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Backtracking

* Motivation: Improving longitudinal phase space brightness

Increasing the peak current while producing “flat” current profiles and minimizing correlated
energy spread advantageous especially for FEL operation

Current horns can limit maximum compression and beam quality.

Available RF power and collective effects also constrain longitudinal phase space manipulations.
Especially at LCLS-II which has a ~3 km bypass line after last accelerating section

Collimating horns can be helpful. Can’t collimate horns at LCLS-Il due to beam losses

* Y.Dingetal, PRAB 19(10):1000703 (2016) <«

Octupoles in bunch compressors to adjust Usess generate losses and/or emittance growth
* T.K. Charles et al, PRAB 20(3):030705 (2017)
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¢ N.Sudar et al, PRAB 23(11):112802 (2020) <—
Some success shaping temporal profile of cathode laser
*  G.Penco etal, PRL 112(4):044801 (2014)

« R.Lemonset al. PRAB 25(1):013401 (2022) <
Laser heater shaping can reduce horns
« D.Cesaretal, PRAB 24:110703 (2021)

Want to find longitudinal phase space at injector exit that gives a desired longitudinal phase space
at the undulator entrance

Assume this injector exit phase space can be obtained by tuning injector, shaping cathode laser,
de-chirper, etc... Taking advantage of lower beam power upstream of laser heater

* Approach

Develop analytical method for tracking longitudinal phase space backwards to some upstream
point in accelerator. Similar work:

* K. Floettmann, et al. TESLA-FEL report 6:2001 (2001)

* |.Zagorodnov and M. Dohlus PRSTAB 14(1):014403 (2011)

* M. Cornacchia et al. PRSTAB 9:120701 (2006)

* W.H. Tan PRAB 24:051303 (2021)

* AS.Hernandez et al. PRAB 19:090702 (2016)

* G.P.Segurana et al. PRAB 25:021003 (2022)

* S.K.Dutt et al AIP Conference Proceedings Vol. 25 pages 276-292 (1992)
Fast exploration of many parameters.
Find expressions for chirps to arbitrary polynomial order including collective effects
Convenient expressions for chirps/collective effects makes linearization easier
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Tracking method

Method: consider current profile and chirp we want to track backwards as Nth order polynomials with endpoints S1 and S2:
Ip(sp) = Iro(1 + Ipisy + Iasf*+
f(gfl _f()( fli{ 1251 T}F(S‘f) :h‘flsf +}Lf28f2 —I—hfgtS'fS—l—...—l-thSfN

IfgSf‘ + ... —I—IfNSf ) S < 5f < SH

sf is coordinate along bunch, nF is energy detuning nr = (y- y0)/y. Bunch head is to the left.

**(Assumption #1) Assume uncorrelated energy spread is negligible. Dirac delta energy distribution**

**(Assumption #2) Assume longitudinal phase space (LPS) is piece wise continuous and single valued throughout (no fold over, no current horns)**
[Step 1] Track backwards through acceleration/drift section followed by dispersive section

In a]g:fceleratol_:/drift section assume some energy change, Re6 = Ei/Ef, and total chirp from RF curvature and collective effects described by polynomial
coefficients H(n)

In dispersive section dispersion described by polynomial coefficients D(n)

Tracking backwards gives si(sf) and ni(sf). si(sf) described by “decompression” factors

Assume sf(si) can be described by “compression” factors to order N (2)

[Step 2] Compression factors can be written in terms of decompression factors, hf(n), Res, H(n). Obtain ni(si) , S1 o B 79,2,

[Step 3] Transform current profile If(sf)=> li(si). Integrate over distribution (1)
Integral simplified by assuming LPS doesn’t have multiple branches (2)

Acceleration/

**(Assumption #3) Assume compression dominated by linear component™* Dispersive Drift

[Step 4] Expand li(si) to order N to be of the same polynomial form as If(sf) Section Section

[Step 5] Transform endpoints with decompression factors, (S1,52)—> (S1i,S2i)

Track li(si), ni(si) and (S1i,S2i) through subsequent accelerator/drift and dispersive section £ 10 — Is(sy)

Can be adapted to forward tracking by swapping decompression and compression factors !

No intention of exactness but hopefully useful R , : 510



LCLS-I example CCDLU Dogleg ccpLD Spreader

BC1 BC2

E: I I 11 v \ VI VII VIII IX X XI

Eo, Io Esci, Io Esc2, IBc1 Ef,.IBCZ Ef, ;if
Backtrack from undulator entrance to injector exit
Break up LCLS-II linac into regions consisting of a dispersive section and a drift/acceleration/chirp section

¢ Region XI: Start at hard undulator exit (linac to undulator a.k.a. LTU) * Region V: Backtrack through Dogleg

*  Chirp: resistive wall (RW) wakefield, longitudinal space charge (LSC), and coherent synchrotron radiation e Chirp: LSC from Dogleg drift and CSR from 1%t Dogleg bend
(CSR) from bend magnets ; o qst
*  Dispersion: 15t Dogleg bend

*  Dispersion: 4th bend in spreader and 3" drift (includes quads)
* Region IV: Backtrack through small chicane (CCDLU)

*  Chirp: CSRfrom CCDLU bends
*  Dispersion: R56 compensating chicane CCDLU

* Region X: Backtrack through “spreader”
e Chirp: LSC in 3" drift in “spreader” and CSR from 3™ spreader bend

*  Dispersion: 3 bend and 2" drift (rolled bends, quads and rolled sextupoles)
* Region llI: Backtrack through linac section L3 and 2" bunch compressor BC2 (1.5 >4 GeV)

*  Chirp: cavity wakefields from L3, LSC in L3 and drifts, and BC2 CSR (more details later)
*  Dispersion: BC2 (use desired BC1 peak current to set BC2 R56)
* Set linac voltages based on desired beam energy at BC2

* Region IX: Backtrack through “spreader”
e Chirp: LSCin 2" drift in “spreader” and CSR from 2" spreader bend and 2 small bends
»  Dispersion: 2" bend and 15t drift (rolled bends, quads and rolled sextupoles)

