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Abstract
The beam break-up instability and
resistive wall instability caused by

interaction between beam and induction gap.
vacuum chamber wall, in a steady-state free
electron laser in the microwave regime are
considered. The large energy spread
induced by free electron laser performance
is theoretically proved not to lead to
Landau damping of both instabilities when
the synchrotron frequency 1is of order or
larger than the betatron frequency(This is
an intrinsic nature of a steady-state free
elctron laser).

Introduction

A microwave FEL is regarded as a possible
candidate of high power microwave sources

in the frequency region of 6~30 GHz for
which the high energy accelerator society
gets tired of waiting. In fact, the

collaboration of LLNL and LBL has
dramatically demonstrated the successful
single-stage experiment of 35 GHz and 1 GW
(1. However this single-stage experiment
is not straightforwardly extrapolated to a
multi-stage level which is motivated by its
use in a two-beam accelerator(2). because
there are still unsolved many basic
problems of microwave' s extraction without
RF breakdown (3], phasing of output RF(4).
or the stability of a driving beam itself
over a long distance(5). From an
accelerator physics point of view an
essential issue of the two-beam accelerator
concept is how far a kiloamp electron beam
in a steady-state FEL can be propagated

with tolerable loss of beam quality. Major
obstacles to long distance transport of
kiloamp beams are the so-called BBU and

transverse resistive wall instability. The

former arises as a result of interaction
between beams and induction gap. and the
existance of wall charges and currents

induced on the waveguide surface of finite

conductivity by the displacement of beam
centroid gives rise to the latter
instabhility. So far the synchrotron

bucket of
supposed to

oscillation in a large
steady-state FEL has been
induce a relatively large energy spread
associated with a large spread in the
betatron wave number k. eventually
resulting in Landau damping of ©both
instabilities. This hypothesis seems not
true in the case of a steady-state FEL
where the synchrotron frequency v is in
general the same
betatron frequency, as described in
Appendix. Recently it has been
theoretically proved by the present
author(5) that Landau damping of RBBU due to
a large energy spread 1is not expected in a
steady-state FEL; in addition Whittum(6)
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order of magnitude as the’

has demonstrated the same result for the
resistive wall instability by computer
simulations.

Main purposes of the present paper are to

summar ize the analysis of BBU in a
steady-state FEL, to extend the technige
used there to the resistive wall

instability, and to find the characteristic
distance formulas: Lzgy 8nd L. Based on
these formulas, the possible 1limit of
multi-stage for a proposed FEL is given

BBU and Resistive Wall Instability
BBU

The analysis 1is based on the BBU model
provided in Ref.7 where the induction gaps
are treated as discretely distributed along
the structure with spacing of L, and the
BBU cavity mode 1is characterized by 1its
angular frequency w,, quality factor Q and
transverse shunt impedance Z_,/Q. The mode
is excited by a dipole current source term
which is proportional to the product of the
beam current I, and transverse displacement
CE>. The transverse position of the beam
centroid is determined by the linear
focusing, the cavity fields. and the planar

wiggler field. Now, introducing the
variable T=t-2/¢C which measures the
time-delay behind the beam pulse head and
averaging the per tur bed betatron
oscillation over a wiggler period and over
one period of induction module, the BBU

equations become

oZ,
(aa_ @*ai )A(r,z»I 0 G<E(n 2)>  (la)

(16)

[ (1+scosu()~4+k ]gbw(f_z)zé%%?fl
g

({=z+0/v)

where 4 the z-averaged normalized
transverse momentum change of the beam
centroid, Shv the transverse position of
each particle, & and ¢ the maximum relative
energy deviation and the initial phase for
each particle, I, the Alfven current, v and
kg the synchrotron and betatron frequency.
respectively, v, the synchronous energy
assumed to be constant in the following
discussion. Here we assume a clude
rela&xo%n among characteristic distance:
Lppy>% - S >Ly»Ay (wiggler wave-length)
Ea. (f@) represents the time-evolution of
momentum gain proportional to magnetic wake
fields in the induction gap located at =z
after pulse head arrival and Eq. (1b)
represents the orbital-evolution of
transverse position of i-th particle in the
slice at pulse position 7z behind the pulse
head.
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Introducing a new variable
N ,=(l+ecosv{)'/*¢, ., instead of §£,, and
performing Fourier transform of

Egs. (1a), (1b) in the variable 7 to w we
have
2 2 W0, _ slsZ,
(w,"-w +z—Q—)Z = W, T;TT<Z> (2a)
87, [ ve Cgry? = _ 23 (5
—-a—zTh p Ye(g—ky )cosv{|n,  , = L,7o )

where transformed quantities are denoted by
tildes. Nonlinearization of
coefficient in & Mathieu-like -equation is
known to admit exact solutions(b5); the
homogeneous solutions of Eq. (2b) are
approximately written by

z,(Z)=(1+Gcos22) Pexp(+ilith

2
xsin™! [( 1_Gz)1/2__1 +.Eicn02éz]]
where Z=u(/2,G=55;5%§§:69- K=*l;%%%éggjl
Since G<1 for ky~v, sing=

