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Abstract or from eachnonlinear eigenmode (Fig.1). The same is
correct for the contribution to power spectral density (en-

We present the applications of variational-wavelet a ergy spectrum): we can take into account contributions
proach for computing multiresolution/multiscale represen: 9y sp :

tation for solution of some approximations of Vlasov-]crom each Ievel/sca_le of resolut_lon. Starting n paft 2 from
) . Vlasov-Maxwell-Poisson equations we consider in part 3
Maxwell-Poisson equations.

the approach based on variational-wavelet formulation in

the bases of compactly supported wavelets or nonlinear

In this paper we consider the applications of a new nu-

merical-analytical technique which is based on the meth- \/\/\/\
ods of local nonlinear harmonic analysis or wavelet analy- M\N
sis to the nonlinear beam/accelergpbiysics problems de- N P Y A VNN
scribed by some forms of Vlasov-Maxwell-Poisson equa- FAA A A N
tions. Such approach may be useful in all models in which WMN_%_JW_AMMN

itis possible and reasonable to reduce all complicated prob- I - . ! e
lems related with statistical distributions to the problems — ,
described by systems of nonlinear ordinary/partial differen- I I ' —tt
tial equations with or without some (functional)constraints.
Wavelet analysis is a relatively novel set of mathemati-
cal methods, which gives us the possibility to work with Figure 1: Multiscale/eigenmode decomposition.
well-localized bases in functional spaces and gives for the

general type of operators (differential, integral, pseudodif-

ferential) in such bases the maximum sparse forms. Our 2 /. ASOV-MAXWELL-POISSON

approach in this paper is based on the variational-wavelet EQUATIONS

approach from [1]-[10], which allows us to consider poly-

nomial and rational type of nonlinearities. The solution hagnalysis based on the non-linear Vlasov-Maxwell-Poisson
the following multiscale/multiresolution decomposition viaequations leds to more clear understanding of the collecti-
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nonlinear high-localized eigenmodes ve effects and nonlinear beam dynamics of high inten-
sity beam propagation in periodic-focusing and uniform-
ult,z) = Y UM@)VE(), (1) focusing transport systems. We consider the following
kez? form of equations ([11] for setup and designation):
VED) = V) + Y V), el ~ 2 (Zip L ip 2 e+ 22 -
i ol N o , _ Os Pz Ox Py Ay 2\8)% Ox 1 Op,
U(z) = Uy (@) + ) Ujwjz), wj~2 o1 0
M Jgj;[ ! ! ! [ky(3)9+ 8_y:|8_py}fb(‘r)yaprapyas) = 0) (2)
which corresponds to the full multiresolution expansion in & o 21K, /
—+t==|v=- dp.dpy fo, 3
all time/space scales. (8332 8y2)w Ny pedpyfo ®)

Formula (1) gives us expansion into the slow fy
and fast os(cil)lgting parts For arbitrary N, M. Sor,a?vészay / dzdydp.dpy fr = Ny (4)
move from coarse scales of resolution to the finest one ) o ]
for obtaining more detailed information about our dynamJ e corresponding Hamiltonian for transverse single-par-
ical process. The first term in the RHS of formulae (1fiCle motionis given by
corresponds on the global level of function space decom- 1 1
position to resolution space and the second one to detail H(x,y, ps, Py, S) = i(pi +p§) + i[lcgg(s)ar;2 (5)
space. In this way we give contribution to our full solu- 9
tion from each scale of resolution or each time/space scale thy()y7] + Hi(@, Y, pos py, ) + (@, Y, 5),

*e-mail: zeitin@math.ipme.ru whereH1 is nonlinear (polynomial/rational) part of the full
T http:/iwww.ipme.ru/zeitlin.html; http:/mww.ipme.nw.ru/zeitlin.html  Hamiltonian. In case of Vlasov-Maxwell-Poisson system
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we may transform (2) into invariant form According to CC method [12] we use the next construc-
of tion. WhenN in scaling equation is a finite even positive
25 [f,H] =0. (6) integer the functior(z) has compact support contained in
[0, N—1]. For a fixed tripl(d;, d2, d3) only someA {273
3 VARIATIONAL MULTISCALE are nonzero2 — N < £ < N-2, 2-N <m <
REPRESENTATION N-2, |[f—m|< N-2.Thereare\l = 3N2—-9N +7