* Region VIII: Backtrack through “spreader” kicker
e  Chirp: LSCin 15t drift in “spreader” and CSR from 15t spreader bend and 3 kicker bends
e Dispersion: 1%t bend and kicker (includes drifts between magnets)

* Region Il: Backtrack through linac section L3 and 1%t bunch compressor BC1 (250->1500 MeV)
*  Chirp: cavity wakefields from L2, LSC in L2 and drifts, and BC1 CSR (more details later)
* Dispersion: BC1 (use desired Laser Heater (L.H.) peak current to set BC1 R56)

* Region VII: Backtrack through bypass line and small chicane (CCDLD) *  Set linac voltage based on desired beam energy at BC1
*  Chirp: RW wakefield, LSC in drifts and CSR from CCDLD bends
* Dispersion: R56 compensating chicane CCDLD

* Region I: Backtrack through linac section L1 and 3™ harmonic cavities L1x (92->250 MeV)
*  Chirp: cavity wakefields from L1 and L1x, LSC in L1, L1x and drifts

* Region VI: Backtrack through Dogleg »  Dispersion: No dispersion
*  Chirp: RW wake from dogleg and CSR from 2" Dogleg bend *  Set linac voltages based on desired beam energy at L.H.
* Dispersion: 2" Dogleg bend and drift (rolled bends, quads and rolled sextupoles)

Some assumptions: Free parameters: Simulations: Generating the beams:
* Desired phase space doesn’t fold over e current profile and chirp at HXR start e Find LPS at L.H. exit from backtracking . Inte%rate current profile, fs[x], normalize so fs[S1] = -1
*  For CSR calculations magnets are “long” ¢ Beam energy at HXR start, BC2, BCland LH + Generate 6-D phase space based on this LPS and and fs[S2] = 1, then invert, Fs{x]
compared to beam (not necessarily true) L3 L2. L1 and L1x phases reasonable parameters for the transverse phase ¢  For energy spread Fn[x] = InvErf[x] (gaussian dist)
Consi th 7 e P space (ex ~ gy ~0.37 mm-mrad)
. onsider up to 6" order «  L1voltage * Generate Hammersley sequence {hx,hy} that goes from
& e Track forward in elegant (5*1076 particles) -1to 1 in both dimensions. Evaluate: {Fs[hx], Fn[hy]}

* Consider dispersive terms up to 3" order
Peak current at LH and BC1 +  Small adjustment of BC1 and BC2 bend angles +  Use bi-normal distributions for transverse phase space




LCLS-Il example: forward tracking in Elegant (blue) compared with backward tracking (red)
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Phase space comparison

Final beam parameters (from Elegant):
* Bunch charge: 89 pC
* Peak current: 3.5 kA
* Emittance: 0.84 x 0.46 mm-mrad
* Energy spread: 0.0011

* Emittance growth from CSR in bunch compressors
compensated with quads in BC1 and BC2

 Comparison with nominal longitudinal phase space
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Chirps and collective effects

For all collective effects, find chirp coefficients to arbitrary order
RF curvature

Longitudinal space charge:

* Consider space charge effects on order of bunch length
(assume microbunching instability suppressed)

* Need to make a guess of transverse beam size
* LSC chirp given in terms of derivative of current profile
* Different LSC chirp for acceleration section and drift

Cavity wakefields:

* Wake kernel in terms of approximate exponential form given in:
A. Novokhatski and A. Mosnier NIMA 763 (2014)

* Expand wake kernel in terms of x = (s-s’)*0.5 to order 2N

Resistive wall wakefields:

* AC Resistive wall “damped oscillator model” wake kernel given in:
K. Bane and G. Stupakov LCLS-TN-04-11

* Given in terms of fitting parameters that depend on material and
geometry

1D CSR:

* Follow Saldin et al NIM Phys. Rev. A. 398 (1997) and G. Stupakov and
P Emma LCLS-TN-01-12 (2001)

* Consider “long magnet —short bunch” case where beam experiences
steady state regime (not accurate for all magnets)

* Find analytical expression for energy modulation from steady state
and entrance transient

* Approximate exit transient integral:
e separate integrands for each polynomial coefficient of current profile

* Approximate integrands as quadratic with correct behavior as distant
from magnet exit goes to zero and infinity and at some point in between

Example: Cavity wakefields

* Energy change from cavity wakefield given by

convolution with wake kernel

* For 1.3 GHz cavities:
* a=4.15e13 B =23.973

* For 3.9 GHz cavities:
* a=2.3el4 B=34.503

Approximate wake kernel
* Suggest M = 2N
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LCLS-Il example collecti
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CSR In
Bunch compressors

* Break up bunch compressor into multiple sections |3c21l BC22 I BC23 I BC24 I I
» Evolution of current inside of bends leads to over/under estimation of CSR modulation BC25
* Bunch can over compress at exit of 3™ bend (backtracking method breaks down) 0.000050" e
. . .. . . BC1 CSR
* Choose a point some fraction, a, inside of bend to obtain current profile to be used for CSR 0.00004/ E—
calculation 0.00003
* For backtracking: S 0.00002]
* Track back (1- a)*6 into 4" bend. Calculate and add CSR modulation with new current profile. 0.00001¢
» Track back a*6 through 4t bend, through 3™ drift (including CSR compensating quad) and (1- a)*6 0.00000}
through 37 bend. Calculate and add CSR modulation with new current profile. . . . | ‘ ‘ .
* Track back a*8 through 3 bend, through 2" drift and (1- a)*6 through 2" bend. Calculate and add CSR 0.6 -04 -02 00 02 04 06
modulation with new current profile. s (mm)
* Track back a*8 through 2" bend, through 15t drift (including CSR compensating quad) and (1- a)*8 . ‘ . ‘ . ‘ L
through 1%t bend. Calculate and add CSR modulation with new current profile. 0.0003:° BC2 CSR
* Track back a*0 through 1t bend 0.0002.
* Choose a = 0.88 (needs some more investigating) S 00001
* Longitudinal dispersion throughout calculated using expression for curvilinear path through 0.0000; o
bend (in backup slides), including edge effects keeping track of transverse dispersion _0.0001t

throughout and including chromatic focusing in quads. (Assume no incoming dispersion)

