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Abstract ferences can provide free energy for so-called “equiparti-

An unstable electrostatic mode has been observed t||r<l)n|ng instabiliies that drive the beam closer toTE

particle-in-cell simulations that, for unbunched ion beams --I| temperature anisotropies tend to naturally develop
with sufficient intensity and thermal anisotropy, transferd? agcelerator"’ss. For example, consider an ion diode with
thermal energy from the transverse)(to the longitudi- Particle energys (~ 50 keV typical) and source tempera-
nal (|) directiond—. This instability can be important tureéT’ (~ 0.1 eV typical). In the absence df-|| coupling,
and appears to be insensitive to the details of the initi@n€ would expect the final axiat{direction) temperature
distribution as well as the nature of the applied focusind® Pe strongly cooled witl, = T°2/2&,. On the other
The unstable mode is characterized by an axial wavelengtRd: one would expect little accelerative change tem-
comparable to the beam radius and growth rates comgeratures witi', = T, ~ T, consistent with any. beam
rable to the frequency of particle betatron oscillations, cOmpression.L instabilities, etc. These effects suggest a
We present a theory of this instability based on the worRlrongly anisotropic beam emerging from the diode. Fur-
of Wang and Smith This theory employs a continuoustherl_'” anisotropy can develqp in the transport following
focusing model in the limit of strong thermal anisotropyin€ diode. Neglecting -|| coupling,T.7 = const, wherer
with a warm, L KV distribution and a cold)| distribution. IS the beam pulse duration, aiid will evolve consistently
The predicted mode structure is found to compare favolith any|| beam expansion or compression during acceler-
ably with simulations carried out over a range of spacedtion. Some change ifi. can also be caused by the ther-

charge strength. malization of|| space-charge waves launched by accelera-
tion errors. On the other hand, nonlinear forces associated
1 INTRODUCTION with focusing aberrations and nonuniform space charge

In a continuous focusing (CF) channel, a thermal equi“b(from instabilities, various beam manipulations, etc.), can
rium (TE) beam distribution represents a stable, maximuf§ad to increased normalized beam emittance: (s /7,
entropy state that an arbitrary initial distribution will relaxWherer, is the beam radius) while only producing small
to under the influence of collisiofis Although collective changesif’..
processes and phase mixing can enhance the rate of relaxin high intensity applications such as Heavy-lon Fusion
ation, the beam lifetime in the machine is often insufficienfHIF), the need for a small focal spot radiug leads to
to allow significant relaxation. Moreover, in real acceleramterrelated constraints on the beamemittance, space-
tors, the focusing is usually periodic, and in this situatiotharge strength, anflmomentum spread, as well as ma-
there is no known TE distribution. Nevertheless, districhine misalignments and abberations in the final focus
butions that more closely resemble a CF TE distributionptic®. For a final magnetic optic, dispersion results in a
are expected to have less free energy to drive instabilitidémit of allowable || momentum spread that can be esti-
This renders thermodynamic concepts like beam tempemaated asAp/p < ry/80d. Herep = (p.) andAp =
ture useful for non TE distributions. 2((p. — p)?) are the axial momentum and momentum
Although temperature is, strictly speaking, a thermodyspreadd is the distance from the final optic to the focal
namic quantity, one can define local kinetic temperaturespot, and) is the beam convergence angle to the spot. This
(energy units) byl;/2 = ((p; — (pi))?)/2m = mwp, ;/2,  typically results in spread limits of less thawp/p ~ 1%.
wherem is the particle mass; is thei = z, y, z parti- Ifthe L and|| beam temperatures must remain similar, this
cle momentumyy,, ; is theith local thermal velocity com- will introduce an additional constraint that must be consid-
ponent, and- - -) denotes an average over the momenturared. Moreover, if any bends are present, dispersion can
space degrees of freedom in the particle distribution. Heresult in further momentum spread limits that|| equili-
and henceforth, we have adopted a nonrelativistic modetation can influence

for simplicity in presentation. Differences in these kinetic - In most accelerators, particle collision times are gener-
temperatures (or equivalently momentum spreads) providgly much longer than the beam lifetime in the machine.
a measure of deviations from an isotropic TE, and such diHence collision induced equipartitioning is usually negli-

*This research was performed under the auspices of the US DOE gjble' On the other hand, rap|d kinetic instabilities can re-