(1-GY'?sinvl/(1+Gcosvl)~ sinvl/(1+Gcosvl),
then ¢=v{-Gsinv(. From this result and
JA+1/2xky/v . we have

ti(hg-nv)g

® k
Nt o (2)=(1+Fcosv) £ J.(*2G)e (3)

the Bessel function.
function G(z, 2’) evaluated
solution to Eq. (2b) is

employing terms of
Using the Green
from Eq. (3). the
given by

e o0 2)=F (0 2) g [ 6z 2w 2dz2" (4)

where F is the initial value term
Multiplying both sides by (1+:—:co.<>'uC)'/2
substituting the expression Zd=h(w)<¥> where

3

® 1,/2
h — A B %y
(w) wlz—w2+iwﬂ)1/QI°<Q )
derived from (2b), into Eaq. (4). and
averaging its both sides over the

distribution of energy spread and initial
phase., we have a Volterra equation of the
2-nd kind for X(z) = <&lw 2)>,

X(2)=Q(2) {52 £ an [ dex(z)

xsin[ (kg-vm)(z-2')]

where the abbreviations: ,X( y=<¥>,

Q(z)z((]recosu()”q?> and a,, =1 .I( fge)de
are used. Here a flat dlstrlbdflnn for ¢
(o: max imum deviatlion) is assumed.
Utilizing a Faltung theorem the equation

is solved by the ' Lbaplace transformation in
the variable z to p. The inverse Laplace
transformation of X(p) gives
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the Mathieu’

“ Q(p)e*
[ @) 8 @ <kg“”7n)

Ly7okgnap®t (ky-um)®

: dp (5)
c-foo

w, z)>—2n

From the theory of residue. the ntegrakuAS
evaluated in the form X(z)=) A4, (w)e
where pl(w) is the  zero- p01dt of the
denominator in the integrand. The Fourier
inverse transformation of X(z) gives

1 20z 4i0r
E(z)> = ZTZ—YJ:,AJ(“’)Z e*"do  (8)

An assymptotic form of the integral may be
evaluated by the me thod of ecpest
descents to become <6(z)>ucA,,(a>‘,)eﬁsb,&’s?+m”r
where the saddle point w, satisfies

d
92002 10,

The problem finally reduces to a
mathematical problem of solving the
dispersion relation

© k.-
1 - ) & Gm(Rymvm) 7

IwTokaMpr2+(k5—um)2

where ky,~v, the summation is dominated by
three terms of m=0,t1 :ay,=1-8°/86, a,;
=a,b1=52/12 (d=kpgo/v) then an assumption

of strong focusing (h/L,roks  h/L,rowi<1)
leads to
2
po(w) = ik, v Bl (1-f)

After tedious mathematical calculation for
seeking the saddle point(8), the asymptotic
form

—{hﬂz+fwlt

—at+ [ 218w :(1—52/6)1
e 4 (8)

(‘)). I Z_L
where a=w,/2Q and |B|_211k 7 I Q
0

<f(1,2)> « e

is obtained. The real part of index. ¥(t),
takes its maximum value

W) = (18,
_ 1 ol
for Tmaz = Ezg‘[lB!mA(lﬁ 6)2]

Eventually, we can arrive at the BBU growth
distance as follows,

Lpgy = 2/¥(Tpgz)

2Lk, r0<I )L

auh I,/1-5%8 (9)

For +the present case, the BBU growth
distance falls in the below range.

Lippp(0=0) < Lpgy(o) = %LBBU( 0=0)

k 2
because of <ng> o®~1 at most.
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Eq. (3) indicates that the frequency
modulated betatron oscillation involves the

infinite number of eigenmodes with the
frequency |y £ nv| and the relative
strength of these modes is determined by

the Bessel function term which is a
function of the betatron and synchrotron
frequencies, and the energy spread. This
discrete spectrum of oscillation mode tends
to localize at ky,(1-£/2) in the limit of
kg/v—oe, yielding an effective spread in the
betatron frequency of the beam. The spread
1eads to Landau damping of BBU When
/u~1, on the other hand,
tﬁree dominant modes of kp, [kﬁiul as above
derived. It is easily supposed that
interference among different spectra
consisting of three lines is quite weak.

Resistive wall instability

The analysis is ©based on the equation
formulated by Caporaso et al.(8) which
describes the resistive wall instability.
Their equation is modified in the orbital
form

[é%(1+5005”5)g%+kﬂ5,¢(t 2)"Jif <§(z' z>>dr

-7’
e Iy Ho
B=(m—c>mb9/7 (10)

where 1/Jz-t’ of the right-hand side
indicates the resistive wall wake function,
b is the vacuum chamber radius, o is the
conductivity of chamber wall material, and
o is the magnetic permesasbility in vacuum
Solutions of Eq (10) are written by the
term of Green function in the similar way
to the previous discussion.

