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I. Summary

It is shown that, if a particle beam
with a constant velocity and a constant
current going through a linear focusing
field has a uniform chargs density every-
where, its particle distribution in the
four-dimensional (transverse) phase space
must be of the tyfe agssumed by Kapchinski]
and Vladimirskij, All the particles are
then distributed uniformly on the surface of
a four-dimensional ellipsoid., Since the
Fourier transform of the Kapchinskij-
Vladimirskij distribution has the same form
for accelerated and unaccelerated beams, it
is expected that this is true for accelerated
beams also provided one can ignore the effect
of the transverse motion on the longitudinal
motion. The method used here is based on the
Fourier transform of the particle distri-
bution.?

II. Kapchinskij-Vladimirskij,Distributionl

When a beam of non-relativistic
particles going through a linear focusing
field has a uniform charge density, the
space-charge field is also linear and the
equations of transverse motions are

% (= a®x/af?) = - K (8) x , (1)
y - K (t)y . (2)

It is assumed here that the effect of the
transverse motion on the longitudinal motion
can be ignored so that Ky and K, are functions
of time 1t only. An integral of the motion is

= (x/6)% + (6% - 4,207 + (v/5)°

+ (8,5 - b3 (3)

where 5,(t) and 6.(t) satisfy the equations
of the beam envelopes

+ K
éx’y X,y Gx’y

3

- 1/5 =0 .
/8% v (4)

Kapchinskij and Vladimirsekij,l in their
work on limitations of proton beam current in
a linear accelerator, assumed the particle
distribution in the transverse phase space

n(X:y,Xyb.’) = I

6(F-F ) (5)

]

where ny and F, are constants., All particles
are then distributed uniformly on the surface
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of a four~dimensional ellipsoid, F = F,.
The space charge density over the elliptic
beam cross section, (x/6x)2 + (y/éy)2 - Fg,

p(x,y) = j J n &§(P-F) dxdy = nno/sxéy (6)

is everywhere independent of x and y. Charge
densities in the projected ellipses
2 . . 2
(x/8,)° + (8,x - §,x)° = F_, (7)
2 . . 2
+ - - F
(v/6,)" + (8,3 = &.¥) o (8)

in (x,x) and (y,y) phase spaces are also
uniform:

p(x,x) = o(y,5) = mn_ . (9)
The current in the bean is
I = av T o(x,y) (10)

where y is the velocity (common to all
particles) and

vy (8) = s (%) (11)

are maximum beam excursions in x- and y-
directions, respectively.

The Fourier transform2 of the distri-

bution, Eq. (5),
.
N(s,u,v,w) = (1/4n2) ;fjj dxdydxdy n(x,y,x,y)
-0
x exp {i(sx+uy+vx+wy)) (12)

can be expressed in terms of Bessel function
J1 as follows:

W(s,u,v,w) = (n F_/2) J,(£)/t (13)
where
£x(re? e w? e L2 ()

and
1] - &
s éx 0 6x ? 8
ut 0 6 _0 & u
Yy, ¥ (15)
v! 0 0 = 0 v
5x 1
w! 0O 0 0 = w .

L |

In deriving Eq, (13), it is convenient to
transform the integral (12) into an integral
over polar coordinates and use the relationé
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n/2

da sin a cos o J (& cos a) Jo(b sin a)

-J (j32+b )/V/a 2, (16)

III. Fourier Transform of
a Uniform Charge Distribution

It has been shown that the Kapchinskij-
Vladimirskij distribution in phase space
leads to a uniform charge density in (xy)
space, The question is: What is the most
general form of the phase space distribution
that gives a uniform charge density every-
where. A partial answer to this has been
obtained by Walsh? and his result is given
below in a slightly modified form.

