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Abstract - It is based on molecular chaos or ergodic hypothesis at

. . . L . . __the microscopic level. Is it justified in our collisionless N-
Space-charge interactions in high-intensity linear

L garticle systems ? If yes, for which beam and accelerator
accelerator can lead to equipartitioning of energy betwe N ameters 2
the longitudinal and the radial degrees of freedom. This &5 '
be a source of emittance growth and halo formation.It refers to transverse and longitudinal rms values, as if
Equipartitioning phenomena is analyzed. The excitethe sSystem could be reduced to a pair of coupled
coupling-resonances are described as a function of bahcillators. What is the link with the classical EQP theory
beam and accelerator parameters. [4] which applies to the eigen modes of oscillation (if
they are well separated) and not to individual oscillators ?
1 INTRODUCTION y 3 o P h ) o ; nd
P. Lapostolle first discussed 30 years ago the question _owe now that the space charge rorces -cannot incuce
any coupling for a round beam considered in Ref 3. How

emittance exchange petvx{eeq the r.adlal and Ipng'tUdmt%le space charge forces can then be responsible for EQP ?
degrees of freedom in high-intensity proton linacs [1]. o ) ) . .
How is it that several high current linacs designed with

After a straightforward analogy with heat exchanges, he et
immediately pointed out thathis has no physical sefise @PParent violation of the EQP rule show absolutely no
Actually, the fact that the mean time between collisions 9N Of evolution towards an equipartitioned equilibrium?
much longer than the time spent by particles in a typicallts application can lead to strong tune depressions which
linac excludes a direct interpretation in terms of statistici$ Well known to have catastrophic consequences on the
mechanics. Nevertheless, M. Promé [2] did numericdleam dynamics. What is preferable, an equipartition with
simulations showing emittance exchange and a$evere tune depression or non-severe tune depression
evolution towardsn equipartitioning (EQP) of the radial without equipartition ?
(x) and longitudinal (y) mean kinetic energies: Answers to these questions are not straightforward and
<v’> = <vy2> (1) need careful work. In the following sections, we present

. A ., some ideas and topics which appear relevant and could
The fact that this equilibrium was reached more rapldlgerve as the starting point for work in this direction.

as the beam current increased has been interpreted @Seltion 2 discusses basic physics linked to equipartition

d'TeCt effect of the nonllnea_r space .charge.force.s. BLUi)hile section 3 deals on the classical problem of modern
this could well be due to mismatch increasing with th hysics, the FPU problem, which is the paradigm for
beam current! R.A. Jameson [3] confirmed these resul P ”’1 section 4. we présent studies on the coupling

and pointed out that for a matched beam, eq.(1) leads torésonances and new results.
ele, =o,/0, =alb 2

. 2 EQUIPARTITION
whereg, ande, are the rms emittances, ando, are the o ) _
phase advances with space charge, a and b the rms buhBg theorem of energy-equipartition [5] is easily
radii in the transverse and longitudinal degrees ginderstood for a thermodynamical system where each
freedom respectively. Jameson also did a simulatidiegdree of freedom exchanges its excess energy through
showing that no emittance exchange occurs when a linfgultiple collisions. The relaxation time to reach the
is designed using the EQP rule (eq. 2). However, this wagquipartitioned" equilibrium state is directly determined
unfortunately done for a very special case where the rafy the collision rate between the large-N molecules
of egn. 2 equals to 1, i.e., a round beam (a = b) where tBaclosed in a finite volume.
space charge forces cannot induce (x-y) coupling ! Equipartition in generic Hamiltonian systems is much
The "physical senge of equipartition for practically more complicated and still a subject of intensive research

collisionless beams has not been thoroughly analyzéﬂ several fields of Physics. The energy-equipartition is

since then. Equipartition, however, has sometimes be&gnerally based on the assumption that the system is
emphasized to the level of a basic rule to avoid not On|§,rgodic. In this case, trajectories in the system must cover
emittance exchanges but also emittance growth and ha&b Parts of phase space, and be able to pass arbitrarily

formation Assertions aside, several important question%IOSe t_orhany point in the.pr)]hgse spaceKAnl\l;llnlte number of
can be raised about the EQP rule (2) : times. Thus, a system with invariant curves is not

ergodic since a part of the system is confined to a
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localized phase space region. Nevertheless, if thhe relaxation time needed to reach the equilibrium
dynamics is chaotic in some subspaces of the phagesguipartition) from an initial state in a large N-body
space, the system can be considered as ergodic in thesalinear Hamiltonian system.

