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1. Abstract and Introduction

The concept of funnels was introduced over the last few
years with an endeavor to increase the beam intensity by
combining two beams in the following fashion:

The beam is, in each case, produced by an rf accelerator
and thereby composed of bunches. The beam bunches are
made to occupy relatively small fractions of the longitudinal
phase in these cases. The bunches from each of the two
beams are made to interlace and enter an rf deflector which
produces the interlacing of the beams into one beam with
twice as many bunches occupying twice the phase. The
funnel itself, in one embodiment called the magnetic funnel,
is composed of many transport elements with strong
transverse focusing produced by quadrupole permanent
magnetic fields. An ocecasional rf rebuncher is introduced to
recompress the beam longitudinally so the beam occupies the
appropriate small fraction of velocity space in the parallel
direction. Crucial elements of the funnel are the beam
dynamies in the rf rebuncher and in the deflector. Beam
dynamies in either case must be assessed using an analysis
which we are going to describe below.

Several components in a magneticl funnel have been
examined by dint of a full three-dimensional solution to the
time-dependent Vlasov-Poisson equations with all image
charges included.2 Specifically, the rms emittance growth
of subsystems is examined in detail. For the systems
considered, a significant parallel emittance growth occurs.
Details of the cause and ephemerality of this emittance
growth are studied. These systemsl were originally designed
using the 2-1/2-D PARMILA-type analysis3 which does not
account for image charges and neglects azimuthal nonlinear
space charge forces. Designs based on PARMILA are
referenced for the subject evaluation. A highly resolved,
accurate assessment of rms emittance growth has not been
obtained with such analysis. However, for the subject
analysis at least the precision is significant as will be shown.
First, we will consider the simple rebuncher; second, the rf
deflector; and third, we will introduce a nonlinear
longitudinal emittance reducing “optical” element. The rms
parallel emittance growth is due to the longitudinal velocity
kick being
"dependent on a transverse dimension as well as the
longitudinal dimension forming an oblique surface of zero
volume, for example, in the three-dimensional phase; z, Vg,
and x. A plane surface parallel to x in this space has zero
rms emittance. A curved surface or a plane not parallel to x
in this space has finite rms emittance under the conventional
definition:
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This is considered conventional, because of the protocol
suggested by Los Alamos National Laboratory (LANL), and
practical, because the occupation in phase space of an
uncontrolled surface, even for a moment, eventually makes
that surface uncontrollable. To effect control would require
two identical particles seeing a different force even when
they are in the same position at the same time. Control
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must be exerted as soon as possible upon the deviant. Having
the longitudinal velocity depend differently on both
transverse positions does not help matters as this is what
happens in an rf deflector as presently considered.

2. Nonlinear Beam Dynamies in a RF Rebuncher (2-D)

The dynamic systems which we will consider are:

VZQ)(x,t):ff_(v_,x,t)dv—acp[—q)(x,t)/Te] (1)

of (v_,xt)

W _eV)f_(v_x) +

[Vdix,t)e VU If_(v_,xt)= fo v_,xt) (2)

The subject analysis can best be understood with
reference to Figure 1, which shows the path of the
calculation. First, the Poisson equation is considered. For
this first pass, the source terms are set equal to zero and a
Laplace equation is solved by SOR, finite difference, and
boundary interpolation within a cell, using a Gauss-Seidel
implieit method. Considering the attributes Al, resource
utilization, and A2, accuracy, iteration reduces memory
requirements (A1), and boundary interpolation contributes to
the accuracy per cell (A2). Generally, individual convergence
of the solutions is not warranted on each pass (contributes to
A1), since the iteration procedure lends itself to incomplete
convergence of the intermediate solutions. As noted before,
the finite difference method compared with the finite
element method has in our experience reduced Al by a
factor of 20 for the Poisson solution (Reference 5 vs
Reference 6) for the same accuraey. Boundary conditions for
arbitrarily shaped metal surfaces can be specified as time-
dependent Dirichlet or ramped Dirichlet conditions
(contributes to A2). Neumann boundary conditions can also
be specified.
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Second, the Vlasov equation is solved for an arbitrary
initial condition using the solution to the Laplace equation
above for a time step At. The technique is desecribed in
References 7 and 6 where significant advances in Al and A2
are reported. Reference 7 speeds up the Vlasov solver by a
factor of 10 (contributes to Al) from that in References 8 or
9 while at the same time improving the accuracy by over a
factor of 10 (contributes to A2). Reference 6 decreases
resource utilization (A1) over Reference 5 by a factor of 400
with the same accuracy. The trivial relationship between the
coordinates inside an element and the global elements for
the uniform Cartesian grid used in this algorithm allows a
factor of 20 (of the 400) savings in the Vlasov solver (A1)
over that employed in the irregular elements of Reference 5.
As mentioned in Reference 7, the Vlasov solver is made self-
regulating in accuracy; trajectory refinement is undertaken
only in those places that need it (A2).

