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Abstract

Spectral analysis has been used to study emittance growth
due to chromatic effects in future linear colliders. Cor-
rection techniques can be dynamically evauated by this
method. This spectral formalism has been applied to the
TESLA linac.

1 INTRODUCTION

Displacements of focusing magnets will dilute the beam
emittance in future linear colliders through dispersive ef-
fects. The final dispersive error can be found with the help
of the spectral analysis. This formalism allows to study
the effects of static initial misalignments, as well as the ef-
fects of displacements produced by ground motion, which
isadequately described by the 2-D power spectrum P (w, k)
[1]. The chromatic dilution is then given by an integral
involving the power spectrum of the quadrupole displace-
ments and a spectral response function describing thetrans-
port line. The effectiveness of correction techniques, envis-
aged in future linear collidersto recover the small required
emittance, can be also evaluated by the spectral approach
[2], provided that the correlations between space harmon-
icsarecorrectly taken into account. Theresultsof the*one-
to-one” correction and the* adaptive alignment” [3] method
are given for the TESLA linac for illustration.

2 SPECTRAL ANALYSISOF
CHROMATIC DILUTION

Let z;(t) = x(¢, s;) be the transverse position of quadru-
poles of alinac, relatively to a reference ling, s; the lon-
gitudina position. The incoming beam angle and position
are zero, the reference line passes through some el ement,
placed at the entrance. The dispersion, linear term, is

ne(t) =3 diwi(t)

Here d; isthefirst derivativle_olf the beam dispersion at the
exit of the linac with respect to the displacement of the
quadrupolei, N isthetotal number of quadrupoles. Inthin
lens approximation, in linear order
di = Ki (riy — ths) ' '

where K; isry; of the quadrupole matrix, 4, and ¢, are
the elements of the first and the second order transfer ma-
trices from the i-th quadrupol e to the exit.
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While (n,(t)), averaged on redizations, is zero, the
mean squared value gives the dispersive error:
M) =D did; (wi(t)w;(t))
One can introduce the spatial harmonics (¢, k)
£/2 ,
z(t, k)= x(t,s)e_lksds
—-L/2
and by use of the back trans{ormar[ion
e : dk
t k iks 1=
oo z(t, k) (e ) 2w
which ensures that at the entrance z(¢, s = 0) = 0, onecan
find (n2(¢)). For initial misalignment or (and) ground mo-
tion all spatial harmonics are independent. We have then
e dk
W) = [ Pk G g
Here G(k) isthe so called spectral response function
G(k) = g2 (k) + g2 (k) (1)

z(t, 5) :/

with N N
ge(k) = di(cos(ks;) — 1), go(k) = > _ disin(ks;)
i=1 i=1
The spatial power spectrum of displacements z(¢, s) is
Pt k) = ﬁlim 1/L z(t, k)™ (¢, k)
—00

It can be easily found as far as initid misaignment or
ground motion are concerned. Assuming that focusing ele-
ments are aligned at ¢ = 0 and then are moved by ground
motion, the evolution of the power spectrumis[1]:

Pt k) = P(w, k) 2[1 — cos(wt)] ;l—(;:

Herethe 2-D power s?ectrum P(w, k) characterizes ground

motion properties, including both spatial and temporal cor-

relation information. Several modelsof P(w, k) have been

discussed in [1]. The diffusive ground motion, leading to

large displacements after long time intervals, is described

by the“ATL law” [4]. Its power spectrum P(w, k) is:
P(w, k) = A/ (k%)

Typicaly A = 10~°um?s~'m~!. Thoughany P(w, k) can
be considered [2], we use only “ATL” motion in the paper.