subspaces [6]. In this case, the system contains a mixttﬁ%_l [9] shows, as an example, théependence of the

of quasiperiodic (KAM) and chaotic trajectories, and gg|axation timer, and the maximum Lyapunov exponent
mixture of stable and unstable periodic orbits (fixed, (fu|l circles) for a FPU model with N=128 where four
points). It is this regime of weak chaos which is morg,yest modes are initially excited. Dashed lines represent
difficult to analyze than the one of strong chaos for WhiCEbower lawse> ande™. Open circles and squares represent
the fast mixing property induces an ergodic behavior withs|axation times to equipartition of energy among normal

energy equipartition. modes of the energy initially given to the four lowest
For proton beam currents up to 100 mA or more, the tumgodes of the chain. The crossover pointigfclearly
depressionsn =ao/o, is usually greater than 0.2 anddefines the strong stochastic threshold. At high energy
fortunately most of the particle trajectories are stable ((the domain of strong chaos) is almost independent of
and o, are the phase advances with and without spatee energy. At low energy (weak chaos regimeg)
charge respectively). The ergodic hypothesis is verifiestrongly increases as the energy decreases. It should be
only in some narrow chaotic regions of phase space (seeted here that SST is an intrinsic character independent
[7] and references therein). The system of particles undef the initial condition of the system.

such conditions is in a state of weak chaos with wee!
mixing properties.

3 THE FPU PROBLEM

For a system of N- coupled oscillators, the equipartitio 4:_ ol Lok i
theorem states that every frequency wowd the | = /5”’/./’/' i
average, have the same energy, if averaged over e o

sufficiently long time. The determination of this i 'y

relaxationtime as afunction of the system parameters b -~ O

i.e., number ofoscillators, mean-energy per oscillator, P Sl . o
frequency of the initial excitation, has been the subject ¢ |, .

studies since the very beginnings of statistical mechanic W -0 =

Ine

The Fermi-Pasta-Ulam problem addresses the question gfg 1 : |argest Lyapunov exponent and relaxation time

energy-equipartition in a chain of coupled oscillators withn the FPU problem ([9], see also the text above and [6])
nonlinear coupling. To understand the ‘asymptotic’ or

large-time scale behavior of a nonlinear system, they dfi system of N-bunched particles constrained by external
numerical experiment with a chain of 64 particles [8]and space-charge forces can be viewed as a system of N-
The result was contrary to the expectation: The energpupled oscillators. It seems that the techniques used for
given to one of the normal modes was exchanged inte FPU problem could be fruitfully used to study the
complicated but recurrent way among all other modes biglaxation time towards an equipartitioned equilibrium in
no equipartition of energy was observed. This famousuch systems. As already mentioned, proton beams with
numerical experiment done using one the first computefgirrents up to 100 mA or more usually lead to a dynamics
available after the second world war was then called théth weak chaos and weak mixing. Thus, the working
"FPU problem" since the expected "thermalization" digpoint is probably below the Strong Stochastic Threshold!
not occur. This remains to be verified. An analysis with different
pRarameters to find the sensitivity of the SST to parameters
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Subsequent extensive numerical simulations with t il also b |
advent of powerful computers confirmed the existence dfill also be very useful.

an energy threshold above which the motion becomes 4 COUPLING RESONANCES
fully chaotic and quick mixing takes place i.e., in the

physical sense, the large N-system like the FPU lattide'® émittance transfer mechanism induced by coupling
can be considered ergodic (see [9], [6] and referenckeSonances is well known in circular accelerators.
therein). Above this energy threshold known as strong Hofmann has studied this source dtollective

stochastic threshold (SST), the property that sharpfjStabilities induced by space charge. He has d;awn
changes is the mixing rate which in turn is directly relatefharts and identified the instability thresholds (SST ?) for

to the strength of chaoticity (weak or strong) of théN€ main modes by solving the Viasov's equation [10]

system. An unambiguous definition of the SST is giveht2]: Hofmann's multiparticle simulations as well as
by the crossover valug (¢ is the energy per degree ofothers done by Jameson [11] clearly demonstrated the

freedom) of the largest Lyapunov exponent [6]. The Ssﬁbtility of these charts wit_h respect tq phase space dilution.
provides interesting insight into the energy dependence gfarting from the equations used in [12], we will show
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oy/roy Core coef = 5.00
T

that unstable areas correspond to locations in Hofmann
chart where the coupling resonances can be excited.

