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Abstract

The quadratic dependence of the orbit on the relative

momentum ofset, also known as second-order dispersion,

is analysed for the Ąrst time for the LHC. In this paper, the

measurement and analysis procedure are described. Results

and implications on future optics are discussed.

INTRODUCTION

The dependence of the orbit change ∆z

∆z = ηz,1 δp + ηz,2 δ
2
p , (1)

on the relative momentum ofset δp =
∆p

p
is known as the

dispersion function, where ηz,1 and ηz,2 refer to the linear

and second-order dispersion, respectively, and z is one of the

transverse coordinates x or y. ηz,1 is generated by dipoles

and quadrupoles, and in an ideal Ćat machine where dipoles

bend only horizontally, the vertical dispersion is zero. In

a machine like the LHC, however, vertical dispersion is

generated through crossing angle bumps close to the Interac-

tion Point (IP) and therefore vertical bending [1], as well as

through betatron coupling or misalignments of quadrupoles.

A general equation of motion of z including elements up

to third order can be found in [2]. With the approximation

given in Eq. (1), it is possible to derive simpliĄed diferen-

tial equations of motion. An approach for a general solution

for higher-order dispersion is given in [3]. By neglecting

coupling and vertical bending it reads

ηx,1( j) =
√

βx( j)
2 sin(πQx)

∑

i

κ
√

βx(i) cos(φx,i j − πQx) , (2)

ηx,2( j) =
√

βx( j)
2 sin(πQx)

∑

i

(

− κ − 1

2
mη2

x,1(i)

+kηx,1(i)
)

√

βx(i) cos(φx,i j − πQx) ,
(3)

ηy,1 = ηy,2 = 0 , (4)

where κ = 1/ρ with the dipole bending radius ρ, k and

m are the normalised quadrupole and sextupole strengths,

respectively, β refers to the β-function, Qx to the horizon-

tal tune and φx,i j = φx, j − φx,i when j > i or φx,i j =

φx, j − φx,i + 2πQx when j < i to the phase advance be-

tween the longitudinal positions i and j. The sum extends

over all dipoles, quadrupoles and sextupoles, where for large

machines like the LHC, higher-order terms in κ and terms
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Figure 1: Average of optics functions ratios over β-beating.

including the dispersion deviation with respect to the longi-

tudinal position, η′
x,1

, have been neglected [3]. The derived

Eqs. (2)-(4) agree with [4], divided by a factor 2. It has to be

noticed that Eqs. (2)-(4) need to be adapted in the presence

of linear coupling. As expected, ηx,1 is generated by linear

Ąeld terms, whereas higher-order Ąelds generate ηx,2. In ad-

dition, Ąeld errors, present in magnetic elements, coupling,

as well as feed-down through misaligned elements, impact

the orbit and therefore the second-order dispersion [2, 5].

Normalised dispersion ωz,n can be measured indepen-

dently of Beam Position Monitor (BPM) calibration er-

rors [6]. The averages of ηx,2 and ωx,2 are constant over

a large range of β-beating, generated by applying increasing

Ąeld errors to model simulations, as seen in Fig. 1, where

the superscript mdl refers to an error-free model. Regarding

the measurements, ηz,n is obtained by a Ąt of the closed orbit

(CO) over δp , and scaled as

ωz,n =
ηz,n

Az

〈ωmdl
z,1

〉
〈

ηz,n

Az

〉 , (5)

where Az is the measured mean amplitude of the betatron

oscillation, n the order of the dispersion and the linear model

normalised dispersion ωmdl
z,1
= ηmdl

z,1
/(βmdl

z )1/2. In an ideal

Ćat machine, 〈ηmdl
y,1

〉 is zero, thus leading to vanishing ωy,n,

which is therefore not discussed. Nevertheless, future optics

measurements of ballistic optics [7] with non-zero 〈ηy,1〉
can be performed to analyse ωy,n.

In the presence of dispersion, the transverse position of a

particle reads [5]

z =
√

2 βz Jz cos ϕz + ∆z , (6)

with the action Jz and the angle variable ϕz . In Gaussian

beam distributions 〈z2〉 = σ2
z , with the transverse beam size

σz . Assuming δp follows a Gaussian distribution with the

maximum at δp = 0, it follows that 〈δnp〉 = 0 for odd n and

〈δ2p〉 = σ2
p. If δp is uncorrelated to 2〈Jz〉 = ǫz and ϕz it

10th Int. Particle Accelerator Conf. IPAC2019, Melbourne, Australia JACoW Publishing
ISBN: 978-3-95450-208-0 doi:10.18429/JACoW-IPAC2019-MOPMP027

MOPMP027
496

Co
nt

en
tf

ro
m

th
is

w
or

k
m

ay
be

us
ed

un
de

rt
he

te
rm

so
ft

he
CC

BY
3.