Correction procedures may introduce correlation
of phases between harmonics with different £. In a regu-
lar linac with constant spacing L, the correction techniques,
considered in this paper, introduce phase correlations only
between harmonicsk and k = kyax — k. Themean squared
dispersionisthen [2]:

i) =2 [

Kmin

kmax

(PG + P KGE) 5= (2



It contains the self correlation spectrum
Pt k) =R lim 1/ x(t, k)x(t, k)
— 00
and the new spectra function

g(k) = gc(k)gc(k) —Ys (k)gs(k)

The integrd (2) is taken on the allowed band for the reg-
ular linaC kmin < k| < kmax, Where k. = w/L,
kmin = 2w /(N L) (for the finite linac the upper limit is
kmax — kmin)- The ground motion, which can have any k,
has to be correctly redistributed within the all owed band.

In short, the spectral response functions G'(k) and G (k)
describe the properties of the focusing channel, while the
power P(t, k) and the self correlation P (¢, k) spectra de-
pend on the applied method of correction, initial misalign-
ment and ground motion.

3 “ONE-TO-ONE” TECHNIQUES

The “one-to-one” algorithm consists in zeroing the BPM
measurements. This can be done by steering the beam by
means of dipole correctors or by moving the misaligned
guadrupol es towards the beam.

3.1 “One-to-one” by steering

If thei-th quadrupol eismisaligned, three angles are needed
to re-align the beam. The equivalent quadrupole displace-
ments, to be subtracted from their initial positions, are

Al‘i = —2]32/([/[\72) y Al‘H_l = Al‘i_l = —l‘l/(L[{Z)

For a regular FODO lattice, with X; = —K;41, ak-th
harmonics of the initial misalignment produces two har-
monics of quadrupole displacements after the correction:
k-th and (kmax — k)-th with opposite phases. Finaly, the
power spectrum of quadrupol e displacements after correc-
tion, with “ATL” ground motion, is[2]:

P(t.k) = Liog +0o) (1+73) (3)
AL (1K 1 R+ T3/ 41/ K))

where s = 2(1 — cos(kL))/(LK), 75 = ro(k) = 2(1 +
cos(kL))/(LK). The self correlationis

P(t’ k) = 4L(O-izni + Ugrr)/(L[{) (4)

AL (ra(1/K2 41/ ) + P21/ + 1 /K
Here o, isthe total rms BPM error, including both BPM
offset and resolution (¢2,, = o2 + oZ,). We assume
Gaussian initial misalignments and BPM errors. For illus-
tration, Fig.1 shows spectrain comparson with simulations.
All examples refer to a model of the TESLA linac, when
N = 618, L = 24.4 m, phase advance ;1 = 60°, initia
energy vini = 6000, ¥a, = 5 10°, betafunction at the exit
By = 28.17m.

The dispersion can be found by use of (3,4), provided
that injection conditions are correctly specified [2]. Alter-
natively, one can show that for the“ one-to-one’ corrections
the dispersive error can be written
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Figure1: Initid (a), fina (b) and self correlation (c) spectra
for one to one correction by steering, o,y = 100pm. All
spectra on pictures doubled in comparing with formul ae.

where G(k) and P(t, k) are the effective spectral response
function and the effective spectrum of quadrupol edisplace-
mentsbefore correction respectively. TheG/(k) isbuiltwith
new dispersive coefficients [2]
di = di + (2d; + dig1 + di—1) /(LK)
and P(t, k) isgiven by
P(t,k) = L(05; + 02) + At (/K +1/k] )

It isuseful to notethat if vi,; = van, then di = —K;ri,.

An example of analytical results (5) together with simu-
lations by particle tracking is shown on Fig.2. The analyt-
ical results exhibitsthe foll owing dependencies before and
after correction, respectively:

(n2) ~ (02; +0.5AtL)0.038 N>

2y ~ (o2, + 02, + 1.1 AtL)1.IN
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Figure 2: Dispersive error for the “one-to-one” correction
by steering, @) and b) i,y = 100 um; ¢) and d) ArL =
10~*2 m?, before and after correction.
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The beam will now be passed through the center of the i-th
BPM by moving the i-th quadrupole. The resulted quad-
rupol e misalignments depend only onthetotal BPM errors.
We can show [ 2] that the power spectrum of quadrupoledis-
placement after correction is

“One-to-one” by quadrupole moving

9 (KL)?
Pk) = Lo, (1 0 = cos(kD))? ©)
The self correlation spectrum isthen
KL
k)= Lo —5—— 7
P#) = Lot 30 TS ™

Unlike the steering method, the power spectrum grows for



small k as 1/k*, showing a smooth deviation of the quad-
rupoleslinefromitsorigina position.

