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Abstract We should point it out that the above results
concerning the calculation of the space charge field
The nonlinear space charge effect of bunched beaméRergy are based on the assumption of a continuous beam in
linac is one of the important reasons that induce tifetube or a bunched beam in free space though involved with
emittance growth. The general formulas for calculatingifferent density distributions. There is an obvious difference
the potential of space charge with nonunifornPetween these results and the reality of the electron (or ion)
distribution in surrounding structure are presented. Forbdnched beam in a linear accelerator or some microwave
bunched beam with different distribution in waveguide dfevices.
linac, the expresses of the nonlinear field energy of aWith regard to a bunched beam in surrounding
cylinder model of space charge are derived, and ti&uctures, the space charge effects of nonuniform density
numerical results of the nonlinear field energy foflistributions in waveguide of linac have been studied in
different density distributions are given. The emittanceur early work [8]. In this paper, first we review the main

growth caused by these nonuniformities are discussed. point of Ref. [8] to give the general formulas for potential
induced by a cylinder of space charge with nonuniform

1 INTRODUCTION density distribution in a surrounding cylinder (Section 2); in
Section 3, for a bunched beam with nonuniform

In high-current beam for Free Electron Laser (FEL§istributions in waveguide of linac, we present the
and linear accelerator for high energy physics, inductidikPresses of the nonlinear field energy of a cylinder model
linac for heave ion fusion, microwave devices and oth&f SPace charge; in Section 4, we show the numerical results
applications, the space charge force is no longer sm3jl the nonlinear field energy for different density
compared with the externally applied focusing forceéj_|s'§r|but|ons; and finally, in Sect|on.5,. we discuss the
And the space charge effect is assumed to be one of fifattance growth for a bunched beam in linac.
fundamental factors governing the beam dynamics.

Since the theoretical study and numerical simulation 2 GENERAL FORMULAS FOR
show that the nonuniform particle distributions have POTENTIAL OF NONUNIFORM

more electrostatic field energy per unit length than that CHARGE DISTRIBUTION

of the equivalent uniform beam with the same current |,

rms radius, and rms emittance. Therefore, it is suggested=or the convenience of understanding and application,
that this additional field energy is converted into particlgere we review the main point of Ref.[8] in which the
kinetic energy and caused emittance growth as theneral formulas for calculating the potential of space
distribution tends to become more homogeneous. ThiRarge with nonuniform distributions in waveguide have
concept has been already accepted by many studigsen obtained.

HiStOfiC&"y, the relationship between rms emittance and A Cylinder model of space Charge is used to present a

space charge field energy term for a continuous beam ig@ace charge bunch in linac as shown in Fig.1.
continuous focusing channel was firstly derived by

Lapostolle [1]. The rms envelope equation with space charge %
was obtained by Sacherer [2]. An equation for emittance a
growth in space-charge-dominated beam having nonuniform b
density was derived by Struckmeier, Klabunde, and Reiser
[3]. For a round continuous beam with an arbitrary z
distribution in a linear focusing channel, a differential -L/2 L/2

equation for emittance change was derived by Wangler [4].
And, a generalized differential equation for a bunched beam
was derived by Hofmann and Struckmeier [5]. Also, there

are many further study results on the subject (see for Figure 1. Cylinder model of space charge.
examples Ref. [6] and [7]). Letting a as the accelerator waveguide radiuand+L/2

as the boundaries of the cylinder model andz directions,
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respectively. The potential induced by the space chardieection. Thereforet and! can beu (for uniform), w (for
bunch with uniform distribution P in a cylindrical waterbag)p (for parabolic) ang (for Gaussian). We list all

