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Abstract well known and expressed in terms of second-order
modified Bessel functions. The analytical formulae for

This paper deals with wave properties of synchrotron the SR phase distributions were derived in [20].

radiation (SR) generated by a relativistic particle in an

uniform magnetic field. Starting from exact solutions of 2 WAVE-OPTICAL PROPERTIESOF SR

the Maxwell equations, precise analytical formulae for

the SR phases have been obtained. The ‘photography’d

one electron resulting from the focusing of its SR on th

screen by the ideal lens, is computed. The lens apert

effect on the optical resolution of electron beam profili

measurement by means of SR is analyzed. It is sho

that the traditionally used geometrical approach is tc

crude and does not offer the best size of the lel

aperture.

et as consider a physical experiment with a geometry
own in Fig. 1.

1INTRODUCTION

Because of the wide-spread application of divers
optical devices in SR physical experiments, it is vital t 23"
study the wave-optical properties of SR. In particulal
the knowledge of SR wave properties is of fundament
importance in the storage ring beam diagnostics basedﬁ
the use of radiation interference [1-7]. The SR WaV§rpit, 2 - light filter, 3 - device entrance window, 4 - SR
properties play a major role in conventional diagnosti ulsé ' ’
of electron beams in storage rings [8-13], where a lens'ls
used to focus the SR and form an image of the particle Let a relativistic electron with reduced energy y>>1
beam. The diffraction of SR on the lens aperture restricts o o ) )
the resolution of the beam profile measurement. In ordg}ovesalong its circular orbit T'(t) in ahorizontal plane
to evaluate the optical resolution of electron beam{OY (the magnetic field isaligned with the vertical axis),
diagnostics, the geometrical approach was used [14-168§€ Fig. 1. Then the equations of particle motion are:

To estimate the depth of field errors, the SR from theé(t) ={R —Rcogat), Rsin(at), 0}. (1)

moving electron was considered, within this approach, fye R is the dectron orbit radius and ¢ is the eectron
the radiation from stationary long light source. In . . . L
[9,17,18] the Gaussian beam was used as a model for g\t}gular velocity. At time t the electron is at point T (t)

beam. However both geometrical and Gaussian metho@fs its orbit. The velocity vector is directed aong a

seem to be enough artificial. Furthermore, the detailé§f@ght line intersecting the window plane (oriented

analysis demonstrates that phase distribution of SR frghgrmally to the Y-axis) at a point with abscissa x(t).

one electron is very close to the phase distribution of R

spherical wave was emitted by a point source, being Xp) =R+ btg(at) - m @

rest in the laboratory frame [2,7]. . . - .
A consistent setting of the problem, in terms of wav‘é’he_reD is a distance from the origin of coprdlnate to the

optics, is as follows. Let a physical device consists of tfifVicé entrance window. This relation can be

optical parts, each has characteristics known beforehaf@ciprocated with respect to x=x(t) 0 t=t (X). If

Itis enough to know the_amplitude andi phase_ of the %R, the quantity t(X) is determined from relation

at every point of the device entrance window in order to P

take advantage of the Helmholtz-Kirchhoff integral R\/(R -x)+D* =R -D(R-x)

theorem [19]. If so, one can calculate the radiatiofg(at,) = ——

intensity distribution on the device output screen. The D - R

amplitudes of vertical and horizontal SR components are

'd.l: Typical layout of SR experiment. 1- electron
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Thus, t(X) isthe moment, when the particle located at
7(2,(x)) pointsto{x, D, O} of the device input window.

