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Abstract

Cold beam pipes as foreseen in superconducting hadron
machines require shielding tubes with pumping holes
called liner. As an extension of an existing rotational sym-
metric calculation now a more realistic liner structure with
rectangular holes is treated. The electromagnetic field of
one rectangular hole with arbitrary dimensions is deter-
mined by means of the residuum calculus in combination
with orthogonal expansions. Numerical results are pre-
sented for the longitudinal coupling impedance and com-
pared to results obtained with Bethe’s small hole approx-
imation.

1 INTRODUCTION

In [1] as a preliminary consideration we have treated a
coaxial waveguide with rotational symmetric interruptions
in the inner conductor.

Figure 1: scetch of a liner

The solution was based on mode matching in trans-
verse planes at the discontinuities. It is also possible to
match the electromagnetic field on a surface with con-
stant radius. But due to lack of boundary conditions
in the longitudinal direction the fields are now repre-
sented by a continuous spectrum of waveguide modes.
Especially in the case of an inner conductor with van-
ishing thickness this method is more convenient. So we
will use it here for the non rotational symmetric prob-
lem of one rectangular hole in the inner conductor. Al-
though we have restricted ourselves to one single hole the
present analysis can be extended for any number of holes
without fundamental problems. Adding holes equidis-
tantly arranged and with the same longitudinal position
the numerical evaluation will become more convenient
because of additional symmetries. Holes with different
longitudinal positions will merely cause more CPU time.

72222277
®@ | |
@ RS

I i

| | ¢

AR
0 g

Figure 2: coaxial waveguide with a rectangular hole in the
inner conductor

2 FIELDS IN THE DIFFERENT
REGIONS

Figure 2 shows a longitudinal and transverse cut of the
structure under consideration including all dimensions. On
the axis we assume a point charge @ travelling with veloc-
ity of light which produces an exciting TEM-field. This
reads in frequency domain
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Because of the inhomogeneous boundary the scattered
fields have to be a superposition of TE- and TM-waves
which can be calculated from scalar functions VV and W:

Z
E = rot(e,V) —j—l-c—o rot rot(e, W),
0
oL
H = rot(e, W) + ] rot rot(e, V) (2)
Zokg

with A(V, W) + k3(V, W) = 0 . Taking into account the
symmetry and boundary condition at the outer surface
¢ = a we find the following solutions of the wave equation
in region 1 and 2 respectively

v = ZOQ/ > " sin(mp) F{D (k) (Xo) e =42 dk,

Wi :Q/ S cos(mp) GO (k. ) I (Ag) & 57 dk,

v = ZOQ/ > sin(me) F2 (k) R (Ae) e 5+ dk,
i
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w® =qQ / > cos(me)G (k.)Sm (M) e 7%+ dk;
(3)

with
M2 = k2 k2
Rm(A0) = Jm(Xe) Ny, (Aa) = Nin(Xe)J, (Aa)
SmiAe) = Jm(Ae)Nm(Aa) — Nm(Ae)Jm(Aa) ,
where  Jo.,, Nm, J),, N} are the Bessel- and

Neumann-functions and their derivations and 1‘_",(,11)’(2)(/@;)7
Gg)’(z)(kz) the searched for spatial spectrum.

In the aperture there are various possibilities to describe
the tangential electric field. One of them is to split the
aperture in M x N elements and to approximate the fields
in each element using simple, e.g. pulse- or triangle-shaped
functions P({,n)

M N
Egb) = ZQQ Z AyuP(Z — 2y, P — Qaﬂ)
TR
MN
E&b)_—_ZOQZB,‘UP(Z—Zu#P“Pu)' (4)
nv

Especially for pulse-shaped functions the necessary inte-
gration in the complex plane described below becomes
more convenient. For o = 27, i.e. E((,,b) = (, this choice
turns out to be very efficient. In this case one already gets
for M = N =1 results comparable with [1].

Another way is to use trigonometric functions in the
aperture:

2u — Dmp VrZ
wW®(z,0)=Q Z A,y cos (T— co§ ——
u,v
v ) 2 Dre . vaz
o Zo@Q Z By, sin ——————( p = Ure sin o (5)

wv

This expansion is more suited for the 3 dimensional case
a # 27. Vanishing of E, at the edges |¢| = a/2 and of
E, at the edges z = 0, ¢ is included. If we exchange the
eigenvalues 2u — 1 with 2p we get also a complete field
expansion. This choice is more suitable for the limiting
case o — 27.