EL¢(r.z)=fb¢+(1+%cosu6)vfr dz'G(z, 2')
Xftd‘t'K(‘L’—‘L’I)(f(TI', z')>
0

where f, 4, is the initial lue term and the
abbreviation K(z-t")=B/Jrx(t-1’) is used.
Averaging both sides over the distribution
of energy spread and initial phase, we have
a Volterra equation again,

(E>= <f>+ Covm ldz’sin[(k -um) (z-2') ]
x[ dvK(t-1') ¢8> (11)
0
Utilizing a Faltung theorem Eq. (11) is
solved by two-stages of Laplace

transformation; in the variable © to gq,

<€(q.z)>fF(q,z)+g: ) amJiwdz’sin[(kﬁ—um)

x(z-z")1K(g)<€&(q. 2')>,
and in the variable z to p

(K(q)=Bs/{q)
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there are only.

- B T Gmm(Rymvm) (£(q, p)>
<€(q. p)>=H(q P+ Z_p+(k_um> L2 (12)
After algebraic calculation. the double

inverse Fourier transformation leads to

H(g. p)e*™
1-_8 i G (R um)
kngMpr2+(kﬁ—um)2

(13)

(T z)>-——f“’°° f”"mdp

o'-fo c-fm

From the assumption of strong focusing, the
pole of +the integrand 1is evaluated as

follows,
po(q)— 'Lkﬁ ﬁ% ) (14)
Thus,
Elmz)d=, ! f qu(q, )P0t e

The saddle point of the above integrand,

[« is calculated from =zdp,(q,)/dg+t=0,
then
-2/38
g =<ri>“[—ﬂi‘—~}
s Bz(1-8°/86)

Thus, the asymptotic form of the integral

becomes
%[gz(ufzgs)]z/acl/a
<€(7, 2)>xe A (158)
Finally, we have the growth distance
formula,
8/2 Ioy 70b° 2
Le=2n(%) " [om (12)73 L) (16)

where I =4n(mc/e)/p, is the Alfven current.

Summary

The 1integral equations for the BBU and
resistive wall instability have been
evaluated in compact forms, introducing a
novel technique of nonlinearization of the
Mathieu coefficient and the dispersion
relations have been derived from these
integral equations. "In the region of ky~v
of particular interest. we have calculated
the poles from the dispersion relations and
finally arrived at the formulas for the BBU
growth and resistive wall instability
growth distances. Il and L, which are
functions of the synchrotron and betatron
frequencies ., and the energy spread. From
the expressions of liy, and I,  we realize
that enlargement in I,y and L, due to the
energy spread is quite small. Accordingly
we conclude that a large energy spread
particular for an FEL in +the microwave
regime doesn' t contribute to Landau damping
of BBU and the resistive wall instability.
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The growth formulas give Lg,,=7T1lm and

Lg=1. 47km with typical parameters [(10)
1,=2RA,  ky=2n/3m"', o(sus)=3. 64x107(Q-m)™",
Liy=2m, 70=40, ©,2,=0. 4em™", b(chamber

rgdius)=5cm, t(pulse length)=b0nsec. The
value of Lgy, is crucial for a steady-state
FEL employed in a two-beam accelerator.
One would have hoped beam transport over a

greater distance for higher conversion
efficiency from beam power to microwave
power. This requirement may be satisfied

in two possible ways. One of those is to
use induction gaps with the same
accelerating voltage but slightly different
deflecting mode frequencies; Landau damping
of BBU can be expected because of dephasing

by the frequency spread. The other is to
introduce a sufficient spread in the
betatron number caused by nonlinearity as

seen in the ion focusing regime(9]). The
latter has been proposed in Ref. 10 where a
possibility of ion channel guiding 1is
theoretically ant.icipated.

The present theory 1is general for the
beam break-up instability in a frequency
modulated system. For instance, the

present conclusion can be applied to the
case of a relativistic klystron(11) (RK)
which also 1is motivated by its use in a
two-beam accelerator, if it is driven with
a low energy. Unlike a steady-state free
electron laser, however, ky/v in a
relativistic klystron 1is proportional to
! therefore, Landau damping will be
expected when an RK is operated with a
sufficient large 7. Ly (o) and Lg(o) in
such a case must be analytically derived by
solving the original dispersion relation or

obtained by computer simulations. However,
both are out of the present scope.
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Appendix

The ratio of the betatron
the synchrotron is described by

frequency to

k, 1 [cB Agh
Rp_ 1 4 whs
v 2 E, <1+16b2>

where ¢ is the velocity of light, By and E;
are the magnetic and signal field
amplitudes, respectively, 2, and A, are the
wiggler period and the signal wave length
in vacuum, respectively, and b the vertical
dimension of waveguide. The second term on
the right-hand side is normally much
smaller than unity. The power density
requirement (~ GW/m) in the proposed
scheme(12) where permanent wiggler magnets
with the nominal surface field of ~1 Tesla
are employed yield O<kp/v<1/2.
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