The SR spectrum is determined by the Fourier
transformation of the dectric field:

E(F) = [ exp(iszt)E(l,f)dZ, (@
where A isthe SR wavelength. Asaresult we have [20]:
E(F) = exp(i®(¥))E, (5)
L. _ 27 I
P(x) = et ()X = F(E, ()} (6)
2\/3yle
Eoy = — ¢, G
cD .1+ y?6°
2:/3y%|€e|6

Eor =i WEKM(E) (8)

where e is the dectron charge, 6 is the vertical angle of

two components. The first part t,(X) is the time, when

the particle was at such point of its orbit from where the
velocity vector pointed at the observer (points a or b in
Fig.1). The other part isthe time of radiation propagation

from the trajectory point F'(t,(X)) to the observation

point. As a result, the recorded time of the maximum of
function £ _(7,X) is egual to the quantity

27c®(X) / A. Thus, we have obtained a physically
sound result: the SR phaseis proportional to the recorded
arrival time of the maximum of function £_(7,X).

3 '‘PHOTOGRAPHY’ OF ONE ELECTRON

Let us consider the conventional experimental layout
to measure the electron beam profile. In this case a lens
is additionally mounted crosswise to the Y - axis. This
lens is used to focus the SR and form the electron beam
image on the screen 3, Fig.1 (the lensis not shown). It is
possible, by using the SR amplitude, phase distributions
and Helmholtz-Kirchhoff integral theorem, to compute

the observation point, A, is the SR critical wavelength,
K3 and K, are the second-order modified Bessel

the ‘photography’ of one electron. We will consider the
ideal lens. It means that this lens adds an extra shift in
the SR phases and does not change the radiation

A
functions, & = 2;

The formulae (7) and (8) are well known expressions for
the amplitudes of SR o- and T-components. Their phases
are constant, independent of the observation point. The
phase dependence of SR from the observation point
position is described only by the function ®(X). The
phase value is calculated as follows. The horizonta
coordinate x of observation points X ={x, D, Z is used
for finding the value of t /(X) by means of formula (3).

The found value t ,(X) indicates the instant when the

electron points to {x, D, z. Substituting this time value
into (1), one finds the particle position. Then formula (6)
gives the desired SR phase value. It is important to
outline that the phase difference, rather than the phase
absolute value ®(X) , has a physical sense.

Let us clarify the physical sense of the results derived
above. Let there be an observer located in the storage
ring median plane. Curve 4 in Fig.1 presents the time
dependence of £ (#,x) in the absence of light filter 2.

The observer who is at the point {0, D, 0} of the entrance
window will detect the pesk of this function at moment
t=D/c. Thisis obvious because, at time t = O, the
particle was at the origin of coordinates, and its velocity
vector points to this observer. If there are other observers
located at some different points A or B of this window,
they will observe a similar SR pulse. Nevertheless, these
observers will detect the signal pesk at different times.
Obvioudly, the time detected by each observer consists of

)3/2 amplitudes. The magnitude of this phases shift is equal

to

—ir
exp(ﬁ(x2 + %)), where F is the lens focal length,

x and z are the transverse lens coordinates. The computer
code has been written for ssimulations of the relativistic
electron optical image. Fig. 2 shows the computed image
for the o-polarized SR. The simulation was made under
the following conditions. The electron beam energy is 2
GeV, electron orbit radiusis 5.5 m (Daresbury SRS), SR
wavelength is 500 nm, distance from the radiation point
(origin of coordinates) to the lensis 10 m, distance from
the lens to the screen is 10 m, the lens is infinite in
transverse sizes, itsfocal lengthis5 m.
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Fig.2: Computed photography of one electron, ‘made’ by
the ideal lens focusses tbepolarized SR on the screen. [1]

4 IMAGING RESOLUTION 2]

The most credible way to estimate theoretically the
resolution of the electron beam profile measurements by
SR is to compute the image of one electron under the
real experiment geometry. It is obvious that the size of
this image gives the required resolution, if the opticgl
magnification is equal to 1. The horizontal case has been
of our main interest here. Fig. 3 shows the normaliz ]
horizontal profiles of the images, computed for oni
electron under conditions presented above, but for the
different lens apertures. The vertical slit with 200 m 6l
height, but with different width, was assumed to b
placed in front of the lens (vertical size of SR spot on the
lens is 140 mm).
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Fig. 3. Horizontal profiles of one-electron images for the
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