The dynamics of a matched beam with radial symmetr-#}
and under smooth approximation can be defined by thre
beam parameters (€, and intensity) and two parameters .
related to the external focusing forceg @nda, ). It can

be easily shown that after a normalization, the bear |
dynamics can be studied without any loss of generalit
using only 3 of the 5 following parameters :

n,=oj/o, a=clo, ¢lg n =0lo, alb
This is illustrated in Fig.2 which shows the curves foro

.2

n, = constant as a function gf anda with ¢ /e = 5. oxsoy
R vty - 5.00 Fig. 4 : Chart giving the areas where the coupling
f oxsoax = .1 ... .9 STEP .1 resonances 1/3, 1/2, 1/1, 2/1 and 3/1 can be excited
I
i ] 5 COMMENTS

It must be noted that the underlying physics of analysis in
terms of coupling resonances is close to the one used in
the "FPU problem". The concepts of resonance,
resonance overlap leading to weak or strong chaos
depending on the excitation energy are good candidates
to explain why and when EQP may occur. It should also
be pointed out that these concepts are far from those
leading to the EQP rule (Eq.2), although the two

. e approaches get mixed in some publications. Furthermore,
Fig 2: Curves of), = constant vst andn, withe /e, =5. 3 \working point which satisfy the EQP rule can very well
For a given point C(, r]y) and gx/gy, the 4 tunesa, be below the stability threshold in the Hofmann's chart !

o

o 1 B 3 2

(normgllzed to 1)g,,, 0, and.croy are then known..The area REFERENCES
occupied by the beam with space charge in the tune _ _ _
diagram (Fig.3) for eachu(n,) is then defined. [1] P. Lapostolle, in the round table discussion on space charge
and related effects, proc. of the 1968 LINAC conf. p.433 and
»Typlane  Exéy = 5.00 mysmoy = 0.50 muey = 1.50  Core coef = 5.00 437
ox = 1.000 vox = 1.315 oxsoox = 0.760 oy = 0.667 oy = 1.333 [2] M. Promé, Thesis 1971, CEA-N-1457 and Los Alamos
- Scientific Laboratory translation, LA-TR-79-33
® [3]R.A. Jameson, "Beam-intensity limitations in linear
4 accelerators", proc. PAC81 (IEEE T.N.S. Vol. NS-28 No.3)
- p.2408

[4] Y. Rocard, Thermodynamique, Masson, 1952
[5] F. Reif, Statistical Physics, Berkeley Physics course Vol.5,

# ] mcgraw-hill, 1967
s [6] A.J. Lichtenberg and M.A. Lieberman, Regular and chaotic
. dynamics, Second edition, Springer-Verlag, 1992

[7] 3-M. Lagniel, "Halos and chaos in space-charge dominated
beams", EPAC96 proc. p.163

° : : : T e [B]E. Fermi, J. Pasta and S. Ulam, "Studies of nonlinear
' problems", Los Alamos scientific report, LA-1940, 1955
Fig. 3: Tune diagram far = 1.5,n = 0.5, /e, = 5. [9]1 M. Pettini, "Recent developments in the dynamics of
The small red area represents the beam core. nonlinear Hamiltonian systems with many degrees of freedom",

. L . . roc. Int. Workshop on Ergodic Concepts in Stellar Dynamics,
It is easy to determine if a coupling resonance is prese@{)oringer-Verlag, Lecture notes in Physics N0.430, 1993, p.64

for the beam are? from Fig.4 Wthh |s.a chart.fo.r th 0] I. Hofmann, "Emittance growth of beams close to the space
parameterse(, n,) with € /e, = 5. This chart is very similar ca1qe Jimit", proc. PAC81 (IEEE T.N.S. Vol. NS-28 No.3)
to the one calculated by I. Hofmann. p.2399

[11] R.A. Jameson, "Equipartitioning in linear accelerators”,
proc. LINAC81 p.125

[12] I. Hofmann, "Stability of anisotropic beams with space
charge", GSI-Preprint 97-27, July 1997 and "Equipartitioning
and halo due to anisotropy”, PAC97

1120