. gg}[{npensating quads shift the maximum compression to the exit of the 4t bend, reducing s (um)



Some more chicanery

* For high peak current CSR produces x’-s kick after second bunch compressor

* Correct using quads in dispersive section that cancel x’-s kick:
x"-x=> x’-n (x dominated by dispersion)—> x’-s (n dominated by correlated chirp)

. Fidnd it is)useful to intentionally leak dispersion out of BC1 (with quads) and correct with BC2 quads (depends on phase
advance

* In LCLS-Il example In previous example: BC1 quads Kcai1 = 0.1, Kcai2 = -0.1 BC2 quads Kca21 = 0.15, Kcaz2 =-0.15
» Useful to correct CSR kick so that we don’t leak dispersion into downstream dispersive regions

* Derive general expression for R56 with quads at equal and opposite strength in terms of (in the back up slides):
* BOisbendangle
* arclengthin bend, Lm
* drift between 1%t bend and 15t quad (and 2" quad and 4t bend), Ld1
 drift between 1%t quad and 2" bend (and 3™ bend and 2" quad), Ld2
o drift between 2" and 3™ bend, Ld3
* quad length, Lq, and quad strength Kq

* For small R56 compensating chicanes calculate small correction to R56 from CSR
* Approximate linear chirp from CSR is the same in each magnet (no significant compression):
* R56corr = (5 Ld +10*Lm/3)an 62
* Oisbendangle
* Lmisarclengthin bend
* Lqgis drift between 15t and 2" (and 3" and 4t) bends
* anis ratio between linear chirp from CSR and incoming linear chirp
* Probably not necessary



600 Current Function Value: 3.33352e-09

Using fast forward tracking as a diagnostic

500

* Use CSR signal from last dipole in BC2 assuming current profile at BC2 Difference between test  ,
exit data and CSR output from ®
. Calculatle CSR energy based on approximate analytical expression for forward tracking 5
energy loss C . . 0
g_y o minimized by fminsearch
. Var¥]llna_c parameters Vi1, ¢L1, duih, P2, Isci, Isc2 individually and look o
at changing energy of CSR signal. Aim is to avoid degeneracy. ,
. ECSR(VL]_) 155<VL1<16 MV 0 100 200 300 400 ‘te?ggon 600 700 800 900 1000
* ECSR(d)Ll): -26 < d)l-l <-23 degrees “ Test data current profile (blue) and initial guess (orange) . 102 Test data l.p.s. (blue) and initial guess (orange)

* ECSR(¢L1h): -178 < PpL1h < -173 degrees
*  ECSR(d2): -32 < p2 < -28 degrees 1t . 08

* ECSR(IBc1):35<IBC1<45A 12} \ o ,,/
» Ecsr(IBC2): 500 < IBc2 < 700 A . - o ey
r — N\ -0.5 N
g T ~~— \\ /// AN

* In example, assume beam at injector can be described by polynomial

coefficients lo, 11, I2, h1, h2, h3 s 1 N
9r AN 15
* Use fast forward tracking, varying same linac parameters to find CSR | N\ 3
signals as a function of initial phase space and current profile, call this '
FCSR(X) 71‘5 E 05 0 0.5 q 15 _2‘5-1‘5 1 05 0 05 1 15
* Objective function: °(m m’ =(m X
Test data current profile (blue) and solution (orange) «10% Testdata Lp.s. (blue) and solution (orange)
Fobj(lo, 11, 12, h1, h2, h3) = ([FCSR(VLl)-ECSR(VLl)]2 + [Fesr(dpL1)-Ecsr(pLi)]? + r P ’ 2 ’ ’
[Fcsr(dLih)-Ecsr(dpLinh)]? + [Fesr(dprz2)-Ecsr(Ppr2)]? + [Fesr(Ic1)-Ecsr(IBc1)]? + al P— °
[Fesr(Isc2)-Ecsr(lBc2)]?) 0.5 7 y AN i
* Find initial beam coefficients that minimize Fobj, difference in dataand = e |
“analytical” CSR signals =/ B
* Inreality need to calculate coherent edge radiation (CER) and ; -
consider losses in optics and spectral response of detectors of '
8 -16
1.5 1 0.5 0 0.5 1 1.5 -1.5 1 0.5 0 0.5 1 1.5




Conclusions/suggestions

» Backtracking method offers a quick way to find a distribution at the injector exit that approximately gives a
desired final longitudinal phase space

* Easily adaptable to forward tracking

* Able to push the LCLS-II current up to 3.5 kA (Erovided we can generate the longitudinal phase space at the
injector exit). Can probably push the current higher. Need to investigate reducing final slice energy spread.

* Method defined to arbitrary order and could possibly be used to investigate more exotic configurations
* However limited in scope to longitudinal phase spaces with no caustics

* Caustics could be included but would require some loss of “analyticity”

* Could potentially be useful as fast approximation of longitudinal phase space for virtual diagnostics

e Suggested starting point:
* match the non-linear final chirp to cancel the non-linear chirp generated after the final bunch compressor
* Adjust the final linear chirp and other beamline parameters to cancel the linear chirp at the laser heater exit
* Make additional adjustments of the final non-linear chirp accordingly
* |terate between forward and backward tracking
* Could probably take advantage of some machine learning techniques (maybe NSGA)

* Thanks to colleagues: Yuantao Ding, Yuri Nosochkov, Karl Bane, Zhen Zhang, David Cesar, Claudio Emma, Joe
Duris, Nicole Neveu



Backup slides



Tracking method (1)

* Method: consider current profile and chirp we want to track backwards as Nth order polynomials with endpoints S1 and S2:

If(Sf) = I_fg(l + Ifls_f -+ IfgSf2+
IfgSfS —i—...—i—IfNSfN) S1 < S < S

 sfis coordinate along bunch, nFris energy detuning nr = (y- y0)/y Bunch head is to the left.

