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QUADRUPOLE MISALIGNMENTS AND STEERING IN LONG LINACS *
G. V. Stupakov

Abstract Let us consider a FODO lattice with a cell lengthnd a

oo : hase advance per cell, consisting oV thin quadrupoles
We present a study of orbit jitter and emittance growtlﬁs shown in FigI_Il. The focal length of the quadrupoles is

::nirat long mﬁmc ?llisgg (;3 )I/atrgfeal'V%Zrzee?itvgfa?:;?dﬂrsgoflgquual to+F where the positive and negative valuesrof
st assuming . y refer to the focusing and defocusing quadrupoles respec-

mulae for the RMS deviation of the orbit and the em'ttancﬁ]yely. The beam is injected in the linac at the center of the

growth caused by random uncorrelated misalignments st quadrupole, as — 0, with the zero offset and angle
all quadrupoles. We then consider an alignment algorithm ' ' '

based on minimization of BPM readinas with a given BP nd the beam emittance is measured at the center of the
asedo - 9 9 ast, Nth, quadrupole. For the beam position (horizontal or
resolution and finite mover steps.

vertical) at the locations of the quadrupoles we will use the
notationx, zs, ..., xN_1, N, and the orbit angle at the
1 INTRODUCTION center of thekth quadrupole is denoted by,. The initial
conditions for the orbit are; = 2} = 0. Note that due to

In this paper we study the emittance dilution of a beanaur choice of positions, the derivative of the beta function,

caused by quadrupole misalignments in a long linac. T d hence the Twiss parameterat all locations 1 through
suppress the beam break-up instability an energy sprea NS are equal to zero

usually introduced in the beam. For the Next Linear Col- We now assume that each quagole in the lattice is

I'd.ITL(NI}C) d['g']’ tfhf(;m; enfrgﬁ/] slprggd wr:thm t?e.tbu?;hmisaligned in the transverse direction relative to the axis
will be of order of 1%. Due to the lattice chromaticity, the ¢ v oo byé, (I < i < N), whereg, arerandom,

deflection of the beam by displaced quagivles results in | D h flecti isalianed
the dilution of the phase space and the growth of the pr(gncorre atechumbers. Due to the deflection by misaligne

. . juadrupoles, the original straight orbit will be perturbed.
jected emittance. ) . . The offsetr; can be found as
The effect of lattice misalignments has been previously
stud'ied in many papers. A quglitative analysi; and mgin 2= Z Rirb, (1)
scalings were obtained in Ref.;[2], and detailed studies
with intensive computer simulations are described in Refs.
[3, _-4 :_5]. The purpose of this paper is to develop a simplehere R;;, is the (1,2) element of the transfer matrik
model based on a FODO lattice approximation for the linaand 6; is the deflection angle resulting from the offset of
which allows an analytic calculation of the emittance diluthe ith quadrupoled; = =+¢; /F, for the focusing and de-
tion. The model can be also generalized, to include a slofscusing quadrupoles. We hav&;, = /5;8k sin Ay,
variation of the lattice parameters, as well as variation afhere the betatron phase advarnke;, betweenkth and
both beam energy and the energy spread [6]. ith quadrupolesk( < ) is A, = (1/2)(i — k)p.
Throughout this paper we assume that the number of We will also need the orbit angles; where the prime
guadrupolesin the linac is larg®, > 1, and neglect terms denotes the derivative with respect to the longitudinal co-
of the relative order ofV —! in the calculations. For future ordinates. Forz’ we have
linear colliders with the center of mass energy in the range

k<i

of 1 TeV, typically N ~ 103, andN~! is indeed a small wp = Girby, 2)
number. k<i
where G, is the (2,2) element of the transfer matrix,
2 BEAMORBIT IN MISALIGNED Gir = +/Br/Bi cos Ay, (note that, due to our choice,
LATTICE a; = 0).
“Ym DT ”Y I‘T '5?" f‘$ 3 RMS VALUE FOR THE BEAM OFFSET
)\ v )\ v )\ v To characterize the deviation of the orbit from the linac

axis, we will calculate the average vales;), where the
angular brackets denote averaging over all possible values