Third, charge deposition is done in three dimensions by
interpolation over the grid and is “exaet” in the sense that as
the three-dimensional grid is made more fine and the number
of trajectories is increased, a result as accurate as desired
can be obtained (A2). Notice that nowhere is any paraxial-
like assumption made, and the fields “to all orders” are
directly calculated (attribute A3, nonlinear effects).
Therefore, aberrations (to all orders) are also directly
computed. Other nonlinear optics effects (A3) computed
include space charge “to all orders” caused by nonuniform
beam density and/or boundaries. (Boundaries cause nonlinear
space charge forces also because they alter the delicate
dependence of ¢ on r required to keep it linear.)

Fourth, the beam charge and the exponential plasma term
(A3) are taken as inhomogeneous terms to the Laplace
equation solved in step 1 above. Now the two inhomogeneous
terms are, in many cases, large, of opposite sign, extremely
nonlinear, and three dimensional. This is the cause of
numerical difficulties that were first surmounted (in two-
dimensional steady state) in Reference 8. The techniquS
used, accelerated under-relaxation, improved the prior artl
by a factor of 1000 (Al) in the beam perveance of interest
and by a greater factor for higher perveance. Another factor
of 10 (A1) increase in speed was achieved, while at the same
time the accuracy was inereased by more than a factor of
100 (A2) in Reference 9. This technique was extended to
three dimensions in References 5 and 6. Essentially the best
technique we have found is to use an unconYerged Newton
SOR outside its established range of validity.1

Fifth, the time is moved back by At, the ions are moved
back to their phase space positions a time At ago, and the
Vlasov equation is resolved with the new fields computed
from the Poisson equation solution of step 4. The trajectories
are different from those computed in step 2 because of the
presence of the space-charge terms (steps 3 and 4).

Sixth, since the trajectories of step 5 are different from
those of step 2, steps 3, 4, and 5 are repeated (Vlasov-
Poisson iteration) until no change obtains. This completes the
convergence procedure (A2), and it is time to proceed to the
next time step. However, one should note the implication of
the iteration consisting of steps 5 and 6.

Seventh, the time is advanced by At and steps 2 through 6
are repeated. This performs the beam evolution through the
device under consideration.

The at%ributes A1l through A3 provide orbit accuracies of
up to 107° radians in speedy calculations with significant
nonlinearities. Six items contributing to a decrease in
resource utilization (A1) total about 2 x 109 in the produet of
memory saved and CPU time (however, the accounting
procedure leading to this figure is somewhat ambiguous).
Five items contributing to increased accuracy (A2) make an
improvement of about 10° for a significantly nonlinear

problem.
We turn now to a preliminary examination of a 425 MHz
rebuncher. A rebuncher is generally a cylindrically

symmetric affair as illustrated in Fig. 2. An emittanceless
beam bunch of constant density (waterbag) is shown entering
the fringe fields of an rf rebuncher. The fields are near the
maximum and the nonlinear forces are evident in the
accompanying phase space occupation diagrams.
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Fig. 2. Rebuncher at two different times.

When the center of the bunch is in the center of the
rebuncher, the rf fields are at a null and only the space
charge and image charge fields are present. At the end of
the rebuncher, the longitudinal phase space occupation is
supposed to have a negative slope. Nonlinear shear
aberrations are also shown. Longitudinal emittance as a

function of time is shown in Fig. 3 for both zero and 100 mA
beam current. The double lumped structure represents
partial canceling of aberrational shear forces on both sides
of the null field (denoted as ¢=0 on Fig. 3). The partial
cancellation oceurs because of the extreme fringe fields such
as shown in Fig. 2(a). The radial center of the bunch is
molested much more than the edges. As the bunch proceeds,
the edge catches up, partially mitigating the aberrations.
Immediately after the null, the edge gets more action than
the center (overshoots) and the emittance climbs again.
Near the trailing edge of the fringe fields, the center
catches up again. The net result, at least in the case of zero
beam current is that most of the aberrations cancel (90
percent). The reason the rms emittance, at zero current,
does not completely round out is that some ion relative
motion oceurs during traversal of the rebuncher. However,
in the high current case in Fig. 3, there is a noticeable space
charge/image charge component which is superimposed on
the above described shear aberrational phenomena.