« **Assume uncorrelated energy spread is negligible**

» Track backwards through acceleration/drift section followed by dispersive section
* Break up accelerator into multiple sections: accelerator/drift + dispersion sections
* In accelerator section assume some energy change, Re6 = Ei/Ef, and total chirp from RF curvature and collective effects

described by polynomial coefficients H(n)

* In dispersive section assume dispersion can be described by polynomial coefficients D(n)

(1) Track backwards:

Sp =S¢

N — h_flsf + hfzsjcz + hfgSfS + ...+ thSfN

SA = Sp
1

A = R_ {”?F — Hysp — H23F2 — H3SF3 e HNSFN
66

s1 = 54— Dina — Dana® — Dsna® — ... — Dyna®

Nr=Ta

Dispersive

Section

Acceleration/
Drift
Section

Backtrack

LST 1

T}F(S_f) = h_flﬁf + hfgSfZ + hfgSfS + ...+ thSfN

-9

10



Tracking method (2)

* Tracking backwards gives si(sf) and ni(sf)

* Chirp at entrance of dispersion section given by ni(si) = r]|(5f(5i)): invert si(sf)

e **Assume chirp at entrance of dispersion section can be described by Nth order polynomial**
e Forward tracking can be done in terms of some unknown chirp described by hin)

* siis coordinate along bunch at dispersion section entrance

* Forward tracking gives nr(si), Backward tracking gives si(sf)

* Insert si(sf) and equate to known chirp at accelerator section exit: ne(si(sf)) = nr(s)

* Solve for unknown chirp coefficients, hin)

(2) Track forwards:

S = 8;

1 = h11S; + hiosi® + hrzsi® + ...+ hinsi®
5p = s;+ Difif + D27 + D3if; + ...+ Dnijp
D = 11

Sp = S8p

ir = Resip + H15p + H25% + H35% + ...+ Hy5D




Tracking method (3)

Try to write things in a “convenient” way to arbitrary order N

1 (si)

(3) Solve chirp:  n[sr(s)]
(3.1) polynomial vectors of order N:

‘po] [ 17
b1
p2

nl

Introduce vector consisting of polynomial coefficients

Multiplication of polynomial vectors given by forming lower
triangular matrix out of polynomial vector with tensor T ~

Introduce vector Y that describes the chirp at the dispersive
section exit

Introduce vector d consisting of decompression factors din)
where si(sf)=d-s¢

Introduce vector C consisting of compression factors Cin)
where sf(si)=C:si

Compression factors can be written in terms of the

N

» P(s) =

g~

[ PN ]
‘(3.2) polynomial multiplication:
Thm,j = Om+j—n Tis N+1 x N+1 x N+1 tensor
Q(s)P(s)=5-(T-q)-p
(3.3) total chirp and decompression factors:
- 1 . —
N n—1

—”ZD,L(H(T-?)-)Y’

m=1

—

d=¢€1
(3.4) solution of initial chirp:

N-—1 n—1

decompression factors with complicated but compact
expression from solving nr(si(sf)) = nr(s)

Introduce matrices that depend on the sum index, MI™),
tensor t, and polynomial vector, V4, consisting of
decompression factors scaled by the linear decompression
factor and unit vectors, en(i)= On+1,i

Use compression factors to write vector of polynomial
coefficients of chirp at dispersion section entrance, hi

— (3_]’_ 1 (n) — —
S Y S5 : SV
o= i (7[11(7 V) )V
. N n—1
h; = ZYH( [[(T-C) -)c
n=1 j=1
MW = 2ntj =1\ dicjin Mi is N-1 x N+1 matrix
[(i.7) n—1 n

Tn,i,j — 6-i—|—j—n,1 Tis N-1 x N-1 x N-1 tensor

dn—ﬁ—]

—W Vd is N-1 dimensional vector

Mi(n) =




Tracking method (4)

e **Assume delta function energy distribution**

e Transformation of current profile given by sum
over roots of s¢(si)

e **Assume longitudinal phase space is single
valued (no current horns). Drop sum**

* Write polynomial coefficients of It(sF(si)) in terms
of compression factors

* Write polynomial coefficients of denominator in
terms of compression factors and Matrix, My,
that gives derivative of polynomial vector

* Taylor expand denominator to order N in terms
of polynomial coefficients of denominator and
linear decompression factor

* Transformation of distribution end points given
in terms of decompression factors

(4) Solve for current:
(4.1) Integrate over delta function:

I;:,(=9’s) - / d'Th:ff [EF(% Tli)](s[ﬁF (Sn Th:)]

I-.a(:%)zi[ | _ /

ds; [5p(si)] (diép + ds) - §;

(4.2) Numerator and denominator:
A’j[d(n,-m) = N0m—n 1

n—1

H(T.é)-)ﬁ

m=1

Au‘
Iy = Iroé + Y Troly(m) (
n=1

n—1

(s:ie;-(Md-J)(H(T-@)-)C‘

n=1 m=1

(4.3) Expand denominator and solve:

— 1 P—l N ( 1)”‘ n—1
= 20 — = =
ds = = ~ — + - ( (T -ds) - )ds
(dhéy +ds) -5, D 2;1 dy" 1;[1
I, =(TI})ds
(4.4) Transform endpoints:

Sii=d-S,  So=d-55




Chirps and collective effects: RF curvature

* Chirp from acceleration VN
* Nc is number of cavities Ana(s) = ?,,,mz,; cos (ks + @)
* VVis voltage in cavities
* vfis the beam energy at the
exit of the acceleration section
 Chirp coefficients » Hym) = eV N k™ cos (¢ + T,E)

me?vy ¢ n! 2



Chirps and collective effects:

[ ] ° ’L .
cavity waketield = [ atyuts
me >y J_g,
T me’yy 5

* Energy change from cavity wakefield given N
+ ...+ Iys )u;(s —5")

by convolution with wake kernel
* For 1.3 GHz cavities: \ / eNC]
* a=4.15e13 B=23.973 w(s —s) =ae "V

* For 3.9 GHz cavities: M
« a=2.3el4 PB=34.503 /»‘f“—ﬁ "‘“Z
* Approximate wake kernel .sz
e Suggest M = 2N .