One starts with a phase space distri-
tution of particles at t = t,,

no(xo’yo’io’io)
and requires that the corresponding charge

density is uniform over an elliptic beam
cross section,

for [xfs, (037 + (v /5,(0N% <

= 0 otherwise, (17)

p(x,y) = pO

The Fourier transform Ny(s,u,v,w) of
no(xo,yo,xo,yo) must then satlsfy the
condition

Nols,u,0,0) = (1/2m)p8,(0)6 (0)F 7, (g )/e,
(18)
where
= Jr 105, (0)s}% + (5 (0)u}?] (19)
- o b'e y .
At ¢t = tl' the distribution is
nl(xl’yl’il’§1) = no<xo’yo’io’§o)
X a(xo'yo’io’io)/a(xl’yl’il’yl) (20)

Since the system is linear and the charge
density is assumed to be uniform everywhere,
one can write

xo] - [“11 %5 [xl‘ ; [yb] = [311 Bygl[7q
X %51 %o [ ¥ Yol LBy Boof(¥q
(21)

and aj) dpp - a3p ap] = P11 Bop - P12 Ppy = 1.
a's and B's are functions of t, and t; only.

The Fourier transform Nl of nj is related
to N, by

Nl(sl,ul,vl,wl) = No(azzs1 = Gy VysBp5uy (22)

= Byy®yr = G908y * %Vys ~BypuytByywy)

On the other hand, analogous to Eq. (18),
one can write

1(&1) /ey
(23)

Ny(ey,u1,0,0) = (1/2m)py8,(1)5 (1)F T

with

g, = JF (16, (1)s,)2 {o,(1)u}] . (24)

The beam shape at t = t; in (x1y;) space is
(x,/6, (112 + (v, /6, (1)} = F (25)
1/ 7x 1%y o

and the uniform charge density is p; within
this ellipse. If the beam is unaccelerated
from t = t, to t; and the current is constant,
one obtains from Egs. (10) and (11)

Py 6,(0) 6y(0) = py 6,(1) 5y(1) (26)

g0 that
Noloyp8y4Bpuy 4=ay58),=Byouy ) = Ny (8y,1,,0,0)
= (1/2x) o, 8,(0) 5.(0) F, J,(gy)/ey (27)

If one makes the substitution

S % UypSys U om Ppply, Vo= sUioBy, W= =fiouy,
(28)
one gets, from Egqs. (15), (17), (21), and (25),

= s'2+u'2+v'2+w'2 (29)

2 2
{6,(1)8,3" + {6y(1)ul}
where (s',u',v',w') are given by Eq. (15)
with 65 = 5,(0), etc. The Fourier transform
N at an arbitrary time t is then

N(s,u,v,w) = (1/2m)p(t)8, ()6 (£)F T, (£)/%
(30)
where f is given by Eq. (14) and this is

identical to the Fourier transform, Eq. (13),
of the Kapchingkij-Vladimirskij distribution.

IV, Inverse Transformation

The remaining question is to find the
phase space distribution n(x,y, x,y) starting

from the Pourier transform, Eq. (30), by &
Fourier inversion,
(- -]
. . 2 pep
n(x,y,x,y) = {1/4%°) IJIJ dsdudvdw N(s,u,v,w)
>0
x exp {-i(sx+uy+vx+wy)} . (31)

By a change of integration variables
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3 . (1 H
Sim JFTO s ;s [8]= l/ﬁo 6x 0 -6x 0 S
i u'! u O'J“ 0 -8 U
Gy Yy
v v! v 0 0 & 0 v
b4
w ' 0 0 O W
w w i éy
(32)

one can write
a(x,y,%,5) = (1/42°)(1/2x)p8 .8 (1/F.)

per
Piilasavavaw {J,(4)/A
\JJJ l

x exp |-i(Sx'+Uyt+Vx'+Wy')} . (33)
where
A=s2+0% + V2 4 W, (34)
h
x! = l//Fo 1/5x o] 0 ©O x
y! 0 1/% 0 O ¥y
. v ) (35)
x! -ax [¢] 6x 0 x
' 5 0 vl .
Yy 0 6y éy‘ ¥y
Note that the integral of the motion F
defined by Lq. (3) can be written as
F = Fo(x'z +y? ety (36)

