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Abstract 2 THE QI HAMILTONIAN

The synchrotron equation of motion in quasi-isochronougow, we define the phase space coordinatnd the the
(QI) storage rings is transformed to a universal Weierstraggw time coordinaté as

equation, where the solution is given by Jacobian elliptic

functions. Scaling properties of the QI Hamiltonian are de- T = _ﬂé, t=uv,0. @)
rived. The effects of phase space damping and the sen- "o

sitivity of particle motion to external harmonic modulationtpan the synchrotron equation of motion becomes

are studied. We find that the rf phase modulation is particu-

larly enhanced in QI storage rings. Sum rules for resonance ' +x—a?=0, 8)
strength coefficients are derived. When the QI dynamical

system is subject to harmonic modulation, it exhibits a seyvhere the prime corresponds to the derivative with respect
quence of period-two bifurcations leading to global chaog the time coordinate Letting

in a region of modulation tune. This means that the oper-

ation of QI storage rings should pay special attention to rf p=1 = Uit Zs ¢ (9)
phase noise. o

be the conjugate momentum to the coordinatiae Hamil-
1 INTRODUCTION tonian for the QI storage rings becomes
For aregular rf bucket, the maximum bucket height is given 1 1

1
b H=>p>+ =% — =25, 10
y 5P T 52" — 3w (10)

1/2
5= ( 2eV [(E — ¢s) sin 5 — cos qssD (1) where(z,p) are conjugate phase space variables.
mio ks L2 The equation of motion for a particle with energyis
Transition from the nominal rf bucket to the:*bucket” given by

occurs when the separatrix of these two buckets merge into de\? 2 5 )
one[1], i.e. (E) = gx —z° 4+ 2E. (11
"—0‘ < 4.
ml— Lettingu = \/Lﬁ_t andp = =z, the equation of motion is
In the QI regime, whergy, /11| < 5, the Hamiltonian can transformed to the standard Weierstrass equation [2]:
be approximated by

dp(u)\”
Lo L eVeosd ( —dp-e)p-ep-e),  (12)
_1 1 _ d
H 2h7705 + 3hn16 1 PE o7, 3) u
where Hamilton’s equation of motion becomes where the turning pointg, > e, > e, are given by, =
v $+c0s(§), e2 = $+c0s(£—120°), e3 = £ +cos(£+120°),
b= LBy G it + o, (4) &= garccos(1—12E). o
22 E The Weierstrass elliptig-function is a single valued
or ) doubly periodic function of a single complex variable. For
§+v25+ n—1u362 =0, (5) particles inside the separatrix, the discriminant is positive,
"o i.e. A = 648E(1 — 6E) > 0, and the Weierstrags func-
where tion can be expressed in terms of the Jacobian elliptic func-

tion:
heV|no cos o]
= e — <
Vs =1/ 2 PE (no cos s < 0) (6)

is the small amplitude synchrotron tune.

2(t) = es + (3 — e3)sn> ( %um) (13)
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The period and the tune of the elliptic function are given bys the effective damping coefficient with the damping
decrement\. For QI storage rings, the effective damping
0= 7[v/3sin(¢ + 60°)]'/2 coefficient is enhanced by the corresponding decrease in
n V6K (m) ' the synchrotron tune, where the valuebfmay vary from
0to 0.5.

Figure 1 shows)(FE) as a function of energy. At the cen-
ter of the bucket, wher& = 0, we haveq) = 1 andat 5 7 Expansion of phase space coordinates and
the separatrix, wher& = =, we have) = 0. Because

8 sum rules
of the sharp decrease in synchrotron tune near the separa-
trix, parametric resonances induced by the time dependdftpansion of phase space coordinates in action-angle vari-
perturbation overlap one another and give rise to chaos. ables is important in obtaining essential characteristics of

particle motion. Since:(t) is an even function of or v,

(15)

B B — ‘ ‘ we obtain
0.8 | \\ i [e'e]
2(t) = go+ Y _ gn cos(nip). (18)
n=1
0.6 -
© where expansion coefficients satisfy the sum rule
0.4 4
o0
oz | > an(J) = 2g0(1 — go)- (19)
n=1
%00 005 010 015 020 Sincegy = 1 on the separatrix, the strength of all har-

monics must vanish on the separatrix orbit. Because

o o g
Figure 1: Q(FE) vs E. The first order and the second or-z.n:1 n’g, diverges atj = Ju;, g decreases s_,lowly
der detuning terms are also shown. Because of the shé’yﬁh respect to the mode numbenear the separatnx_. .
drop of the synchrotron tun@(E) around the separatrix, . nthe presence ofthe phase modulanon, t_he Hamlltonlan
parametric resonances of all orders overlap with each oth'@rthe normalized phase space coordinates is given by
near the separatrix trajectory and give rise to stochasticity.