Anu( )_ - X
* Lcis length of each cavity, Nc is number of o W i
cavities yf is the beam energy at the exit Z Z/ ds'ys'™ (s — 5')7/2
of the acceleration section ‘=0

;fg;

Sf)jﬂ

v
f

* Xo = lo, Xn = loln eL:N.a i (—1)7H K187y
. . - Hop(n) = e3A ZZZ 1Y ;{_,r N2+ 5+ 2)
* Chirp coefficients 7F e=0j=01=0 "
(142 +1)!

: —S1 l-l-%—i-k—n
(n+l—k)!(l+%+k—n)!( )



Chirps and collective effects:
RW wakefield

AC Resistive wall wake kernel given in: - (s—s') .
K. Bane and G. Stupakov LCLS-TN-04-11 -~ w(s—s)=_ge cos [k (s — &)
* krand Qr are fitting parameters el Zyc
« 17.4 mm Cu pipe kr = 6.0423e4 Qr = 1.6949 ANy (s) = — 2 2 X
e 24.5mmS.S. pipe kr =1.3748e4 Qr=1.1388 me=s g mr
* Lis length of pipe, yf is the beam energy at the exit of the acceleration N s L kp ;
section Z/ ds'yrs' e~ @ 575) cos k(s —s")]
* Chirp coefficients k=0 51
F, = j: )G - D! Q. j>0 F=(01+Q2F; j<0 Fy=0
J (2k)! j—2k—1)!(2k+1) ' ol 0

0

J k
—1)%4!
G, (—1)%y

Q. j=0  G=01+@Q7 G, j<0

(7 — |
P (2K)1(5 — 2k)!
N k
___celL Zoc . £051/Qr o |
Hiypy(n) = T3 7 T e N e 1(1 ey )I\—n—i—l ( Z:: Z:: ﬂn(k S1)Qr(k—n—j+1)F_pyj1+

k!

€08 (krS1) G 1] (~1) Ik NEHQETI (14 QN TS

N—n

+ Z (—1)7(n + )N "IQIT (A + Q)N ?C,HXW)



Chirps and collective effects:

" " Zrsc(k) = —
Longitudinal space charge el
* Approximate LSC impedance » Zrsc(k) ~ ”m [1.232 — 2log(C)]
* Change in beam energy as a function of dr - Ziee
wavenumber given in terms of fourier transform of dypsc(k) = —I(k)——=
current profile BB A 0
(]
* Consider only long range space charge effects on = T 5 (1232 + 210g(k )ldz
order of bunch length ‘
* Define kc = 4m lo/(Qc) **Ac ~ 0.5 bunch length** dyso(s) = ——[1.232 + 2log( dke“‘“"gkl
* Ignore k dependence in log term La?
* Inverse fourier transform gives derivative of I(s) dvso(s) = - _[1.232 + 210%(1{ )] d dz
* Define impedance in drift \ A o7
* Define impedance in acceleration section up = L [1 232+21()g(k_ )]
mtegratmg over constant gradient 0
1 and y2 are initial and final energies in sectlon\. / — o
Ylmportant distinction for L1 and L1x) dz 5(1.282+ 2o <k cr)]
* Lis length of section, yf is the beam energy at the _ 2L(1 + log (n) 1tlog(y) , 1232+ 210%(&%))
exit of the total acceleration section, la is alfven (v2—7)m (2 — 71)2 27179
current

(1 + 1) Xn+1

1
Chirp coefficients — Hisow = 7



Chirps and collective effects: CSR

qu( yk=1=0)(1 — )(k-1-1) <— Rising factorial X*(X+1)*(X+2)*...*(X+k-1-i-1)
(k —n)!(n — i)!(3)F=1=0)

=n.,k,i —

AD . (1)k4( 1)(n) «<— Falling factorial X*(X-1)*(X-2)*...*(X-n+1)

nk — 1 o _1\n
ni(24)? ’ Hespm) = ——8.(341) x

A 3 I’f( ) n— :rrL)(%)(k—l—i}(l _ k)(k—l—'s'} me WF'O:L o

n,m,k,i — (R—TTL)!(TTL— )'(k—ﬁb—&)'(%)(m) (3105', XrL+ZZ—-nkz XkSk ny

i k=n i=0

o Gk(k = )GFT( - g ET N

nk,i N = flk Sk_n

it " ] o k—1—i Z n,k,n( ) XEP2
(= )1k — m)!(§) =1 >
3011 — 2510 + 23) (= 1) (k + m)!(k + n .
T?L Tnk ( )( ) ( ) ( ) —’_ZAnk XkSQk [
(254 — 5)(3(k +m) — Dkm!(k +m — 1)!(n — m)!
T'n, i,m,k T (_1)k+wb_i>< Z Z iA ) Y S, k—n—1
, m,k't k s —
23 12”!’—'_'&: 14[21(4 + lOg (27)) + (k' + ’TTL)(lO + 10g (27))] m=0k=m+1 i=0
26(Trj'+k)_13i?:!ﬂ’b”€! X m . n—1
(k +n)!(m + k)| (3(k + m) — 1)! > AL s ~ 2 At
k=n+1 i=0

(k+m—1—=9)!(n—m)(k+m—2)!(t+2(k+m))! N ; . k1
T (_1)E 1 31,—H k—m _ 1 N 3¢+i—k—m—|—1 —1 y Z Z k+nXk+n52 |: nomk Z Trmmk

nolimk = (m—m)\i+l—k—m i+l—k—m+1 h=0m=0

m+k—1m+k—i—2 m-+-k—1 3(Tn+k
2 12TrL+k 14(}{ + n) (k - Tn’) (S(k + TTL) T 1) Z Z Tn lim,k Z Z Ti,!,i,*m,k})