0
lic

en
ce

(©
20

19
).

A
ny

di
str

ib
ut

io
n

of
th

is
w

or
k

m
us

tm
ai

nt
ai

n
at

tri
bu

tio
n

to
th

e
au

th
or

(s
),

tit
le

of
th

e
w

or
k,

pu
bl

ish
er

,a
nd

D
O

I

MC1: Circular and Linear Colliders
A01 Hadron Colliders



Table 1: Analysed measurements and their parameters, for both beams, where n and d indicate the natural and driven tune,

respectively, where only the fractional part is given. Xing: Half crossing angle. IP: Interaction Point. E: Centre-of-mass

energy. ATS: Achromatic Telescopic Squeezing optics [8]. VdM: Van der Meer optics. In IP1 and IP2 the beams cross

vertically, whereas in IP5 and IP8 they cross horizontally.

Date Fill Type E [TeV] β∗ [m]
Tunes Xing [µrad]

Qx
n Qy

n Qx
d Qy

d IP1 IP2 IP5 IP8

26th Mar. Š16 4729 physics 6.5 11.0 0.28 0.31 0.268 0.325 0 0 0 0

10th May Š16 4908 VdM 6.5 19.2 0.31 0.32 0.298 0.335 -140 200 140 -170

16th Jun. Š16 5023 high β∗ 6.5 2500 0.28 0.31 0.271 0.325 0 200 0 -200

28th Jul. Š16 5124 ATS 6.5 0.40 0.28 0.31 0.265 0.322 0 0 0 0

3rd Oct. Š16 5356 ATS 6.5 0.21 0.28 0.31 0.265 0.322 0 200 0 -250

20th Oct. Š16 5434 ions 6.5 0.60 0.31 0.32 0.295 0.332 0 138 0 -180

3rd Nov. Š18 7396 ions 6.5 0.50 0.31 0.32 0.298 0.335 160 137a 160 -170

a The measurements of Beam 1 are performed after a crossing angle switch to −137 µrad.

reads

σ2
z = ǫz βz + η

2
z,1σ

2
p + 3 η2

z,2σ
4
p , (7)

where ǫz and βz refer to the normalised emittance and the β

- function, respectively. To avoid luminosity reduction ηz,1
is generally matched to exact 0 at the IP, neglecting however

ηz,2 and possible arising efects. In addition, unexpected σz
growth must be avoided to guarantee machine protection.

The High Luminosity LHC (HL-LHC) is planned to op-

erate using an Achromatic Telescopic Squeezing (ATS) op-

tics [8]. ηy,1 is corrected using orbit bumps, leading also

to a damping of ηy,2, whereas the latter is also damped by

the adjacent arcs without applied orbit bumps, as seen in

Fig. 2 for ATS optics model calculations of Beam 1 with

β∗ = 40 cm and crossing angles in IP1 and IP5. Future mea-

surements with non-zero crossing angles can be performed

to validate this behaviour.

IP2 IP3 IP4 IP5 IP6 IP7 IP8 IP1
100

50

0

50

100

η y
,2

 [
m

]

ηy, 1 uncorr. ηy, 1 corr.

Figure 2: Reduction of ηy,2 in ATS optics with β∗ = 40 cm

before (blue) and after (red) correction of ηy,1.