LLNL, NRL, and LANL under contracts W-7405-ENG-48, DE-Al02- SUlt in significant equipartitioning. Thus it is prudent to
93ER40799, and DE-AI02-94ER54232. understand any such instabilities so they can be properly
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accounted for in machine design. With T}, fixed, vy (i.e., the external focusing) was then set
In this paper, we present simulation (Sec. 2) and theogonsistently with Eqg. (1). For/v, ~ 0.1 to 0.4, these
(Sec. 3) on an intense-beam collective mode that produgearameters are representative of those in the low energy
a rapid transfer of thermal energy from theto the|| de- end of linear induction accelerators for Heavy lon Fugion
grees of freedom for sufficiedt-|| thermal anisotropy. The The|| temperaturd’, was set as a fraction af,. Axial grid
beam is unbunched, and nonlinear space-charge forces sgths were chosen sufficiently short for theariations of
sociated with the unstable electrostatic mode produce thise unstable mode to be well resolved, but sufficiently long
energy exchange rather than|| coupling induced by the where 5 or more wavelengths of variation were simulated
shape of the beam ends. For simplicity, all analysis is cate reduce the influence of the periodic boundary conditions.
ried out for an axisymmetriéX/ 96 = 0) beam propagating This resulted in grid lengths of 10 to 25 cm. Timesteps for
without acceleration in a continuous focusing channel witthe particle advance were chosen such tat 0.01/v,.
a linear radial focusing force. This focusing arrangement

can represent the average effects of a lattice of alternat- L 05
ing gradient electric or magnetic quadrupoles, or a periodic g' 0.4
solenoidal magnetic field for a beam with zero total canon- o3
ical angular momentuffi. £ s
So.
2 PIC SIMULATIONS o1
Particle-in-cell (PIC) simulations were carried out with the "o 5
electrostatic WARP codé€®. An axisymmetric £z) pack-
age of the WARP code suite that neglects self-magnetic 12
field effects was employed with periodic boundary condi- 10
tions axially, and a grounded, perfectly conducting cylin- - 8
drical beam pipe transversely. Simulations employed 100 %' 6
k to 1 M particles, and typical grid dimensions consisted S 4
of 32 radial and 256 axial zones. Wh&nwas sufficiently 2
cold, Gaussian smoothing was employed in the axial direc- 0

tion to suppress 8 numerical grid instability. The initial

1 distribution of beam particles had zero canonical angu-
lar momentum and was either KV [uniform density and a
parabolically decreasing temperature profile in the radial
coordinater = /z2 + 32, see Ref. 6 and Sec. 3] or semi-
Gaussian (SG) [uniform density and a uniform temperature
Gaussian inL momentum space]. The initifldistribution i
had uniform density and Gaussian momentum spread. The 2 4 6 8 10 12
instability is seeded from noise associated with the finite Number Betatron Oscillations

particle statistics. _ , Figure 1: Temperature anisotroy/7}, (top, SG and KV)
Typical runs employed: Kion atf, = (p:)*/2m =10  and the log of the absolute value of the axial electric field
MeV axial kinetic energy, equilibrium beam radius = 1 | g, | (middle for KV, and bottom for SG) verses the num-

2.5 cm, beam current = 5 A, and conducting pipe radius per of undepressed betatron oscillatiops/ 2.
rp > 2rp, = 5 cm. The spatial average beam tempera-

[ =T — T 2 i . . . . .
tureT, = T, = (2 [;"dr rT, )/mrj was then consis-  Ragyits of simulations illustrating properties of a space-
tently set as follows (in an rms equivalent beam sérse charge mode that transfers thermal energy fromithethe

an initial SG distribution). Denote the angular frequency girections are presented in Figs. 1 and 2. The simulations
of L particle oscillations in the equilibrium fields in the 5.6 for initial v/vo = 045, T, = 0.01T}, a13.4 cm axial

absence (i.e.J = 0) and presence (specifidd of space peam |ength, and, = 2r,. Results are shown for both

charge by, andv, respectively. Using the equilibrium en-nitia| kv (solid curves) and SG (dashed curves)istri-

velope equation, these so-called “betatron” frequencies c@iiiions. In Fig. 1, the anisotropy raﬂQ/TI is plotted as a

be expressed & function of the number of undepressed betatron oscillations

of an equilibrium particleyot/2m, wheret is the time. Ev-

A idently, in the initial quiescent period the growthdn /T,

Vo= g — @22 =4T, /mirj, (1) starts from the noise, followed by a period of exponential

growth, and then saturation with, / T}, ~ 0.4]0.1] (results

wherew, is the beam plasma frequency. Théh was given for initial KV with SG values in “[]” brackets). This

set to achieve a specified tune depressipn, satisfying instability leads to increasefd, and decreasel), as energy