such pairg/, m). Let A%924s be an M-vector, whose com-
The first main part of our consideration is some variationglonents are numbers;:*>%*. Then we have the first re-
approach, which reduces initial problem to the problerduced algebraical systemA satisfy the system of equa-
of solution of functional equations at the first stage antions(d = d; + dz + ds)
some algebraical problems at the second stage. Multires-
olution expansion is the second main part of our construc- ANT B = gl dphidads (11)
tion. Because affine group of translation and dilations is Apmigr = Zapaq_%ﬂar_mﬂ
inside the approach, this method resembles the action of a -
microscope. We have contribution to final result from each
scale of resolution from the whole infinite scale of increasBy moment equations we have created a systeid efd +
ing closed subspacds: ...V_, C V_; C Vp, C V4 € 1equationsin/ unknowns. It has rank/ and we can ob-
Vo C .... The solution is parameterized by solutions ofain unique solution by combination of LU decomposition
two reduced algebraical problems, one is nonlinear and tlag@d QR algorithm. The second reduced algebraical system
second are some linear problems, which are obtained by tgiwes us the 2-term connection coefficients{ d, + d»):
method of Connection Coefficients (CC)[12]. We use com-
pactly supported wavelet basis. Let our wavelet expansion AN % = 21=IAN% A, =N a0, 00y, (12)
be P

_ - For nonquadratic case we have analogously additional lin-
= ” ik 7
flw) =2 ewee(w) + 3 D cnntbiel) Q) ear problems for objects (9). Solving these linear problems

_ _ we obtain the coefficients of reduced nonlinear algebraical
If ¢j, = Oforj > J, then f(z) has an alternative ex- system and after that we obtain the coefficients of wavelet
pansion in terms of dilated scaling functions ofiyr) = expansion (7). As a result we obtained the explicit time so-

[;Z cjepse(x). This is a finite wavelet expansion, it can|ytion of our problem in the base of compactly supported

be written solely in terms of translated scaling functiongVavelets. Also in our case we need to consider the exten-
To solve our second associated linear problem we ne&#Ph of this approach to the case of any type of variable

to evaluate derivatives of(z) in terms ofy(z). Let be coefficients (periodic, regular or singular). We can pro-
@7 = d"py(x)/dz™. We consider computation of the duce such approach if we add in our construction additional

wavelet - Galerkin integrals. Let(z) be d-derivative of refinement equation, which encoded all information about
function f(z), then we havefd(z) = 3, cip?(x), and variable coefficients [13]. So, we need to compute only

LeZ j=0keZ

valuesy¢(x) can be expanded in terms @fz) additional integrals of the form
d
P = 3 Anpmla), ® [ b0t - k) ke, 09
m D
Y / o4 (2) o (2)de whereb; ;(t) are arbitrary functions of time and trial func-
" exiym ’ tionsy;, o, satisfy the refinement equations:

where),,, are Wavelet-GaIerkin _in_tegrals. The coefficients ©i(t) = Z airpi(2t — k) (14)
Am are 2-term connection coefficients. In general we need keZ

to find (d; > 0) . . .
- If we consider all computations in the class of compactly
, supported wavelets then only a finite number of coefficients
dida...dn d;
Aelle;...en = / H Pe, (v)dz
—00

(©) do not vanish. To approximate the non-constant coeffi-
cients, we need choose a different refinable functign
For quadratic nonlinearities we need to evaluate two ar@long with some local approximation scheme

three connection coefficients

o0 (Bef) (@) == > For(fes(2t —k),  (15)
At = [ ot @) @ (10) =

oo where Fy ;, are suitable functionals supported in a small
Adrdzds — / o™ (2) 2 (x) % (x)da neighborhood of2~‘% and then replacé;; in (13) by

Byb;;(t). In particular case one can take a characteristic

— 00
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function and can thus approximate non-smooth coefficients
locally. To guarantee sufficient accuracy of the tésg
approximation to (13) it is important to have the flexibility
of choosingps different from;, ¢2. In the case when D

is some domain, we can write

bij(t) [p= > bi(xp(2t—k),  (16)

0<k<2!

where yp is characteristic function of D. So, if we take
w4 = Xxp, Which is again a refinable function, then the
problem of computation of (13) is reduced to the problem
of calculation of integral

Figure 2: The solution via multiscales.
H(ky, ko, ks, k) = H(k) = / 0 (27t — ky) -
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