The effect of waterbag bunch shape on longitudinal
emittance is shown in Fig. 4 (for a somewhat different beam
radius). The emittance growth for the hard (square) beam
(80) is significantly greater than the softer (elliptical) beams
(81 and S2); however, there is not much difference between
S1 an S2 over the region considered. Numerical noise is 11
orders of magnitude lower than emittance values of interest.

A parallel normalized rms emittance growth on the order
of 0.003 nem. mr. is expected on the “simple” rebuncher.
This is in contrast to the negligible growth predicted by
PARMILA. Since there are several rebunchers, the total
emittance growth due to rebunchers is expected to be higher
than 0.003. The complex double rebunchers, necessary near
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the rf deflector, will probably add more than this because of
the possible degradation of mode purity; the smoothness of
the phase space distribution will possibly half this. For the
whole funnel the estimated total parallel emittance growth
due to the rebunchers is greater than 0.005.
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3. Nonlinear Beam Dynamics in an

RF Deflector (2-D)

Visualization of emittance growth in the rf deflector is
aided by reference to a three-dimensional isometric which is
shown in Fig. 5. For openers, we are going to consider a
two-dimension variant of the deflector by considering
strictly slot geometry. This produces some errors which will
be checked later.

ORNL-DWG 88-3196 FED

INITIAL B . o
BEAM /

AT
M

Fig. 5. Isometric of an rf deflector.

Three bunches in an rf deflector are shown at a particular
instant of time in the lower part of Fig. 6, labeled B1, B2 and
B3. The dashed lines are electric potentials at that instant
of time. For this figure, the beam space charge is zero. The
potential contours are at linear increments: a coarse
increment for extreme potentials, and a finer linear
increment near the center of the potential range where the
beam bunch is located. Also shown in Fig. 6 are the
transverse phase space occupation (upper left-hand side) and
longitudinal phase space occupation (middle upper side and
expanded on right-hand upper side).

Fringe fields due to the boundary conditions are clearly
shown in Fig. 6. The part of the beam bunch nearest the
deflector gets kicks in both the transverse and longitudinal
directions. The bunches begin with zero emittance. Bunch
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number 1, as indicated on the x-x’ phase space diagram, is
steered approximately into place (aberrations are
noticeable); bunch number 2 is approximately 1/3 steered
into place also with much aberrations; bunch number 3 shows
very little change at this time (as indicated on both the
phase space occupation diagrams shown). Longitudinal
emittance of bunch number 2 is relatively large as indicated
by the B2 z—z" phase diagram while the first bunch parallel
emittance is decreasing since the aberrational shear fields in
the second gap, G2, are canceling out some of the rms
emittance produced by the shear fields in the first gap, G1.
At a later time, as illustrated in Fig. 8 taken near a null in
the rf driving frequency, bunch number 1 has completed its
emittance reduction and B3 is at a maximum in emittance
because almost no cancellation has taken place. For 50 mA
average beam current, the corresponding cases are shown in
Figs. 8 and 9, respectively. Space charge fields interact with
the fringe fields in the case of bunch numbers 1 and 3,
respectively, in Fig. 8, whereas the main steering force is
bent visibly for bunch number 2. The longitudinal emittance
is even qualitatively different. The null field illustrated in
Fig. 7 for zero current is now dominated by interacting
bunches in Fig. 9.

ORNL- DWG 88-3256 FED

56— - 2503~ 2503 -
,,,,,,,,,,,,, i
83
x 2 83|: B2k 81} : 83 B2k 81
|
: |
3 2496 - - - - - L 2498 .
063 [0} 1.55 0.3 1.5
x (01073 2 (x107%) r(xt074
(a)
B3 B2 B
4
ST
~ g
(b)
Fig. 7. Phase space occupation and deflector near a
null.
ORNL- DWG 88-3257 FED
49 s 2514, . 2511~
|

Fig. &. Phase space occupation and deflector for
I_ = 50 ma.
R

MO3-04

ORNL- DWG B88-3258 FEO

61— : 2513 . 2513

| ' : ' |
' B3 B2 Bl , iB3 B2 BY,

& ﬁ ? ﬂi A f

2490- - i
282

Fig. 9. Phase sp-ce occurnation and deflector near a
null for IB = 50 ma.