p? 1. 1
H ="+ 2% - —2® + w,, Bx cos wpt. (20)
2 2 3
where the effective modulation amplitude is
z
= =12 (21)
= 770’/5

W = ’;—m is the normalized modulation tune, amdndv,,

are the rf phase modulation amplitude and the modulation
tune in the original accelerator coordinate system, respec-
tively. BecausdB| ~ |no|~/2, the effective modulation

| amplitudeB is greatly enhanced for QI storage rings.

‘ I R Including the damping force, the equation of motion be-
o comes

Response

o .

Figure 2: The amplitude of the steady state solution, called =" + Az’ + 2 — 2% = —wy, Beoswpt, (22)

response, obtained numerically is plotted as a function of , i - .
wm, for A = 0.1 (upper plot), with modulation amplitudes where the effective damping coefficieat is given by
B = 0.1 (rectangles)B = 0.3 (circles) respectively, and Eq. (17).
for A = 0.5 (lower plot) with B = 0.5.
2.2 Harmonic linearization method and peri-
Due to the synchrotron radiation damping, the equation odic solutions

of motion for QI storage rings is given by When the damping parametérof Eq. (22) becomes large,

(16) the attractor solutions or the periodic solutions can be ob-
tained by the harmonic linearization method [3], where the

where ansatz of Eq. (22) is given by

A UoJe (17)

A= — =
vy 2nEyv,’

o'+ Ax' +x—2? =0,

z = Xy + Xi cos(wmt + x1)-



Amplitudes of attractors obtained from numerical simula- 3 CONCLUSION
tions are shown in the upper plot of Fig. 2, whefe= 0.1 | lusi h ¢ ’ dth hrot
andB = 0.1 (square) and 0.3 (circle) respectively. The' cONClUSIon, We have transtormed the synchrotron equa-

lower plot shows the amplitude of attractors 8r= 0.5 tion of mouqn n .the Ql regime Into a umvgrsal We_|er—
strass equation with the solution expressed in Jacobian el-

andA = 0.5. Solid lines show the harmonic linearized so-; tic functi The bh dinates h b
lution which matches with the attractor amplitude obtaineHp IC Tunctions. € phase space coordinates have been

. : : . : expanded in action angle variables. The expansion coef-
from numerical simulations. In particular, if the modu- P 9 P

lation amplitude is large, there are regions of tune spact,'g'ems’ commonly known as the strength function, play

where attractors will cease to exist and sub-harmonic arift] important role i.n determining the strength of parametric
higher-harmonic excitations will appear. resonances resulting from rf phase or voltage noise.
We have also found that the effective damping force for

the QI Hamiltonian is inversely proportional tgo|'/?,
| hence making the effective damping force larger in QI stor-
-"/" o . age rings. The damping force can increase the stable phase
‘: c1.a80 | space area and distort the “phase space ellipse”. Howeyer,
Py / we have also shown that the effective rf phase modulation
0.af : 1 amplitude is proportional | ~3/2, and thus particularly
enhanced in the QI regime. The effects of rf phase mod-
o2r 1 ulation can induce many parametric resonances. When a
weak damping force is included, the stable fixed point of
- A the parametric resonance becomes an attractor which is
Y E— o oz o7 o5 os also the steady state solution of the differential equation.
x When the modulation amplitude is increased, our numeri-
cal simulations show that the system exhibits chaos through
Figure 3: The phase space map«) of the Poincae” a series of period-two bifurcation, where a strange attractor

C=1.480

s

surface of section for steady state solutions with=  occured near the onset of global chaos.
0.5,B = 0.5 is shown. The parametéf is the modula-
tion tunew,,,. The diamond symbol shows a single attrac- 4 REFERENCES
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the attractor bifurcates into 2 attractors shown as squares,
which are confirmed to be SFPs of the 2:1 parametric res-
onance. Atv,, = 1.436, each SFP of the 2:1 parametric
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