coordinate system can be written as foll6lvs possible combinations of the four distributions in Table 1,
where
do=pTfofzb,L12), @
_ o _ Poulr D= Pulr )= 2 é—g—zé
wheref, is the potential induced by a unit space charge
denSIty Ppulr.2 _3NC| £ _i[f 1 Pg,u(r2) = d € Zr? 1
According to the general formulas in Ref.[8], for the spacé’ mzL% bzé ¢ L
charge bunch model with nonuniform charge density N D 2 0O O 2m 2 O
3Nq - (rz)_SNq % 5
distribution o(r.2)=p(r)e(z), We have the induced potential as”" Tl Wizzg T WL DZ% (Lr2?g’
follows: oN 2fo 2 0 e 2 0
q r b4 _ 3Ng o 2
Pol2)= 2anLét bzﬁg (L/2)2§’ Pou(t:2) =z ® éL (L/2)2§’
0°fo(nzg), &
= p(5.0)> g . ) IsNg 2 NNSEUR 2
I I 6261 Pu,p(r2) = SanLH (L/2)2§ ! Pu,p(r:2)= L@ (L/2>2§ ’
: : 45Ng rZDZD 22 o 15N ’%[ 22 i
Therefore, so long as the potentigl( in the form of Eq.(1)) pp,p(r,z)-smzLét DZQH (Uz)zé 19g,p(12) =2 S
. . . ot O O
induced by a space charge bunch model with uniform B .
distribution is known, the potential induced by the space Puglt )= 9o | Pug2) = 22Nq fi%{zﬁz ,
charge with the same model but nonuniform distribution can o e b
be obtained from Eq.(2). aNg [ r2| mze—z% Mo efe?
The potentials of a cylinder of space charge with uniforrpr o m)ZLD@l bzﬁ ' ¢ oD ’
density distribution inside a conducting cylinder have been 8
inad (8)
obtained : and
L o,
w 2_/.2 2_/52 _1.2 7fl dt 9
_2pab & (kKD KL s G, L0 a?=(r?), B =(z%), D=5 [e® du. ©)
P R e il ®) '
Table 1. Density Distributions
_2pab & J(kH (kN 0o, Lo
¢3_E_OZ (i 9°R(ka [ doonkae 2 @ ﬂlk 20 “ Distribution | Distribution in longitudinal direction
in transverse
direction uniform| waterbalj parabolc Gausdian

whereJ, (kx) is the Bessel function of thih order, anc, is -
chosen so that,(ka)=0. Substituting Egs. (3) and (4) into uniform Puu Pusw Pup Pug
Eq. (2), we can rewrite the general formulas for calculatingV2¢039 P P Pup Pug
the potential induced by the same cylinder of space charg@arabolic Po.u Pow Pop Prg
with nonuniform distribution as follows: Gaussian Pg.u Pgw Pg.p Pa.g

€ 30(KE) Jo (K1) . Substituting the density distributions of Eq. (8) into
%1275 I P& Z)Z Tloa 2(ea kO ek, @4> () Egs. (3) to (6), we can get the potentials induced by the
EJ kE (k") cylinder of space charge with different density
anJJ J’ EZ ofk (0 o) ch{iy ¢) ek lded + distributions. ( For details of the derivation see Refs. [10]
2 to [12]).

Nok'—)o()c k Z)ekidEd, z|< (6)
soa.rz\-r Z 3)3i(kia) ) ﬁ 3 NONLINEAR FIELD ENERGY OF

L A CYLINDER OF SPACE
Suppose that the density is given by CHARGE IN LINAC

P(n2)= N () The nonlinear field energy of the cylinder model of space
charge in a waveguide of linac can be found by integrating
where the normallzatlon constantg, are chosen 10 4qq gver the entire volume occupied by the space cHlrge:

satisfy 2nI I p(r,z)rdrdz= Ng, whereN is the total number

of particles, the subscriptioh presents the distribution in W= ZHL OI Lptbrdrdz (10)
transverse direction anl represents that in longitudinal
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Substituting the different density distributions of Eq.(8) N R (24)
and the potential$ induced by these space charge in the *P 7L Z (ka2 B(kg ™'
regime ({<L/2) from Eq.(6) into Eq.(10), we get the self- h
field energy of the cylinder of space charge in waveguide yaere
the foIIowing. A =1- 3 _+ 63 _+ 945 _+ 2835 _ 2835 .

For a bunched beam with longitudinal uniform (Lr27 2k L% 2k L1272k L0 2k U2
distribution and different distributions in transverse 315 O 3 PR LTI
direction, we get: e NN E R (25)

_2N2¢P & J3(kD
Wow= A (11) For a bunched beam with longitudinal Gaussian

TEoLb? £ (ka)* B (k3
distribution and different distributions
(12) direction, we get:

3

32N?g?a* J2(k b
W,, = qaz 206D,

in transverse

TEoLbt £ (ka)°F (k9
_ 15N’’’ < J3(kb 13 _2N%q?a? «  JZ(kb)
ST AT TR B e E Y ™ (6)
quz bl e—kfot2 202,4 ® 2
W, , = , 14 :32N g-a J5 (kb
» - 2melL Z (ka)? K (kg A (14) Wag e Lb* £ (ka)® P (k3 An (27)
where L _115N%g?ab «  JZ(kb) (28)
2 kL — PO g Lb® Z(ka)s Z(Ka%a’
Aq=1-i=osh=—e 2 (15) 0 = (k@) I
|
quz bl e—kfot2
W = A (29)
For a bunched beam with longitudinal waterbag mOL;(k'a) Tk 9
distribution and different distributions in transvers%vhere
direction, we get:
L o . _Lién—m V+1+mg_ﬁg—m V+1+ME .
B 2 2 2 H 2 2
_18N2g%a® «  J2(kD Agazal—zj‘_lal-hnj‘_le v
V\{I,W_ > 4 2 Ao 1 (16) O O
TeoLb® £ (ka)* I (ka9 o o
288N%g%at < J2(kb) 17 ‘@‘2 k L kL 1 ';ZZ‘Z'LZL\‘\
= 2 X h—— tdt + — x
TP AT T M () R
NP o I2(kb E 1 _LEAV MEZ LWL B
_ 10368N°g*a 2 8ptbz 28 Kb ik
o b 2 (ka2 (h 3 Ao » (18) x%ﬂj‘_le eh——po v+ Zgjvéht. (30)
] ]
gquz bl e—kfuz
W, = Aub » (19)
’ 2 L K, 2 72
i & 4 NUMERICAL RESULTS OF
where NONLINEAR FILED ENERGY
_2 1 L1 S+ 1O .
Aw=T¢ akL/2? kL2 (K L2 As an example, take a cylinder model of space charge

