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1 ABSTRACT the lenssystem,and separated by the distancg .| The

The optimization matrix method joposedanddescri- °'€ ofthe focusedaccelerator beam is selected with a

bed for studying focusing systerich produce for a fi_rst diaphrag_m Whi_ch theacts as am)bj_e_ct(the object
given beamcurrent the smalledbeam spot size on the diaphragm with radius, y to be demagnified by the lens
target. Theuse ofthis method is illustrated in the system. A secondiaphragm controls the aperture (the
optimization of the nonlinear quadrupole focusaygtem aperture diaphragm with radius,)rand hence the
which is an essential part of a microprobe and determingBerrations of the lens system.

the microprobe resolution. The following are assumed given: the total length |

We consider the differential equation of motion of theyt yhefocusing systengthe distance from the position of
particles accurate to terms of third order inclusive. Beforﬁ]e object tothe position of the Gaussian image), the

the investigation of the nonlinear equation tméam working distance g (the distance from the exit plane of

motion, we are solving thénear equation. Foeach he | | h . fth L d
geometry ofthe system wefind the excitation of the the last lens to the position of the Gaussian image ) an

lenses and the demagnification. For solving the nonlinel{}e Peam emittanceem= ¢r,/l,,. The distancédetween
equation we usthe matrix method aémbedding in the the j-th lens and the+1-th lens isdenoted by s the
space of phase moments. this method the initial effectivelength of the j-th lens is;} and the dimen-
approximate differential equations are replaced by the L . X
linear equations in thepace of phase moments with the>'0NIess excitation of the | -th lensks.
same accuracyThe lower limit of a spot sizeand the  Focusing of particle beams is usually accomplished by
appropriate initialbeam radius for different emittancesquadrupole lenses. A number of probe forming
are found. combinations based on quadrupole doublets, triplets and
quadruplets have been employedihe Russian
2 INTRODUCTION Quadrupletas used otthe firstfocused probe at Harwell
is the most popular configuration [1], parthgecause of
The purpose of afocusing system is to obtain thejts symmetry and its orthomorphic character which
minimum of a beam spot sizep for the initially permits the use of circular object diaphragms.
diverging beam. Inthis paper we deabnly with a We restrict here oustudy tothe Russian Quadruplet
focusing system sudhat itforms p <r,, where f is the which consists of a set of four quadrupoles (magnetic or
initial beam spot size. Suchsgstem is used inuclear €le€ctrostatic), withalternating polarities. Thavo outer
microprobe where the beam is focused to strike the smafiesare coupled together, withhe length, land the
area of the specimethat is to beanalysed. Thdeam excitation Kk, =k,, as are the central ones, with the
spot sizep definesthe microprobe resolutionWhat is length |, and theexcitation K, =k,. The separation

the lower limit of p=p,, for a given emittance which is petweerthe firstand the seconiénsesand the third and
possible to obtaimusing different focusingystems? To the fourthones is s and theseparationbetween the
solvethis problem it is not enough to consider theear
approximation of the equation of lleam motion. We
must take into the consideration the nonlinear term
This paper describesthe analyticabnd numerical
methods which allow us to fing,,. Somenumerical

results are presented.

middle lenses is,s We use the rectangular model for the

gistribution of the axial magnetic induction gradient or
electric field gradient. In the present paper we consider
the differential equations of motion of the particles
accurate to terms ohird order inclusiveThat means we
take into consideration ajjeometrical aberrations of the
third order.Two types ofjuadruplets have been studied:
3 THE MICROPROBE FOCUSING systems with negative demagnificatiorand with no

SYSTEM crossover insidethe quadruplet (the first excitation
modes) ; systemsith positive demagnificatioandwith
one crossover in eaglane inside the lenses (tekecond
excitation modes).

The focusing system consists e lenssystemand two
diaphragms otwo collimating slits, placed in front of



4 THE MATRIX METHODS OF
ANALYTICAL AND NUMERICAL
INVESTIGATION

The calculation of the optimdbcusing system involves

the solution of a nonlinear inverse multiparameteiaphragms. We define the square of the averaged radius

M, (@) = [ T Xy 1y X [BIXTJdx dx dy dy,

M, (2) = [ F(2 Xy 1y 2 BT 3dx dx gy dy ,
The integration is performealverthe apertures of two

problem. The entire solution of this problem includes: thé(2) of thebeam ashe maximum value from theatrix
selection of the coordinatesystem, in our case aelements M, ( ¥ andM,,(z), where

rectangular (Cartesianyystem attached to a particle

moving along the longitudinal axis z; writing out the

equations of motionand
equations in theselected coordinate system;
expansion of the equations of motiandfield equations
in Taylor series in powers tfie deviation from the axial
particle (in our case, to terms of theird order

inclusive);

theelectromagnetic field

the

M, (2) = X(2/2,)M(0)X(2/2,),
M, (2) = Y (2/2,)M(0)Y (2/z,).