MEASUREMENT AND ANALYSIS

Optics measurements can be performed by exciting the

beam with an AC-Dipole [9] and acquiring the Turn-by-Turn

(TbT) data at each BPM [10]. Before performing harmonic

analysis with methods like SUSSIX [11,12] or HARPY [13],

the data is cleaned using algorithms based on Singular Value

Decomposition (SVD). The output includes the measured

CO at each BPM. δp is computed by ηmdl
x,1

, obtained by

MAD-X [14], and the measured COx through

δp =
〈ηmdl

x,1
COx〉

〈(ηmdl
x,1

)2〉
, (8)

where the denominator is chosen to remain unequal to 0, as

ηx,1 is not strictly positive. ηmdl
x,1

is chosen over ηmdl
y,1

, as the

latter is expected to be signiĄcantly smaller and oscillating

around 0. ηx,2 is neglected as tracking studies for the LHC

found a discrepancy of about 1 % between the expected and

the measured δp using Eq. (8) and calculating dispersion up

to second order. Data with diferent δp can be generated by

change of the RF-frequency. ηz,n is then calculated at every

BPM by a polynomial Ąt of the measured COz over various

δp, where n + 2 diferent δp are required to Ąt dispersion

and the respective variances up to the order of n. Therefore,

at least 4 diferent δp are necessary to compute up to ηz,2,

as n = 2. For the here presented results, data of 7 Ąlls are
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Figure 3: Normalised horizontal second-order dispersion

for both beams using ion optics with β∗ = 60 cm.
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Figure 4: Normalised horizontal second-order dispersion

for both beams using proton optics with β∗ = 19.2 m.

analysed, where in total 5 diferent optics have been used

for the measurements. A summary of the analysed measure-

ments can be found in Table 1, where great emphasis is put

into choosing the exact crossing scheme in the analytical

MAD-X model.

On the one hand, the measured ωx,2 agrees in general

well with the model in all Ąlls. Nevertheless, larger ηz,2
than predicted is measured in ion optics with β∗ = 60 cm in

2016, as well as in Van der Meer optics with β∗ = 19.2 m,

Beam 1. For ion optics the measured ωx,2, analysed after

applying local and global corrections, is about a factor 10

to 20 larger over the whole ring than the MAD-X model, as

seen in Fig. 3. Even by enlarging the crossing angles in IP1

and IP5 up to 200 µrad, ηx,2 increases by only 10 % and can

therefore not explain the seen discrepancies. This efect is
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Figure 5: Vertical second-order dispersion for both beams

using proton optics with β∗ = 19.2 m.

IP2 IP3 IP4 IP5 IP6 IP7 IP8 IP1
400

200

0

200

400

η x
,2

 [
m

]

Model Measurement

(a) Beam 1

IP1 IP2 IP3 IP4 IP5 IP6 IP7 IP8

400
200

0
200
400
600

η x
,2

 [
m

]

Model Measurement

(b) Beam 2

Figure 6: Horizontal second-order dispersion for both beams

using ATS optics with β∗ = 21 cm.

not systematic in ion optics as it is not observed in 2018 with

β∗ = 50 cm. Unexpected ωx,2 of 20
√

m, corresponding in

this case to ηx,2 = 200 m, leads to an orbit ofset of about

150 µm, assuming δp = 8.6 × 10−4 [1]. A ωx,2 peak around

Interaction Region (IR) 7 is observed in Van der Meer optics

with β∗ = 19.2 m for Beam 1, which is not measured in

Beam 2, as seen in Fig. 4. In addition, a vertical second-

order dispersion peak is observed for Beam 1 around IR7.

On the other hand, ηy,2 is found to be signiĄcantly larger

than predicted for the analysed proton optics, as seen in

Fig. 5. Moreover, the above mentioned peak around IR7

is observed for Beam 1, where another peak between IR3

and IR4 is located. These peaks exceed the predictions by

a maximum factor of about 80. In case of Beam 2 a larger

ηy,2 is observed left of IR4.

The largest ηx,2 is found using ATS optics with β∗ =
21 cm, where the maxima of about 500 m are located close

to IP1 and IP5, as seen in Fig. 6. At the IPs however, ηx,2 is

about 5 m, which results in an additional orbit ofset of 4 µm,

with δp = 8.6 × 10−4, whereas the beam size growth can be

neglected. In addition, ηy,2 exceeds the model predictions

by about 150 m close to the main experiments.

CONCLUSION

For the Ąrst time in the LHC, second-order dispersion

has been measured. Data of seven Ąlls with diferent op-

tics have been analysed and compared with the respective

models, and in general, a good agreement between the mea-

surements and the model is found. In case of arising dis-

crepancies, second-order dispersion peaks are found close

to the main experiments, where possible error sources could

be uncorrected non-linear errors, strong non-linear elements

or uncorrected coupling. Investigations to identify global

and local second-order dispersion knobs and correction tech-

niques are ongoing to avoid unexpected orbit ofsets and

beam size growth in future operations.
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