KL
1 ge Tsh'—L.
(kL/2)f 2

1
(kL12)®

+

im [

For a bunched beam with longitudinal paraboli@4: 'M ; T . .
g in trgnsversé:omblnlng different longitudinal distributions are shown in

distribution and different distributions
direction, we get:

W, _20N%q?a® & J2(kb
PoTmelb? £ (k) BR(ka 7

W, _320N%¢%a* & J2(kb
Pt L (k@B (kg 7
_11520N%¢2a° & J3(kb

PP Tmeglb® 4 (k@ R(kg

with total chargeNg=6x10° Coulomb in a surrounding
(20) coylinder with radius a=0.015m. The calculations of

nonlinear field energyV versusl/a of the bunch and wall

radius ando/L of the bunch radius and length are carried
t. The related plots for different transverse distributions

Figures 2 and 3. As can be seen, first, the all nonuniform

particle distributions have more nonlinear field energy than

that of the equivalent uniform beam. Second, the nonlinear
(21) field energies increase & increases and decreasebtes
increases for all distributions. Thirdly, from Fig.2, it can be
seen that the smaller théa, the bigger the nonlinear field
energyW. Therefore, it can be predicted, the nonlinear field
energy tends its maximum in free space for a space charge
(23) bunch with any distribution.

(22)
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Figure 2. Field energwy versus/a of the bunch and wall radius for different transverse distributions and (a) longitudinal
uniform distribution; (b) longitudinal waterbag distribution; (c) longitudinal parabolic distribution; (d) longitudinal Gaussia

distribution.
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Figure 3. Field energy versudo/L of the bunch radius and length for different transverse distributions and (a) longitudinal
uniform distribution; (b) longitudinal waterbag distribution; (c) longitudinal parabolic distribution; (d) longitudinal Gaussia

distribution
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5 EMITTANCE GROWTH FOR A
BUNCHED BEAM IN LINAC

Obviously, the emittance growth caused by the free
energyJ,, will be also dependent of the ratio of the bunch

and wall radius, and may tend its minimum in free space.

The generalized three-dimensional equation for thE!€refore, it may be not enough to form a true estimation of
emittance and field energy of high-current beams i_We emittance growth if the change of nonlinear field energy

periodic focusing structure was derived by Hofmann arl

g predicted with the value in free space in stead of that in

Struckmeier [5], and can be written for three degrees gfcnannel of linac.

freedomx, y andz (ith linear focusing in each plane) as:

2 4 li 2 =

1d ,. 1
Zds X ods Y L ds
X y z

32 d
my3v? Nd_s(W_ W)

d
as G
wheres=vll, &, , €, andg, present rms emittance i y 2]
and z directions, respectively,W andW, are the space
charge field energies of the real beam and equivali%i
uniform beam. The equation allows one to estimate t
total emittance growth if the change of nonlinear field
energy can be predicted.

In linear accelerator, the real beams have to Eﬁ
considered in some channels. And hence, the nonlin
field energy of the beam should be calculated in a
surrounding structure. It can be seen clearly, from the Fig.2
and Fig.3, the nonlinear field energies are not ontg]
dependent of the ratid/L of the bunch radius and length,
but also dependent of the ratiwa of the bunch and wall
radius. It is also true for the free energy. Letting the
guantityU,. [6]

Uy = (W= W)/W, - (32)
U, is a measure of the nonuniformity of the charge density
and represents the field energy which can be converted i|_’1;tp
particle kinetic energy as the distribution tends to become
more homogeneous. And hence it leads the emitta
growth. As some examples, takiig =W, andW equals
t0 Wiy Wows Wows Wip, Whp, and Wy, respectively, we
obtainU, versusb/a for these distributions as shown in[g]
Fig.4.
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Figure 4. Free enerdy, versusb/a for some distributions.
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