Using polar coordinates (T,a,8,p),

S = T cos a cos § ; dSdUAVAW
1
U=T cos a sin § -M(E)TBSin(2a)dead9d¢
mepr
V =T sin a cos g ‘JJI -
P -]
W e Tsin a« 8in o
o m/2 2r .2n
Jar [aa [a0 [ ag
o o o o
one can reduce the integral (33) to

n(XrYn;: ’5') - (9676:,/7&‘0)(1/21()

.
x [ ar {29,(1) 3, () (37)
o
where k? = F/F,. The integral in Eq. (37)
is performed in Appendix and the final result
is

’

n(xiy)il&) - (P6x6y/lF°) 6(k2-1)
- (péxay/n) 8(F-F ) . (38)

From Egs. (5) and (6), one seea that this is
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obviously the Kapchinskij-Vladimirskij
distribution. Since the Fourier transform,
Eq, (13), of the Kapchinskij-Vladimirski]
distribution, which is identical to the
Fourier transform, Eq. (30), for unaccelerated
beams, applies to an accelerated beam also,

it is expected that the Kapchinskij-
Vladimirskij distribution is in general the
only possibility corresponding to a uniform
charge density.
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Appendix

The integral in Eq. (37) can be written

asd

m

I(k) = (1/2k) jwdT {13, (0)3, (k1))
[o]

lim oM

M = o (172K) | aT {17,(7)J,(xT)}
o

lim kMJ2(kM)Jl(M)-MJl(kM)Jz(M)

im (17210

K2 -1

lim f8in{k=-1)M = cos(k+1)M
MﬁwUﬂthfR§3§‘+“ﬂﬁifﬁ-
(A1)

Since k = F/F, > O, the second term in the
bracket gives no contribution to integrals
of the form

}
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o0
[ 10e) £(x) ax
o
when M - e, On the other hand, the first

term is a _well-known expression of the §-
function,

linm sin (k-1) M
Moo w1y = 8(k-1)

so that

. (A2)

I(k) = (1/2k/k) 8(k-1) = (1/2) 6(k-1). (43)
Since®
5(k2-1) = (1/2) {8(k-1) + 6(ic+1)}
= (1/2) 8(k=1) for k > 0, (4a4)
one finally gets

(k) = 8(k°-1) = §(F/F_ - 1)

= F, 5(F - Fo) . (a5)

DISCUSSION
S. OHNUMA, Yale

LAPOSTOLLE, CERN: I have two comments. One is
about this question of phase space uniform dis-
tribution or Kapchinski] - Vliadimirskij distri-
bution. In case one restricts oneself to hyper-
spherical or hyperellipsoidal distributions, the
deneity only depends on the "distance" from the
center. One can easgily find that between a two-
dimensional and a four-dimensional distribution,
one is just the derivative of the other in such a
way that in order to have a uniform distribution
in the two-dimeneional one, the four-dimensional
distribution must be a delta function at the edge,
that is to say, a surface distribution. But if
you use a different distribution, you can easily
relate it to the four-dimensional distribution.
For instance, a Gaussian distribution remains
Gaussian, and this 1s closer to an actual dis-
tribution. If one goes to a six-dimensional dis-
tribution and relates the two-dimensional dis-
tribution to it, one finds that one ic the second
derivative of the other, =o that in order to get
a uniform dietribution in two dimensions, one has
to have a double layer distribution in six dimen-
sions, which is highly improbeble. But again the
second derivative relation can be used to compute
any kind of distribution provided, again, it is
of hyperellipsoidal shape. Now, concerning trans-
verse phase space dilution, I might mention that
computations made in Saclay for their linac design,
and making use of programs which will be described
tomorrow, also gave a factor of about 2 in phase
space area between input and output.

OHNUMA: I would like to make one comment: I
wanted to get a relation between phase space and
ordinary space for a general distribution, but the
difficulty here is, of course, that for the gen-
eral nonuniform distribution, the transformation
in the phase space 1g not linear. So it becomes
rather difficult to say anything general.
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