26(m+k)=13i—1i Ikl (k +m — 1 —)!(3(k +m) — 1 —1)! =0 I=mtk—it+l




Find wakefield for different cases -
as beam passes through magnet -

Source point at position P’ at time t’

Observation point at position s along the beam at time t
Source point at position s’ in the beam at time t

Note: electron bunch in green

For observation point inside magnet and source point outside of magnet entrance:

Flip current profile so head is on right

f(‘;) = I(;.(l — I1s+ 1252—

Wake kernel/energy change from

source point, s’

Integrate over source points

Total energy change over
path through magnet

I3+ . . 4+ (=N InsY) =8, <s<—5;
I(S)Zﬂ s < —855 & s > —5

, 4 s—s ¢
wals = s = _;02(?55 o6

Ldna e

— /ds"mA (s — s'|I[s']

o dd  mcddmeoy

, ) 3
_ ¢ 41[5—’0(}5}

mec3dmweyy po 6

e 4 P>
Ang = lp—1|s — —
A me34megy _/0 ( ¢¢ [5 6 }

1/3
Integration limit defined by endpoint of br = !6(5 + 32)}
. P

beam tail



Find wakefield for different cases - Source point at position P’ at time t’

as beam passes through magnet - Observation point at position s along the beam at time t
- Source point at position s’ in the beam at time t

- Note: electron bunch in green

(Pt’)

For observation point inside magnet and source point inside of magnet:

Wake kernel/energy change from wpls — 8] = — 2 d 1
source point, s’ (3p%)1/3 ds’ (s — s")1/3
1 dr, € -
Integrate over source points /- ; /ds’mg[s — s'[s
p do me34megy '

, 4 - 3
= — - © I 5 — & +
me3dmegy \ po 24

2 ° ) 1 dI[s']
S ds
(3p2)1/3 oozt (s—sN)1/3 ds

; ¢ 4 _ 3
Total energy change over Ang = — € / dé(af [S B %} n
0

path through magnet me3dmegy 24
2 /" , 1 dI[s']
— ds
(3p2)L/3 sopgt  (s—sN)/3 ds
9.4 1/3
Integration limit defined by endpoint of bf = [(5 4 52)}
beam tail P



(SS)

(P’

Find wakefield for different cases
as beam passes through magnet

Wake kernel/energy change from

source point, s’

Integrate over source points

Total energy change over
path through magnet
constant over path

Integration limit defined by
endpoint of beam tail and full

magnet angle, ©

Source point at position P’ at time t’

Observation point at position s along the beam at time t
Source point at position s’ in the beam at time t

Note: electron bunch in green

For observation point inside magnet and source point inside
of magnet (steady state):

ws [c, — @’} _ 2 d 1
S5 T el = (3p2)1/3 ds’ (s — s')1/3
1 dnss e )
p do T mc3Amegy ds'wgg[s — s'|I[s']
! £ - }'

4 _
I[—Ss]+
13 -~ ( ]_ 3 2
me?dmeyry P[Q,j (s 52” /

2 3 ” 1 dI[s']
(3p2)t/3 _52(’5 (s —s)1/3 ds

e

&

Angs = —

/
me34megy




(D)

For observation point outside magnet exit and source point inside of magnet:

. . . . o3 ) + da
Relationship between s, s, angle Y, and distance from exit, x s—s' = ’(2"4 T

. 4 d 1
Wake kernel/energy change from source point, s’ wpls — '] = —=

pds' Y[s'] + 2z

) 1 dnp e , PR
Integrate over source points 5do mddmer /ds wpls — s'[{[s']
. e 4 f[—Sz]
T mcdrmeoy p (t.:",-'[—SQ] + 2x

/ s, 1 dI[s']
ds’ —
_s, Y] +2x ds'

Maximum angle $O0 is given by distance between observation g b o + 4
. . 5 2 = .
point and bunch tail 24 Yo+
zfipo] = oo — 24(s + Sa)to
B 24(s + Sp) — 4py®
Change variables to _and write distance from exit, ldnp e 4( I[—S5)]
X, in terms of YO p dp  mcddmeoy p \ o + 2x[to]
/w” P 1 i pu Y+ 4z[o]
0 Yot 2] dyp Y + x[iho]
. Yo TI—
Total energy change over tail’s path through Anp = L/ RPN )
meddmweoy Sy \ Yo + 22t
magnet ' )
/ vo Iy 1 d Fi pY3 9 + dx[1hg)
ay)———— — 5 — - -
0 ’ Y+ 2z di 24 Y+ z[iy)]

WOi is max angle as x goes to infinity

| 6 1/3 |
WOf is max angle as x goes to 0 Yoi = lg(s + 52)} Yos = l;(-‘; + 52




Case D approximation

wo
Fpmy[te] = — / dip(—1)"nx,, %
0

p b + 4[] ) 2 (W + 2x[wg])

Approximate integrand associated with each (S 24 1)+ x[th] 8(¢) + z[tho))?
polynomial order as quadratic i | _

For integral term in case D wake, integration
over Y0 can’t be done explicitly

| | 94 1/3
Quadratic approximation determined by ~ fD(n) o] = Ay + B (’t.'f‘n — [p(ﬁ + Sz)} )+
observation of integrand behavior 13\ 2
24 ‘
This approximation is therefore independent of Cin) (wn — [(s + Sg)} )
p

the current profile
Choose A(n), B(n) and C(n) such that:

24 1/3
A(n) — FD(-‘rL) [(_(5 + SQ)) }

P

/6 1/3
fﬂ(ﬂ,) ((5_'_82)) } =0

P

(/19 1/3 19 1/3
fD(?'i,) <_(5+‘92)) :| — FD(TL)[<_(C’+SZ)) :|

P P




Case D approximation comparison

- Compare analytical integrals (black) with quadratic approximation of integrals, (red, dashed) in arbitrary units
- Use scaling (+ &) =(s+S2)/R and choose bunch length such that & = %48

- Scale Fow such that @ is only independent variable, choose ® =0.01

- Plot comparison for {=-0.9 2 t0 0.9 Gz in steps of 0.1 G

FD(1)(Z,y0) (black) fo(1)(¢,0) (red dashed) FD(2)(Z,P0) (black) fb(2)(¢,P0) (red dashed) FD(3)(Z,Y0) (black) fo(3)(¢,0) (red dashed)
0 "
0.003 0.004 0.005 0.536 0.007 0.008 0.009 0,003 0.004 0.005 o.jzis' 0.007 0.008 0.009 000 o0ue 00os 0336 0007 000 0508
Fp(4)(¢,y0) (blaclf) -fD(4)((,L|JO) (red dashed) FD(5)(Z,P0) (black) fD(S)(Z,LIJO) (red dashed) FD(6)(Z,0) (black) fI?(G-)(Zi,l]JO) (red dashed)

o _ o e

Y .