3 FIELD MATCHING

Performing the inverse Fourier transformation the bound-
ary condition of the tangential electric field at ¢ = b yields

1 jmk -
(1) — jmk; A \
o T2 (AD) {A%(l + &) ; Ay Cepn(m, kz) +

+Zéuu5ew(m,k,)}
wy
ko

b= A Cepy(m, ks,
G 2/\2(1+6"‘)]m(>\b)“2y o ey (m, Er)

where we have introduced the following abbreviations:

. 2
- ] v
Ay = ——kOA,“, {lcg — (——g ) } ,

=~ ™
B, = {BW + oo 1)’;—”1«1””} :

kob o
Cenm k) / / NUEDLN
xcos———cosm,ae””d,odz ,
Se (k) / / Cu=tyre,

X sin —s1nm<,ae”c dedz
g

Similiar formulas are valid for 2 and G2, Matching
the magnetic field results in the following system of linear
equations:

> {Aw ML + B M2 s} = Ty
24

Z{AwMgw,y,JrB M;WU}:O . (8

[,y is calculated from the exciting magnetic field. The
matrix elements Mw 4yt €an in principle all be expressed
in terms of the following integrals:

I, =1

= /w (fu(]cz)e—jk;z -

- OO

— ()il =
()" fulks) 6= dk, . (7)
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Figure 3: integration in the complex plain

If we close the integration path as shown in Figure 3,
these integrals can be solved using the residuum calculus.
The functions f,(m, k,) essentially contain ratios of linear
combinations of Bessel functions and due to lack of place
cannot be discussed in detail here. The location of their
poles is shown in Figure 3 assuming small dielectric losses.
Furthermore we have to take into account the poles vz /g
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located on the real axis. So an arbitrary solution of (7) can
be written as:

L,(m,z) 1

TR

><cos£/11z {\I',, (m, ﬂ) + ¥, (m,—ﬂ>} —
g g g

03 e ()
g g g

+ Z {‘Ilu(m,Pi) eI 4 ()W, (m, —pi)e —jPi(g—z)}

(8)

27j

with
¥(m,n) = kliinm(kz —mfu(m, k).

4 THE LONGITUDINAL COUPLING
IMPEDANCE

After truncating the infinite system (6) we get the Fourier
coefficients for the tangential electric aperture field. It can
easily be shewn that the longitudinal coupling impedance
is given by

Z(w) ko
Zo _+7r2

) (et
Q#ZVAMM_](%)Z% ©)

with Zg = /0/€0. As expected for a stable numeric solu-
tion the ratio of 4 and m of the azimuthal field dependence
has to correspond to the ratio o/2r.

Figures 4-7 show for different angles o the real and imag-
inary part of the impedance. As expected for small holes at
lower frequencies the imaginary part is much greater then
the real one and goes linear with frequency. Assuming
a circular hole with about the same cross section Bethes
theory of diffraction by small holes gives the impedance

[2}:

3
VA zj6.37;—2 , 7 radius of the hole

For o = 10° we choose r = g/+/7 and obtain
Z(ky = 0.2mm™1) = j0.024 .

This value agrees very good with Figure 4. Increasing
the angle o (Figure 5-7) the behaviour of the impedance
more and more looks like in the limit o = 27 in [1] except
for low frequencies. For @ = 350° we have an inductive
low frequency behaviour which differs from the capacitive
impedance for & = 360°, where the inner conductor is
completely divided.

0.0005 0.03
T t 0.024 72l
Im{Z 2
Re{Z} 0] ! al
[0} ]
a=2imm
b=18mm
g= 3mm
0 LTy 0
0,078 0.115 0.135 0.1 0.1% X S
0.0 Ko [mm-t o 00 o [Mm~1] —e= 02
Figure 4: impedance for & = 10°
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Figure 5: impedance for a = 180°
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Figure 6: impedance for o = 350°
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Figure 7: impedance for o = 360°
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