These spectra can be used to find dispersion, provided
that injection conditions are correctly specified [2]. In the
same way as before, onecan aternatively introducenew co-
efficients [2]

N
Cii = —d; + K; Z dj(Sj — 52’)

to build the effective G(k)]. Zirl'he effective spectrum is
P(k) = Lo?2, (initid misaignment and ground motion
are vanished by correction, the effect of ground motion dur-
ing correction assumed to be small). The dispersiveerroris
then given by (5).

The analytical results, confirmed by tracking, are:

(n7) m 02, 38N

The so-called “shunt” method can be described by the
same eguations. It consistsin moving a quadrupolein such
away that changing of its strength does not produce beam
shift in the next BPM. If the relative strength change is
dx = 0K /K thenthe precision of cancelation of the BPM
offset isores/ (K L dx ). The spectraof the quadrupoles af-
ter dignment are given by Egs.(6, 7) where now o2, =
o2 (14+1/(KLJk)?).

4 THE “ADAPTIVE ALIGNMENT”

The “adaptive alignment” algorithm[3] calculates fromthe
readings a; of three neighboring BPMs the change of posi-
tion of the central quadrupole

Az; = ¢o (aH_l +a;j_1 — ai(2 + [{ZL)) /3

The coefficient ¢, controls the velocity of convergence
of the agorithm. This procedure is repeated iteratively. If
only i-th quadrupole is misaligned and BPMss are perfect,
then the corrections at the first iteration are:

Az;1 = Awipg = —coxi /3, Az = 2c02,/3
The power spectrum after n-thiterationat ¢t = nAtis
1 1 1—p2n
Pay(h) = Lo+ A8 (4 o ) 1P
- 1— 772 1 — p2n
#1irf + ) (= + o2 0
The self correlationis
. oy 2 (L= (1= 7)
P(”)(k) L(7°37°4 + 7”47”3) (Uoff (1 _ 7”1)(1 _ 7;1)
, (- (rlfl)”))
+ Tres (1 — Tlfl)
Herer (k) =1 —2¢o(1 —cos(kL))/3, ra(k) = —2co(1 —
cos(kL))/3, ra(k) = —cg K L/3.

Even a n = 1, some harmonics, for whichr; = 0, is
damped completely if BPMsare perfect (seeFig.3). If ¢ <
3/2 the agorithm converge. The optimumvaluec, = 1.

The analytical results (2) in comparing with simulations
(particle tracking) are shown in Fig.4 (for ¢¢ = 1). The
equilibrium value of dispersion error is approximately

(2o m (02 + 0.0054024 + 0.83AALL) 0.059N?
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Figure 3: Power spectrum after first iteration of the “adap-
tive alignment” for different ¢, oip; = 100pm.
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Figure 4: Dispersive error for “adaptive aignment”. a)
i = 100pm; b) s = 10pum; C) oo = 10pm; d) the
limitat n — oo of thecasec); €) AAtL = 10712 m?.

5 CONCLUSION

The spectral analysis alowed the estimation of the chro-
matic dilutionin future colliderswith staticinitial misalign-
ments and with the effects of ground motion. This formal-
ism was applied to the TESLA linac, where two different
types of correction were studied in detail for illustration.
Numerical simulations and analytical results are in good
agreement. A regular linac, having a constant spacing of
the focusing elements, isthe only limitation we saw in this
spectral approach.
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