Now we will consider the effect of a 425 MHz deflector
on a 50 mA beam composed of bunches occupying 28 degrees
out of 360 degrees longitudinal phase and 2.5 mm transverse
width (see Fig. 10). The longitudinal emittance growth of
this buncit is shown in Fig. 11. Both 50 mA and 0 mA are
shown in Fig. 11. To get an idea of the properties of such a
deflector, we consider first the time reversed deflector in
slot geometry. This is done to expedite the calculation.
Time reversal is not seriously inhibiting. Similar results
apply either way when correctly interpreted. Slot geometry
probably shows the emittance growth to within a factor of
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Fig. 10. Bunches occupying 28 degrees out of 367 deagrces
longitudinal emittance.
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Longitudinal emittance growth of bunches in

two in either the parallel or transverse direction. An
azimuthal nonlinear space charge issue is neglected by such a
representation. The main point of the computation is to get
a clear idea of the space charge, image charge and applied
field aberration issues as quickly as possible, so we can focus
on the relevant causes.

In Fig. 10(a), a bunch is entering (leaving) the fringe
fields of the deflector. The space charge fields and image
charge fields are clearly interacting with the fringe fields.
In Fig. 10(b) and 10(e), the time is near an rf null {as is Fig.
10{f)] and the space charge fields dominate the applied rf
fields. In Fig. 10(d)-(e), the applied fields dominate, but are
clearly perturbed by the space charge fields.

The shear fields are partially canceled by having the field
reversed in the gap. This is one of the advantages of having
the field reversed in the gap. Another advantage is that the
nonlinear shear fields will on the average be smaller in the
gap since the rf fields are nearer zero. A major
disadvantage is that the steering is mitigated as a result (see
Fig. 12 for Tp=18A/2). As the bunch enters the gap, the
steering is initially in the wrong direction; exiting the second
gap also produces wrong direction steering. Therefore, the
intended steering has to compensate for this. The steering
will be less than intended. In this instance, where the
thickness of the deflector is BA/2, the actual steering is 1.36
degrees instead of the 1.50 degrees as planned. Incidentally,
the computations agree exactly with the simple calculations
(it was only tested to one part in 1000) for the steering in a
configuration with no fringe fields. Such a deficit in steering
may appear at first sight to be an issue; however, to produce
higher steering, say 10 percent higher, requires higher fields
in the deflection section which impact reliability and higher
heat loading since the rf power to the device is proportional
to E2, so the rf power/heat loading must go up to 20 percent.
There may be a heat dissipation problem even without this
inconvenience.

The effect of changing the deflector thickness on the
longitudinal emittance growth and steering angle are shown
for four values of L: BA/2, 1.2 A/2, 0.7 BA/2, and 0.8 (A/2.
Emittance growth is shown in Fig. 13 and steering is shown in
Fig. 12. A thickness somewhat smaller than [A/2 appears
desirable since the steering increases a few percent with no
reverse fringes to counter and the emittance decreases.
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by fringe fields.

Also shown in Fig. 13, is the situation without deflector
fields (therefore no field aberrations). The parallel
emittance grows, even in this case, about the same as for the
thin plate Tp ~0.7 BA/2 case, indicating that virtually all of
this emittance growth is due to nonlinear space charge and
image charges.
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An important feature of Fig. 11 is a qualitative
difference between the emittance growth in the high current
case and the low current case. The low current case, when
not molested by fringe fields, shows no rms emittance
growth. However, the high current case seems to suggest a
prevailing emittance growth with time, or distance
traversed, on which the shear aberrational fields are only a
perturbation. This prevailing emittance growth is caused by
nonlinear space charge forces and nonlinear image charge
forces and is denoted by the line L2.

Results for a 100 mA deflector whose pulse width is 4
mm and longitudinal phase occupation is 28.30 is shown in
Fig. 14. The convergence of the solution as a funetion of
axial resolution is shown in Fig. 15 for an order of magnitude
variation.
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4. Three-Dimensional Calculations on RF Deflector

