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Abstract

Thegoal of thispaper isto computethe Eul erian correlations
for the electromagnetic field tensor in the case when some
type of fluctuations occur. The starting point is the covari-
ant form of the relativistic equation of motion of a charged
particlein an electromagnetic field and the correlations are
effectively written for the case of avector potential satisfy-
ing the Coulomb gauge. The possibilitiesof computing the
various moments for the random velocity and the running
diffusion coefficient are pointed out.

1 INTRODUCTION

There aretwo moreimportant possibilitiesfor theanalyze of
thebehavior of arelativisticcharged particleintroducedinto
a fluctuating field: the use of a relativistic kinetic (Boltz-
mann) equation and the use of a covariant Langevin-type
equation obtained by adding one or two other terms to the
rel ativistic equation of motion of aparticlein an el ectromag-
netic field. The first of these two methods was presented
in [3] for a plasma and it mainly consists in the introduc-
tion of arandom acceleration in the kinetic equation of the
system rather than using a non-hamiltonian but determin-
istic collisionterm [1, 2]. Using this procedure, R.Balescu,
JH.Misguish and H.Wang have introduced in [3] the con-
cept of hybrid kinetic equation. We do not discuss herein
detail thismethod, but weintend to compare itsresultswith
those given by the second method mentioned above. This
second method will be presented in the next section of our
paper. Finaly, in the last section we shall effectively com-
pute the correlation functions in the particular case when
only thevector potential of thefield will present some gaus-
sian white noise-typefluctuations.

2 THE COVARIANT EQUATION FOR
THE MOTION IN THE
ELECTROMAGNETIC FIELD

Let us consider aflow of relativistic particlesmovingin an
external electromagnetic field. Each particle, with the rest
mass m and the electric charge ¢, isdescribed by an equa
tion of the type

du
% — gF, B 1
7 = Fapu 1)

mopcC

wherecisthelight velocity, F, 3 istheelectromagneticfield
strength tensor, and u,, isthe four-dimensional velocity at-

tached to the particle in the Minkowski space-time. The
metric of the space is given by the tensor
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In order to obtain a Langevin-like equation and to get a
correct description of the fluctuations due to the collisions
between the particles [3], we shall add two other new terms
in(1): aterm proportiona withu,, describingthecollisional
friction forces and a term 7, which is a four dimensional
random force. The equation (1) becomes in this case:
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If A, standsfor the cuadripotentia of the electromagnetic
field, the expression for F, g will be:

Fag = aaAg — agAa (3)

In S.I. units and using the metric tensor of the Minkowski
space that we have choose above, onecould consider A, =
{(1/c)®, ,X} where ¢ isthescalar potentia and A stands
for the vector potential.

Because of the gauge invariance of (2), we may fix the
potentials A, imposing for example the Lorentz gauge
0A, | 0xo = 0.

The field strengths E and B in terms of the potentials
are given by the formula:

Bl' = %eijk (8kAj - 8jAk)
Ei = —0;¢ — oA “)
i,5,k=1,2,3

Onecan observethat, if thecomponents B; and E; arefluc-
tuating, we must consider also the fluctuations of the quan-
tities A, and we must know the correl ation functions of the
components of the four-potential.

We note that, if al the fluctuations that can appear will
be taken into account, the equation (2) will be studied as
a multiple-random terms equation. Concretely, the fluctu-
ationsgenerated by therandom force n,,, the fluctuations of
the electromagnetic field and of the velocity u,, dueto the
collisionsbetween the particle are to be considered. Choos-
ing explicit forms for the statistica correlations of the ve-
locities u,, and of the four dimensiona force 7., we may



calculate the various moments for the four dimensional ve-
locity and, finally, the running diffusion coefficient. In the
next section we shall consider the case when only the fluc-
tuationsfor the electromagnetic field will occur.

3 THE CORRELATIONSFOR THE
ELECTROMAGNETIC FIELD
TENSOR

Let us consider the case of an eectromagnetic field de-
scribed by a constant scalar potential. In this case the
Lorentz gauge condition becomes the Coulomb one:

VA =0=
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If we choose
M(r) = ¥(x) @ ©)

and if we pass by the Fourier transformations to the mo-
menta space, we obtain

Ai(k) = —i k2 ¥ (k)
Ap(k) = i ky (k). Y

The trandational invariance alows us to define the fol-
lowingstatistical assumption about thescalar function ¥ (k)

< U(k)T(K) >= T(k)5(k + k') (8)

Let us consider that in the momentum space we note k? =
k2 + k§ and k| = k.. Then thefollowing relation holds:
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By direct computation one can verify that the quantities
A;; could be expressed in the following form:
Aij(r) =
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where
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Theintegral I, and the correlations A;; could be calcu-
lated only if we make aspecific choicefor ¥ (k). A possible
choice is to consider that the field presents some gaussian
white noise fluctuations [3] :

W) = P ep{- (XK + A} (10

In this case the explicit expressions for the correlations of
the components of the vector potential are:

Anne) = {1~ 5

+555 ) exp{— g3

+ )5mn+

,ﬁ}

It is possible to obtain similar expressions for Eulerian
correlations of gradients of the potentia vector. If we ab-
breviate A; ,, = Vi, Ai(r), i,m = 1,2 = x,y we could
define the following correl ation tensor:

A (r) =< Aim(r + %) 450
=< Ai,m(r)Ajyn(O) >

If the stochastic process A; ., (r) is spatialy homoge-
neous, as ¥(r) is, and if we observe the definition (11), the
following symmetries are obvious:

) = e
Aij (r) = Aji (r)
Asin the case of the correlations for the components of

the vector potential, we pass to the momenta space and we
write the Fourier representation of A72" (r) in the form:

() >=" (1)
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Using the expression (10) for the spectrum of ¥ (k) one can
compute A;; (k) and then one can obtain the explicit form
of AY (r).

We can use now the last relation in order to compute
the correlations corresponding to the el ectromagnetic ten-
sor. These correlationswill be define on the basis of the re-
lation (3). Using the notations (11) we obtain:

< Fw,Fag >=

AL - AL — ApB — (12)

AUOL
We shall obtainin thismanner avery interesting connection
between thefluctuations of the observabl e quantiti 6?

and the fundamenta quantity in the relativistic description
of the electromagnetic field: the strength tensor Fi,3. The
correlations (12) could be used in (2) in order to compute
the correlations and the mean square displacements for the
relativistic motion of a charged particlein the field. These
problems will be considered in aforthcoming paper [6].
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