0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.003 0.004 0.005 0.006 0.007 0.008 0.009
Wo %o




CSR chirp integral results

Haypm = e(%ix Flip chirp for head on left
mcel4megy /
N n—1
k— ny
(SIOg XTL_FICZ:;'—‘?LK@ XkS
N
k=n-+1
e(—1)"
H ny=———=—""X
55(n) me3dmegy

(ZAH k‘l)'o? XkS b= n_%‘f‘

T

Z Z Z An m.k, L )kaSQk_n_% _

m=0k=m+1 i=0

e n—1
§ : E k—mn E :
An k, z XkS An n, 1 XTL)
k=n+1 1=0
6(—1)”
HD(n) ~ T X
me’4megy
N—-n n m+k—1
(—1)Ftn Sk + Tl
Xk+n2 n m,k n,i,mk
k=0 m=0
m+-k—1m+k—1—2 m+k—1 R(TTL-HL

SN SERTTIESS SHE ol D
i=0

i=0 Il=m+k—i+1

qu( )(k 1— 1,)(1 k.)(k—l—i)
(k= m)l(n — i)} (5)FT

o SR )T — R ETD
n,m,k,i (R—TTL)‘(W?_ )l( _Tn_?:)'(:q)(k—l—‘i}
A2 6k(k —i)(3) 191 — k) (F=1=0)
n,k,i

(n— 0)l(k —n))(5) 19

- 3(11 — 2310 + 23) (=D ™ (k + m)!(k + n)!
nmok = (234 — 5)(3(k +m) — Dklm!(k +m — 1)!(n — m)!
Tn iom,k — ( 1)k+m_i X

2% 12m+k=14[9;(4 + log (27)) + (k + m)(10 + log (27))]
26(m R 13711k -
(k+n)l(m+ E)3(k+m)—1)!
(E+m—1—9)l(n—m)(E+m—2)!(i+2(k+m))!
1 [—1 31—|—E—k—'m, 1 3i+i—k—'rn—|—l —1

Tnf im,k — ( ) + -

m—m)!\i+l—k—m i+l—k—m+1

25127 R 14(k + n)(k +m)!(3(k +m) — 1)!

26(m+K)—13i—Lil Ikl (k +m — 1 — i)!(3(k +m) — 1 —1)!




oordinate transformation through bend

(o o R R R R R KR R R K R Kk R ok R R R R K KR Rk R S R K R R ok kR KR R R KR R R K R R R R R R e ok kR R R ok R KRR R R R R Rk R R R R K R Rk R ok R R R R R KR R R R R R R R R Rk k)

2
. xi @ Tan[ee1] . yioTanfoe1] }? . . xi gTan[ge1]
Lm (-1 + Cos[o]) Lm (1 + 1) Cos[xp:.+9+—LmLmn :|| Lm (1+7) (1+ (yp:l. —LIH-LIIJ’] ] ] Lm (1 + ) 51“[XP1+9+—L|1+L|1:~} ]
e — +xiCos[®] - + 1- 2 2 LmSin[e] + xie Sin[e] -
o - 2 : 2 Lm® (1 +m) i 6 Tan[oe1] | 2
o 14+ i yl.eTan[eel]] o 1+ ( i yl.eTan[eel]] 14+ [ i " ]
\j ()FP LmsLmzn yp LmsLm 1 YP Lms+lm

[ L L R T Y e A T P T T R P |

. . yioTan[oe1]}2 : . . yioTan[oe11}2 .
Sinf[e 1+( :.——] xieSin[e 1+( .1.——] . xi & Tan[Gel]
xie Tan[eel] [el \/ yp Ln+Lng [l \/ P LeLm (-1+Cos[€]) Tan[ee2] xie Cos[e] Tan[oe2] C°S[XP"+9+ Lmetmy } Tan[6e2]
xpf = ArcSin [S:i.n [xpi + 0+ ] - - ] ¥ + _
Lm+ Lmn 1+n Lm+ Lmr 1+n Lm+Lmn yiaTan[oe1] |2
1+ (ypi - —]
LmsLmn
3 2
. yi g Tan [cel] . . xi g Tan[gel]
Tan[oe2] (1 + (yp:l. —LmLm] ] ] Lm (1+mn) S:l.n[xp:|.+9+ LmeLng ]
+ 1- LmSin[e] +xie Sin[e] - 3
14 " yio Tan[oe1] } 2 Lm? (1+m)2 14 i yioTan[oel] 12
()FP Lm+Lm 1 ] ()"P Lm+Lm 13 ]

(****************************************************************************************************************************************************************************)

i . yieTan[oe1] |2 . i . yioTan[se1] }2
Sin[e 1+ i- —— xi© Sin[e 1+ i - —
[el \/ (yp miny [el \/ (yp nrinn

Lmypi (1+1) —-yiéeTan[gel
yf = yi+ {tmypi ¢ ) Y [ 1 Lm{L+r) (xpi+©) -Lm (1 + 1) Ar‘cS:i.n[S:i.n[xpi+9+

2 Lm+ Lmn
Lm{l+n) e 1+(ypi— ]

xieTan[eel]
] - ] +xi e Tan[©el]

yi @Tan[ge1] 1+n Lm+Lmn

LmsLmn
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R56 including quads

Rse =
e’ 5 1 .
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LCLS-Il HE 4 kA emittance corrected