M(0) :.[Qf (X10:X 20Y 10 20% J3X fIdx @x Gy @Y -5
Jof 10X 20Y 10Y 20 d31Y {3x 160X 6ly o6ly 2o

the technique of solving the nonlinear

problem in configuration space by reformulating it as a \ye consider thease of twaound diaphragms and we

linear problem in phase moments space (the method Qﬁppose that (x,,

embedding in the space of phase moments [2]).
Using the last method, we obtaimo linear equations
for two phase moment vectors of the third order

dx(3/dz= R( 2 k3,
X[ ={x, X, Xi Xin, X1X22' Xg! lei’ X1Y1Y 2
X1Y 5 X,Y5 XY 1Y 51 X,Y 5}

and

dy[3]/dz=PR,(2)y[3],

VI3 ={Ys Y2 Y3 YV V1Y% Vi YiXT, Y1X X5,
YiX5, Yo X5, Y XX, Y, X5}

where X=X %=X %=V %= Y.

The tildedenotes transpos&he writing of the nonlinear
equation in a linearized form makes possible to
construct its solution using amatrizant, which is
independent of the initialvector {,4,X,0.Y 10 20}

X201 Y10+ Y20) =1 for

(XZO + XlO/I 12)2 + (y20 +y10/| 12)2 = (r2/| 12)2 ’

Xfo +yfo = r12 » andf(Xy0,X50, Y10, Y20) =0 for

(XZO + XlO/I 12)2 + (yZO +y10/| 12)2 > (rZ/I 12)2 !

Xz +y2 >r2 ,and 0) = r. In thiscase we have found
the analytical expressidor the (12x 12 matrix M(0),
which is a function of ,r, of emittance em, and of,l

5 THE METHOD OF THE NUMERICAL
INVESTIGATION

We choosemerit function asp =r(l,,, —z") for a given

emittance, where | — “zis the position of the circle of

least confusionBeforethe merit function can bevalua-
ted our program calculates the elements ofntla¢rizant
of the third orderwhich is used fofurther calculations
with each particulageometry. Forthe givengeometry
from the first-order stigmatic equations;,X,, ) =0 and

whereas the solution of the nonlinear equation is sought,(l,,,) = 0 we find the values dhe excitations, and

for each value X, X,0 Y10 ¥ 20 }

K,.

The solution of these equations is written in terms of The merit function is a function of, rand of I,. All

the matrizantX(z/z,) and Y(z/z,)in the form:
X3 =X(z/z)xd 3. X(zo/2) = |
V3 =Y(2/2,)yd 3 Y(zo/25) =
Using the rectangular modfdr the distribution of the
axial magnetic induction gradient aredectric field

gradient we have obtained in the relativistizse the
analytical solution forX(z/z,) and Y(z/z,).

For finding the averaged radius of theam we use the
matrices of the moments Mand M, of the distribution

function over whole totality afhe phase coordinates [3],

where

remaining parameters afieed when weare seeking for
the minimum value of p. The radius of theobject
diaphragm has the strongestluence on thébeam spot
size forthe given emittance. It iery important to use
the optimal | for obtaining the smallest beam spot size.

6 THE RESULT OF CALCULATIONS

The optimal parameters (thew limit of minimum spot
size p and appropriatevalues of y, r,, I, and
demagnification d ) as the result of numerical
optimization are shown iffables 1 - 3, where the upper
line is for the magnetic quadrupland thelower line is
for the electrostatisystem.The total length ] in all



our calculations is 8 m. Theystemswith the negative Table 3
demagnification have a minimum spot size if all lenses of

these systemare grouped together [4]. Ademaining
lengths are fixedTables land 2 list thevalues for the

em (nm) p (NM) | ry (um)| rz (um) | k (m”%

first and second excitation modes. 1.860 1492 23.7 1.86
Table 1 10 2340 | 1904 | 185 | 2.34
326 254 13.9 | 1.83
p (nm)| B (um)| 2 (um)| g(cm)) d 1| 442 | 339 | 105 | 249
362 | 7.96 | 19.3 ’ - " - L 80
454 | 102 | 23.9 5 215 0.1 ' '
80 60 6.0 2.53
394 | 7.84 | 195 . 109 o " - 179
466 9.2 26.3 0 -19. 0.01 ' ' '
13 10.7 3.1 2.37
425 | 755 | 201 8 14 14 179
498 90 | 267 15 7.2 0.001 ' ' ' '
2.3 1.9 1.4 2.34
460 | 7.35 | 205
20 -15.5

506 8.0 29.7

483 7.08 13.6
535 77 | 307 25 -14.0 7 CONCLUSION

The describednatrix method issery efficient for solving
different problems connected with the optimal particle
beam motion. Irthis paper using this method vave
Table 2 found thelower limit of the spot size fothe microprobe
focusing system, consisting othe magnetic or

electrostatic Russian Quadruplet This limit depends
p (M)} n(um)|r2 (pm)| g (cm) d mainly on the value of the emittance of theam.
326 254 14 Nonseparated quadruplet (with negative demagnification
442 339 11 5 813 and with nocrossover inside) gives a smallest spot size
10-15% largerthan separated system@ith positive
343 144 22 demagnificationand withone crossover inside in each
460 194 17 10 417 plane). The separated Russian quadruplet has an
advantage ovethe nonseparatesl/stem because lias a
386 95 33 5-20 times bigger demagnification. The latter
488 120 27 15 250 configuration allowsthe use of an objediaphragm
which is 5-20 times bigger. The electrostatic system gives
408 69 37 a smallestp =30% larger than magnetic quadruplet.
543 92 30 20 165
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