0 < v/yy <1, wherev/yy — 1andv/yy — 0 cor- is exchanged. Phase space plots of the mode have been

respond to the warm- and cold-beam limits, respectivelpresented elsewheré. Also in Fig. 1, the log of the abso-

Log|E_z|

v = 4T, /mr? + @2 /2,
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lute value of the axial electric field | £, |, is plotted (arbi-
trary units) for a fixed location moving with the equilibrium
beam as a function afyt/2. Little variation in structure
is observed with the choice of location, suggesting an ahb-
solute instability. These plots suggest that a single unstable
mode is dominating the evolution with an oscillation period
and e-fold time of approximately 3.2[2.8] and 0.82[1.1]
undepressed betatron oscillations, respectively. The ra-
dial and axial structure of the perturbed electrostatic poter}-
tial d¢ describing this mode was extracted with a discrete
Fourier transform diagnostic. The dominant axial wave 0.01 1 0.59 0.31 0.07) 0.09 -
length A of ¢ was well expressed with/r, = 1.3[1.1] 01 | 042 — B —
and the radial mode structure of this harmonic component Initial || Saturated’. /T, for Initial SG andv /vy =
is shown in Fig. 2 fowyt/2r = 9.2[3.9]. Note thatdg is | I:/T- | 0.4 0.5 06 07 0.8
peaked at the center with one radial node within the beam 0.001 || 0.10| 0.14 | 0.19| 0.08 —

(r < 1, = 2.5cm) and has small amplitude outside the| 0.01 | 0.12| 0.10 | 0.16|0.14] 0.1
beam ¢, < r < rp, = 5cm).

Table 1: Instability threshold and saturation properties.
Initial || Thresholdv/vq
T./T, || KV SG
0.001 | 0.69| 0.74
0.01 || 0.76| 0.80
0.1 0.48 ?
Initial || Saturated’, /T, for Initial KV and v /vy =
T./T, | 0.4 0.5 0.6 0.7 0.8
0.001 | 0.55| 0.18 | 0.04| — —

not vice-versa whefl, > T,;. Full 3D simulations have
also been carried out with both alternating gradient and CF
channels and the results are similar those presented here.

3 THEORY
Neglecting particle correlations and collisions, the beams
simulated in Sec. 2 are described in terms of a single-
particle distribution functiory that is a function of the co-

Normalized Mode Potential

Radial Goordinate  (cm) ordinatex, momentumnp, and timet, and evolves accord-
Figure 2: Normalized electrostatic potential of the unstabl@'9 © the Vlasov equation
moded¢/d¢(r = 0) verses radial coordinate ) L OH 08 O0H 9 Fxpit) = 0 @
ot " ap ox ox opf’l oPY T

The simulations indicate that the essential features of this
instability are similar for both initial KV and SG. distri-  Here, H = p?/2m + mv2r?/2 + q¢ is the Hamiltonian,
butions. However, since the SG is not a real equilibriumy is the particle charge, angl satisfies the Poisson equa-
the lack of detailed radial force balance influences the intion V2¢ = 47¢ [d®p f subject to the boundary condition
tial evolution of the mode, complicating the interpretations(r = r,) = const. To perform a conventional equilib-
of the onset of instability (note the shift in Fig. 1). More-rium/stability analysis, we expand
over, details of the saturation are different for the KV and ,

SG L distributions, with wave breaking in the KV distribu- ¢ = ¢°(r) + 0(r,w, k. )e Wik,
tion leading to a trapped particle phase-space thatmay rep- f = fO(x,p) + 6f(r,p,w, k-)e “iF=2)  (3)
resent an intermediate state on a longer timescale evolution.
The KV and SG initializations also have differing numerWhere equilibrium quantities (superscript zero) correspond
ical collision properties, further complicating interpretaf0 0/0t = 0 solutions to Eqg. (2) withiy = 0 = 6f and
tions. Preliminary data is presented in Table 1 on the spac&? andd f are normal mode perturbations with angular fre-
charge threshold/, less than indicated values leads touencyw and wavenumbek. = 27/A. We assume a
instability) and the saturation level (if /T},) of the insta- KV and|| Gaussiary® defined by-'®
bility. Data is tabulated for both initial KV and S distri- 2

