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Abstract

The relativistic motion of a charged particlein a
homogeneous constant magnetic field and a transverse
circularly polarized electric field is reduced to an integrable
form. Using canonical transformations, it is shown that
the equations of motion can be derived from a one degree
of freedom time-dependent Hamiltonian which has a first
integral. As a conseguence the system can be shown to be
integrable. An equation governing the energy of the
particle is obtained. A simple approximate expression for
its maximum value is derived for the case when the
particle is initially resonant and at rest. This gives the
upper limit in frequency of the X-rays emitted when, for
instance, an electron hits a high-Z material.

The relativistic motion of an electron in a constant
homogeneous magnetic field and atransverse electric field
is studied. This problem has already been explored by
other authors[1,2]. One of the aims of this paper is to
bring some enlightenment to their discussion by using
the Hamiltonian formalism. Another aim is to derive a
simple approximate expression for the maximum energy
the particle can reach in the interesting physical situation,
when the electron is initially resonant and at rest.This
gives the upper limit in frequency of the X-rays emitted
when the particle hits a high-Z material.

Let us reduce the motion of an electron in an
homogeneous constant magnetic field and a transverse
circularly polarized electric field to a problem with a
single degree of freedom.

The constant magnetic field is assumed to be along the z-
axis, and the electric field has the following components

Ex = Eg coswt,
Ey = Eo Sinwot, (@]
E; =0,

where Eg and wo are constants.

The following gauge is chosen for the electromagnetic
field

A:-(&y+@sin wot)&+(@x+@coswot)€\,. @)
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Assuming that the motion of an electron is in the x-y
plane, its relativistic Hamiltonian is

2
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The Hamilton equations allow us to readily find two
constants of motion

Ci=P+ 0y,

@)
cZ:Py-% X.

Another constant of motion can be obtained by using
Noether's theorem[3,4]. It is simple to show that the

Lagrangian of the system is invariant under the
following transformation

t— t-&,

X - X+ey, ®)

y - Yy-£gX

where € is an infinitesimal quantity. Therefore, a third
first integral is

Ca=yP-xP, +Hi, . 6)

It can be noted that the two first constants are canonically
conjugated

; &\ =
\Cl ' EB()’ L (7)



This property can be used to reduce the dimension of the
problem by choosing the two constants as new
conjugated momentum and coordinate.

The following dimensionless variables and parameters are
introduced

Sy Oy p Py s O_y— H
X=X, y=y—, Pxy= ,t=owot, H= ,
C y=y ¢ me Wo Y 2

a= eEO, _LBO,

mcwyp mauy

where m is the mass of the charged particle.

A first canonica transformation is then introduced:
(Q, Y, Px, Py) L (%5, E’X,ﬁy), given by the following type
2 generating function[3,5]

Fzz(ﬁx-f;o 9)§+E>y9. ®

A second canonical transformation is introduced:
(X, P B) - (Qu Qu Py, P2), generated by

Fo= (P2 Qo) + P1(§+&)~ ©)
Qo

The product of the two transformations yield

Q (10)

In the new variables, the Hamiltonian is

A A 12
H= [ (P1 - asin t)2 + (QOQ1 + acos t)2 + 1} . (11
As expected P> and Qo are cyclic variables. The
Hamiltonian depends on time and has one degree of
freedom.
In these variables, the Hamilton equations are

pl =- & (Qle + acosAt),
Y . (12)
Q]_ :l(P]_ -asin t).
Y
The constant C3 becomes
|=H- P . Qg (13)
2Q, 2

This constant allows to show that the Liouville theorem
still holds, and the problem is integrable[6,7].

The integrability of the motion can be shown in a
second manner. Introducing the variables

Q=Qu+Fg, cost,

_ (14)

P1 = P1 -asn t,

and the complex quantity Z=P; +i QuQ,, the Hamilton
equations (Egs.(12)) are equivalent to the following
equation

2= iQoZ

Vi+|zP

which is the equation of a nonlinear oscillator submitted
to an external force. The solution of this equationis

- aexp( it ), (15

1
Z=Aoexpi [0(%)+6}-a’ expi [0(;)-0(T)+TJ dr,
Jo
(16)
with

A

t

o(%)=QO’ dry }(1).
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A and 6 arereal constants.
Then

1
P1 :Aocos[o(;)+6]+asini-a’ COS[G(;)-O(T)+T] dr,
Jo

1
Q :—Osin[o(E)+6J -icosAt-i’ sin[o(%)-o(1)+r} dr.
Qo Qo Qolo
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The quantities Ag and d are determined so that at t = 0,
A3=V3- 1= o + Pyo and tand = pyo/Pro (B = Pimc). p is the
normalized particle momentum. The subscript O of
variablesy and ﬁ refersto their initial values .

Taking the derivative of Eq.(11) with respect to time, and
using Egs. (18), we obtain
K \

y{/:-a\Aocos[o(%)-E + 6} -a COS[O(%)-O(T)+T t} dry.
Jo
19

This equation is multiplied by Qc/y- 1 and integrated
between 0 andt . Then, this new expression is multiplied
by Qoy-1land added to the equation obtained by
differentiating Eq.(19) with respect to time. The resulting
equation is multiplied by yyand integrated between 0 and

%. In this way, the following differential equation for the
energy is derived
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(V) +1-Quy+Ry--2-20=0, 20
y % vy (20)
with
Ro= aAosin6+Q§+Qoyo-§-a2, (21)
Fo= 2QoaAcsin  + 2Q0y0 - Qoyl, (22)
ad
Ko= ABCOSED - oo + Royd - ooyz+§. (23)

This result isin good agreement with the one obtained by
Roberts and Buchsbaum[1].
Equation (20) describes a motion in a one-dimensional
potential. It admits a solution in terms of elliptic
integrals[8]- Then, Egs.(18) prove for a second time that
this problem is integrable.

Eq.(20) can also be written

VY =¥ - 1) - {aAoSin 5+(y- w){(yzy") - QO}}Z. (24)

Let us consider the interesting case when the particle is
initially resonant and at rest (yo = Qo = 1). Letting y =1+,
Eq.(24) becomes

VY = u{az(u +2)- 'ﬂ (25)

As u=0, the sign of the third order polynomial

Q) = &p + 2) - ¥4 has to be positive. When a<V27/2,
Q(W) has only one real positive root. This implies that y
oscillates between unity and 1 + um (um is the positive
root of Q(u)).
Assuming that a is very small (a<< 1), which is expe-
rimentally realistic, Eq.(25) yields
Um = 2a%. (26)
In this situation (yo= Qo = 1), equation (20) was solved
numerically for different values of a. The maximum value
of y reached by the particle is compared to the one
obtained through equation (26) on Fig.(1). A very good
agreement between the two resultsis observed.

In conclusion, using canonical transformations, we
have reduced the problem of relativistic motion of a
charged particle in a constant homogeneous magnetic field
and atransverse electric field to a time-dependent problem
with a single degree of freedom. Noether's theorem was
used to find a constant of motion for the system which
permits one to show that the problem is integrable. An
equation for the energy was derived. When the charged
particle is initially resonant and at rest, it shows that the
energy oscillates between two values. A tractable
approximate expression for the maximum attainable
energy was obtained for low values of a. This gives an
upper limit for the frequency, that the particle can emit by
Bremsstrahlung.
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Figure 1 . Comparison between the maximum normalized
kinetic energy reached by the particle calculated through
Eq.(26) (full line) and Eq.(20) (full squares and dashed
line).
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