2n=0.01. The coupling
cavity and bunching cavity are next to each other, and are set
at the position opposite to the cooling section. The dotted
curves in Fig.1(c) correspond to Eqs.(6). The slip factor is
taken to be -0.947 roughly corresponding to the ASTRID ring
in Denmark[3].

2.3 Damping rates

Since the motions governed by Eqgs.(4) and (5) with the
damping term are linear, we can construct the transfer matrix
of each element. Figs.1 show the damping rates evaluated
from the eigenvalues of the one-turn matrix. It is seen that,
only when the operating point is on a difference resonance,
i.e. vx-v =integer, the damping of both modes saturate at the
level which is exactly half of the maximum longitudinal rate.
The condition of resonance must, therefore, be closely
satisfied to enhance the horizontal damping.

The dispersion relation from the one-turn transfer matrix
can be approximately solved to give the damping rates of the
longitudinal and horizontal motion

< 2

v

Im(v) = ©
( Ap _m[5o[r? coth(l\g)
4n vy 2/

where, we have assumed the resonance condition, taken
Ap=A x(the extent of the cooling section), and employed a
perturbation analysis assuming [z 2«1.

The tracking result corresponding to the case (c) in Fig.1
is shown in Fig.2, using the coupling constant [';=0.006. The
damping of the both motions is beautifully demonstrated.
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Fig.2  Tracking result corresponding to the parameters

employed in Fig.1(c) with I'.=0.006.
3. DISPERSION-INDUCED COUPLING
3.1 Hamiltonian

Let us now investigate transverse laser cooling induced
through dispersion at an rf cavity. We here take vertical
motion in to account, introducing a pure skew quadrupole.
The Hamiltonian of the system is given by

5 w?
2y~)__ g()

| P T I N R
sz—i(px + Vv, X )+-§(py +Vy 5

hyqV
#Tgxy-8,(8-8,) - =2 cos(y — {,p,)8,(8 - 8y),
PoPo€
@

where B is the location of the skew quadrupole magnet
having the coupling strength Iy. The dispersion function
evaluated at the skew quadrupole position 8q and the
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derivative of the dispersion at the cavity position 6, have been
assumed to be zero, and {p=m(8=8p)}R.
The equation of motion can be readily derived from

Eq.(7). The equation for the variable W is, however,
modified, incorporating the laser damping effect, as

aW _ 2@’

i Z sin(y — £,px )8, (0—8,)—eAW.  (8)

3.2 Damping rates

Two separate resonance conditions are necessary now;
vy -vi=integer for the longitudinal-horizontal coupling, and
Vx-Vy=integer for the horizontal-vertical coupling.

Then, using perturbation analysis with respect to small
Cbz, one obtains the damping rates of the transverse modes

r 2
vV 22 muo tanh—l—\—P-+ 4 ,9)
4iE| 2 2v,vysinhAp
where we have assumed 'y /4/v, Vv, «1, putting that vx=Hp,
vy=Ho+2mmn, and v|=yo+2nx (m,n=integer). From Figs.3,
which give numerical evaluation of all three damping rates,

one concludes that there is an optimum dispersion for which
the three rates become equal.

Im(v) =

vx=2.12, vy=3.12, vy =0.12
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Fig.3 The damping rates, Im(v), of the longitudinal and
transverse modes plotted as a function of the dispersion at the
rf-cavity Ny =m(8=6y). The rf-cavity sits at 8p=m, the position
opposite to the cooling section, while the quadrupole with the
coupling strength I'g=0.1 is set at 04=37/2. The dotted curves
correspond to Eq.(9), and the line parallel to the abscissa
indicates the level Im(v)=Ap/12n

Tablel

Stored Ions : 100 keV 24Mg*

Ring Circumference : 40 [m] (R=6.366 [m] )

Transition energy Yy - 4.58

Tunes : vg=2.27, vy-227 v.=0.27 ( The same as Fig.3b)
RF Voltage Vy, : 2.9 [kV]

RF frequency : 580.7 [kHz] ( h—26 )

Dispersion at the cavity np : 0.3 {m]

Transverse coupling strength I'q : 0.1

To estimate the optimum dispersion Nopt, we just equate
Eq.(9) with Ap/12%. To obtain:

2 _lEp_LRi_ Ap? + F ? cot He. (10)

67V, V; 2 vxvy 2
where we have assumed Ap«l.

The tracking result based on the same parameters used in
Fig.3(a) is given in Fig.4; effective damping is achieved. An
example of parameters roughly corresponding to those of the
ASTRID Ring are presented in Table 1.
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Fig.4 Tracking result corresponding to the parameters
employed in Fig.3(a) with np=1m.

4. SUMMARY

We have presented two possible schemes which provide
three-dimensional laser cooling. It is found that, when the
operating point is on resonance, the coupling is considerably
enhanced leading to large damping rates of the transverse
modes. Thus, it is possible to reduce the transverse beam
temperatures to a similar level to the longitudinal one.
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