Figure 1: FODO lattice of a linac. Beam positions are med2f ¢ We assume that the average offge} vanishes, hence

sured at the center of each quapiole. on) =0. L :
a For the lattice shown in Fig., 1 the deflection angle
*Work supported by DOE contract DE-AC03-76SF00515. due to the misalignedth quadrupole is given by, =
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(—1)k¢,/F, and the beam offset at the end of the linac is Since(¢;) = 0, hence(Ax) = (Az’) = 0. In this approxi-
mation Eq. {7) reduces to

N-1

_ )RSk 1—/
k=1 2

For the variance aof 5 we have whered? is the variance of the energy spread within the
beam.
) (€2) Nl ) To calculater y; andz’y; we need to take the derivatives
(xn) = 2 Z Ry (4)  of Egs. {8) andi(6) with respect t For a long linac, the
=1

dominant contribution td\e comes from the dependence
of the phase advancfv;;, versus energy, so we need to
differentiate onlysin A,y (Or cos Av;) terms in the sum.
Calculation gives

where we have use@d;&;) = (£2)dk, with (€2) being the
variance of the random variablés To calculate the sum
in Eq. (4), one can averag@?, over the betatron phase
valueR?2,, — 13y 0,. One finds, _ 4 2

NI T Byt <$?\/6> = OBy <x’?\;5> = —NBQtangﬁ. 9

3 l 2
2 2
&) = N(E) (Bmax + Bmin) = 4N@ tan % (5) which gives for the emittance dilution

2
BN 4F? l

4= 36 3 M
We see that the rms valye?;)'/? scales asv'/2, which Ae = §52N37 tan” 5. (10)
is a characteristic feature of the random walk motion. ) i . .
In a similar fashion, one can find the rms angular spreaﬁs we see, the increase in the emittance scales with the

3
orbits ('%,)1/2 at the end of the linac. Starting from the "Umber of quadrupoles a@¢”. , ,
general expression In the above derivation, to find the dispersion of the beam

at the end of the linac, we explicitly differentiated E'gi. 3)
with respect to the energy. One can use another formula for

N
=3 Ga(—1)F 1 (6) computingda /05 [8],
k=1

F )
. drn N~ KTk — &k
and performing the same averaging as for derivation of Eq. 5 = > Ryk(-1) —F (11)
(), one findsz'%,) = (x%,)/6%, where(z%) is given by k=1
Eg. (.5)- that takes into account that the dispersion is generated due

to the offset of the particle relative to the center of the

4 CHROMATIC EMITTANCE GROWTH guadrupole, and propagates downstream with the same ma-
trix elementR v .
When the beam has a nonzero energy spread, due to the

chromaticity of the lattice, the misalignments cause an ef- 5 VERY LONG LINAC

fective emittance growth of the beaf_rh [2]. We will calculate

the emittance increase, assuming that the beam erergyincreasing the length of the linac and the number of
and the relative energy spread in the befiare constant. quadrupolesV brings us to the regime where Ed. (10) is
We will also assume that the resulting emittance growth igot valid any more. The transition occurs when the phase
much smaller than the initial emittance of the beam. In thigdvance over the length of the linac due to the energy vari-
case, we can use the following formula for the final emitationd becomes comparable 19’2, N§-dp/dé ~ 7/2. In

tance growth this case, the differential approximatid: = § - Ox n /06
that was used in Sectian 4 is not valid any more, and the
L lingAe N3 breaks down.
A - = 1 Az — (A 2 ScallngAe x
‘ 2 [0 (A2 = (Az))es We can estimate the emittance dilutionin this regime, us-
+ By (A7 = (AZ))?)es], (7) ing the following arguments. Let us denotebyhe deco-