Changes:
BC2 bend =0.0457434 CQl1=0.2 CQl1l2=-0.2
L2 voltage = 16.6 MV L2 phase =-38.1324 CQ21=0.1 CQ22=-0.8

Current (kA)
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0 0 1
time (fs)

€ = 0.55 mm-mrad
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LCLS-Il HE 6 kA emittance corrected

Changes:
BC2 bend = 0.0454634 CQ11=0.2 CQ12=-0.2
L2 voltage = 16.7 MV L2 phase =-38.6324 CQ21=0.1 CQ22=-0.8

dp_rms=0.002"

5 -0 -5 0 5
time (fs)

€ =0.6 mm-mrad

dp_rms=0.(

o

"
c
©
‘
—

(D)

2 0 2
time (fs)




LCLS-Il HE 7 kA emittance corrected

Changes:

BC2 bend = 0.0454734 CQl1=0.2 CQ12 =-0.2
L2 voltage = 16.7 MV L2 phase =-38.6324 CQ21=0.1 CQ22 =-0.8
) Z £ dp_rms=0.00245

Current (kA)

-15 -10 0 10 15

-3
time

D

€ =0.7 mm-mrad

dp_rms=0.00112

-2 o 2
time (fs)




LCLS-HE backtracking

3 kA example for LCLS-HE

A) O00SF Ty ss0ET
0.004F A 3000}
Matches well with 0.003F 1 2500}
forward tracking in o 0002 "1 2 2000}
0.001¢ 1= 159{]:_
Elegant 0,000 : :
: 1000f
Evolution of current -0.0028 | ok
profile downstream of L4
less significant for high
B)n.ums;--------------- 7 aaanasaanassanes
current 0.0000} ol ne
~0.0005} ot
Energy modulation of o ~0.0010} < 55—
bunch head still greater in -0.0015; 8 - |
Elegant ~0.0020F /# ar
& ~0.0025} 2t
s (mm) s (mm)

mm-mrad should switch
to 0.1 mm-mrad



Using fast forward tracking as a
diagnostic

Use CSR signal from last dipole in BC2 assuming current profile at
BC2 exit

Calculate CSR energy based on approximate analytical expression
for energy loss

Vary linac parameters Vi1, ¢L1, Pprih, dr2, Isci, Isc2 individually and
look at changing energy of CSR signal. Aim is to avoid degeneracy.

* ECSr(VL1): 15.5< Vi1 <16 MV

* ECsrR(dL1): -26 < dL1 < -23 degrees

* ECSR(¢dL1h): -178 < dL1h <-173 degrees
* ECSrR(d2): -32 < p2<-28 degrees

* Ecsr(lBc1):35< IBc1 <45 A

* Ecsr(IBc2): 500 < IBc2 < 700 A

In example, assume beam at injector can be described by
polynomial coefficients lo, 11, 12, h1, h2, h3

Use fast forward tracking, varying same linac parameters to find
CSR signals as a function of initial phase space and current
profile, call this Fcsr(X)

Objective function:

Fobj(lo, 11, 12, h1, h2, h3) = ([FCSR(VLl)-ECSR(VLl)]2 + [Fcsr(dL1)-
Ecsr(dL1)]? + [Fesr(dLin)-Ecsr(dpLin)]? + [Fesr(PpL2)-Ecsr(dr2)]? +
[Fesr(1Bc1)-Ecsr(1Bc1)]? + [Fesr(IBc2)-Ecsr(1BC2)]?)*0.5

Find initial beam coefficients that minimize Fobj, difference in data
and “analytical” CSR signals

Difference between test
data and CSR output from

forward tracking

minimized by fminsearch

“ Test data current profile (blue) and initial guess (orange)

-1.5 -1 0.5 0 0.5 1 15

s (m) %107

“ Test data current profile (blue) and solution (orange)

Function value

Current Function Value: 3.33352e-09
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Function value

Another example up to 6" order

Another example: assume beam at
injector can be described by

polynomial coefficients lo, I3, 12, I3,
la, Is, ls, h1, h2, h3, hs, hs, he

Not quite as effective but still
potentially useful. Can perhaps be
improved by scanning additional
linac parameters

Current Function Value: 2.83462
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Including octupoles in backtracking studies

- Include octupoles in BC1 and BC2 to modify the U566

1
Usee6 ~ _6K3L94(Zb +1g)* + 2Rs6

- Adjust octupole strengths to compensate for emittance growth following
Phys. Rev. Accel. Beams 23, 112802

Backtracking example 3 kA case:
Longitudinal phase space at the
laser heater exit with octupoles
turned off (blue) and octupoles
split between BC1 and BC2 to

(2) 2 3 3
ax = K37 Ly ((ldl +Ib1)(laz + 3 '{52)) (%) % produce a total U5666 = 6 m
K:g 'L, (bar + 5lp1)(la2 + lp2) 01 0.000f T
3 ~0.001}
Cy(Ch — 1) 5
~ -0.002}
2= G -0.003]
- Results in a small change in the third order chirp in the initial phase space ‘0-0045
- May be useful for finding a solution that can be realized by the injector 15-10-05 00 05 10 15

s (mm)



CSR in BC2 (3 kA case) problems

- For high current case evolution of current profile in 37
dipole is significant (50 A to 7 kA)

- Beam over-compresses in 3" dipole (multiple roots)

- Beam near full compression at 4t dipole entrance
(expansion of denominator in current profile
transformation not as good. Current can go negative.)

Entrance of BC2 39  Exit of BC2 3™ Entrance of BC2 4th _
dipole dipole dipole

-500
time

0.0005¢
0.0000¢

-0.0005+

0.0010¢
0.0005¢
0.0000¢

-0.0005¢

CSR chirp 3 dipole

0.0010-

ooy

6 -4 2 0 2 4 6

s (um)

CSR chirp 4t dipole
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4000¢

3000}

1000¢
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