The heart of the deflector in full three-dimension is
shown in Fig. 16. Fig. 16(b) is rescaled and the three axes
are not the same. The beam is chosen to be a square bunch
and is seen drifting approximately in the middle of the
device in Fig. 16. Because of the scale of the figure the fact
that the rf deflector plates are much longer than the space
between them is not evident from the drawing. However,
the spacing was indicated previously in the two-dimensional
section; for example, Fig. 10 actually reflects the situation.
In Fig. 17 is shown again unscaled coordinates of the rf
deflector in full three-dimension showing the entrance
aperture, the rf parallel plate deflector itself. In this case,
in part A of this figure, potential contours on the symmetry
axis oceur at an instant of time when the pulse happens to be
in the middle of the deflector and these fields, at a
maximum, are shown. The fringe fields can easily be seen.
The contours of the fringe fields are compressed over the
contours of the fields in the normal deflection region so as to
show the extent of the fringe fields. In part B, the same
situation is shown except the 100 mA pulse is being
deflected. The pulse happens to be at this time in the middle
of the rf deflector plates. On the symmetry axis one can see
an indentation. A depression of this equal potential contour
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Fig. 17. Rf deflector potentials in
3 dimensions.

is due to this pulse. This is similar to the findings in the two
dimensional situation.

The situation in Fig. 18 is rather similar to Fig. 17,
except that here is exhibited explicitly the fringe fields near
the aperture. This is the situation shown for both 0§ mA and
100 mA current in Fig. 18(a) and 18(b), respectively. The
issue is these fringe fields coming from the parallel plate
deflector and entering and impinging upon a circular hole at
the entrance of the exit aperture. The effect of these fringe

fields is a principle result of these three-dimensional
caleulations.
The parallel emittance growth for these three-

dimensional deflectors is shown as a function of time for a
particular pulse in Fig. 19. Here we see the characteristic
emittance growth at the beginning for either 0 mA or 100
mA current, We see a gradual but slower emittance growth
in the region of the rf deflector itself for the case of the 100
mA beam and no growth for the case of the 0 current beam.
The various bunches given to the beam at the fringe field
upon exiting the deflecting region are shown in both the 100
mA and the 0 mA cases by the twitches thereof, and finally,
the post emittance variation is shown. There is no increase
of emittance above a certain level for the 0 current beam,
which is expected since no nominal space charge forces are
present and nothing else would be existing in this region to
increase the emittance of the beam. However, as was
shown in other cases previously, for the 100 mA beam there
is the characteristic nonlinear space charge induced
longitudinal emittance growth.

In this case, as in so many cases, the initial distribution
of the beam has zero emittance, which corresponds to a
shoebox waterbag model. If the emittance was larger to
begin with, then the emittance growth fortunately would be
presumably less than is shown here. All the emittance
growth that we see here is obtained in the funnel itself for a
0 emittance. If the beam, for example, has an initial
emittance of 0.005 and a current of 100 mA, then instead of
the final emittance being 0.0085 as is shown here at the final
time, the final emittance would probably be approximately
0.01, reflecting the quadratics zoning of the emittance
growth with the initial emittance of the beam.
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Fig. 18. Rf deflector with fringe
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veloeity is characteristic of a rebuncher, which means the
beam is compressing. Fig. 24 is after the beam has drifted a
significant distance, as shown. This corresponds to point B
on Fig. 22. The transverse emittance has increased
significantly and the parallel has obviously inereased.
Enormous aberrations, basically from nonlinear space charge
forces between points A and B, can be seen on the
longitudinal emittance diagram on the lower right hand side.
This is consistent with the curve in point B of Fig. 22. As
the beam drifts still further, as indicated in Fig. 25
(corresponding to point C of Fig. 22), it covers an enormous
distance. The longitudinal emittance is very high and very
different from that presented in Fig. 24. Here the beam is
essentially crossing over from a rebunch case to a debunched
case. Figure 26, corresponding to point D of Fig. 22, shows
the beam transported still further. The beam is now
debunching. Space charge forces have caused the beam to
expand instead of compress, and the emittance growth is
slowing down for the moment, but will increase again as the
beam simply expands in a very nonlinear fashion. This kind of
growth is a significant concern for intense beams drifting in
long, unneutralized transport systems where there is a
requirement for very low longitudinal emittance growth.
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Pig. 22. Hard beam parallel emittance growth for a

longer distance.
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Fig. 23. Simple rebuncher with a beam pulse.
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Fig. 24. Same as Figure 23 but at a later date.
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Fig. 25. Yet later.
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Fig. 26. Yet later: the beam debunching.
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6. Conclusions

One embodiment of a funnel will probably contribute to a
parallel emittance growth, end to end, of about 0.015 nem
mr, assuming perfect alignment according to caleulations
performed thus far. The transverse emittance growth is
expected to be slightly less, but still on the order of
0.010nem mr. The value for the parallel emittance may be
halved with the deployment of the lens discussed in Section
5.
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