herence length in the linac such tiat/1)d - dp/dé ~ 7/2
where Az and Az’ are the spread in the coordinate and] is the FODO cell length). When the beam passes the dis-
the angle within the bunch at the and of the linac, and th@ncel., due to filamentation, the betatron oscillations of
angular brackets with the subscrgat denote a double av- the beam are converted into the increased emittance, and
eraging: first, averaging over the random misalignment afie subsequent motion becomes uncorrelated with the pre-
the quadrupoles and then averaging over the energy dideusly excited betatron oscillations. The emittance growth
tribution function in the beam. We will assume that theon the distancé. is given by Eq.:(10), in whict\ = 21,./1,
energy spread in the beams so small, that one can use a

linear approximation for calculation &z andAx’, Az = Ae. = 25 2l ’ <§—2>tan3 B (€ (12)
§-xns =0 0xn /08 and Az’ = § - a5 = 5 - aly /0. °7 3 ! ! 27 /52
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The total emittance increase in the linac of lengtiin this ~ Eq. (11) to find the emittance dilution in the linac after the
regime is equal ta\e, multiplied by the number of coher- alignment,
ent distances; /.. in the linac

2 2
Aeercliw () N
le [Ptanf  ltank

N-1
_1€
g == 3 Awi(-1)' o (16)

(13)

Assuming thaty, are uncorrelated random numbers makes

_ Note that if the linac lengty, < I., the emittance dilu- the problem equivalent to the orbit equatidh (3) with the
tion is reversible in principle — the initial beam em'ttanceresultgiven by Eq.i{5), B

can be recovered by taking out the dispersion generated by B
the misaligned quadrupoles downstream of the linac. For .

. : By’ (zs) = AN
very long linacs, wherd;, > ., the emittance growth be- N ATNS

comes irreversible due to the phase space filamentation. i i
We see that the rms value of the dispersion at the and of

the linac after alignment scales g§V. Calculating in a

(€), n
e tan 5 a7

6 ALIGNMENT WITH ACCOUNT OF similar way the variance of the derivativé,;, gives the
BPM ERRORS AND FINITE MOVER chromatic emittance growth after alignment,
STEPS )
_le M
Measuring the beam positioneach quadrpole, with the Ae = 4N52T tan 5 (18)

knowledge of the lattice functions, allows us to find the i .

quadrupole offsets;. Moving the quadrupoles by distance Let us now assume that mla'ddltlon tothe BPM errors thg
—¢; would position them in the original state, and restor,guadrupole movers have a flnltg step so that the final posi-
the ideal lattice. Of course, in reality, there are many fadion of the quadrupoles; after alignment gy, — (i + 7+,

tors, such as wakefields and measurement errors, that fBere as aboveg is the offset inferred from the mea-
not allow to perfectly align the lattice. Here we will studySUréments (and containing BPM errors), andis the

two such effects: errors associated with the BPM measurguadrupole movement error. Again, we assumethatre
ments, and finite step of the quadrupole movers. random, uncorrelated numbers, and of course uncorrelated

Consider first the effect of BPM errors. Due to the finiteVith the BPM errors:;.. For the beam orbit after alignment

resolution of BPMs the measured vector of the beam tran®/€ oW have

verse offsetsX™ = (zM ... z}) differs from the exact i1

valuesX = (z; ...zy) by an error vectog, XM = X +e, Fi=—e; +&— G+ ZRW” (19)
wheree = (e; ...en). The errors are small relative to the k=1

measured valuese;| < |z;|. We assume that the BPMs
are built in the quadrupoles, and the quadrupole displ
ment¢;, also moves the center line of the BMP, so that BPM
reading i3r£4 =z — & + ex. Using the measured offsets () b o (r?)

z} we infer the quadrupole offsets from the following Ae= 4N pan By Z5EN3 a3 B (20)
equation ¢ z2 3 ¢ 2

with the resulting emittance growth that is a combination

f Egs. [1B) and(10),

u izl L G From this equation, it follows that for a largé, the con-
Ty + 6= Z Rik(—1) Vo (14)  tribution of the movers errors becomes more important and
k=1 imposes tighter tolerances on the movers.

Note that without errorsg;, = 0, we would find from Eq.
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