_ (p-—mw)
butions for several values of initial temperature anisotropy _ 5 (0 _ of exp [ T ] 4
(T./T,). Note that the threshold is a strong function of the o= 2mm ( L7 w) QrmT.)'/2 )
initial anisotropy and depends weakly on the type of ini-
tial distribution. Saturation occurs whéhn is a fraction Here,u, = (p.)/m is the axial beam velocity(z) is the
of 7., with the value depending on the initial anisotropyDirac delta-function, andf = p? /2m+mvir?/2+q¢°
space-charge strength, and distribution type. Growth ratedth p. = p,x + p,y. The form of f° is consistent with
of the unstable mode are larger for strong initial anisotropyndepressed and depressegarticle oscillations with fre-
and space-charge strength. Smaller growth rates can repencies, andv given by Eq. (1) witho? = 4r¢*n/m
der simulations difficult due to the noise associated witand beam edge radius. For0 < r < ry, EQ. (4) also cor-
the finite particle statistics. responds to uniform densityd*p f° = n = const, and

Finally, previous studiés' suggest that the instability & parabolicL temperature profile[d*p (p3 /2m)f° =
only transfersL thermal energy to thél direction and 27, (1 — r?/r?).

374



The linear eigenvalue equation for the perturbed potemisewher&-'!. For long wavelength perturbations with
tial ¢ can be derived by linearizing the Vlasov equatiork.r, < 1 and7, — 0 (v — 0), a single branch (labeled
(2) and inverting the resulting equation féf with the L;) corresponding to an “ordinary” cold-beainmode is
method of characteristics and inserting the result in Poi$eund. This limiting form mode had¢ o Io(k,r) for
son’s equation. After some algebraic manipulation, this re- < r, with I (z) a Oth order modified Bessel Function and

sults in 0* = (&7/2)(k.ry)? In(ry/ry). Other branches (labeled
o L, withn = 2,4,--- , Nyee — 1 OF nye,) are found to
{lﬁ o _ k?} 56 = —2"0 5(r—ry) [66+ra]| _,  reduce for long wavelengthé(r, < 1) and weak space-
ror 0 ) AT, /m P charge ¢ — 1;) to reduce to a little known class of
> 2 coupled|| modes. These modes haig o« d¢,, within the
+ @,0(rp—r) {——m +zsz€2} ,(3)  beam and
y2n apl_ pi /2m=T,
~2 2m
here®(z) is the Heavisid functi d 0% = L(kwb)z/ dz P, (cos x)
where©(z) is the Heaviside step-function, argd and s, Sn(n 1 1) 95 In .

are equilibrium orbit integrals defined by
In general, a large,,,,.. truncation will result a high-

o — i/@/odr 0_ ikgT;T order polynomial dispersion relation with many branches;
b 21 ) _ oo m some of which describe low-order modes and others, high-
kT, , order modes. One takes, . sufficiently large to accu-
x  d¢[F(r)]exp [—2”—“7 - iQT] , (6) rately represent modes of interest, but small enough to re-
0 5 duce the number of branches and facilitate mode identifica-
Ky = Z/ﬂ dr T6[F(7)] exp {_ kT 72—1‘97} ) tion. Instabilities arise !n parameter regimes where two or
27 ) o 2m more branches df “collide” and coalesce. Unfortunately,

R many of these instabilities, particularly higher-order ones,
Here, T, = 2T, (1—r7/r}), @ = w—Fk.vy, and the equilib-  are associated with unphysical features of the KV mtdel
rium characteristics are defined B(7) = 7% cos®(v7) +  Nevertheless, we believe that a low-order confluent branch
(rpo/mw) cos( ) sin(2vT) + (po/mw)? sin® (v7). where thel, and L, branches coalesce describes the insta-

Equation (5) is a difficult integro-differential equationpijlities observed in Sec. 2. This low-ordBs- L, confluent

that must be solved fde andd¢ simultaneously. Wang and branch may also represent a non-pathological KV instabil-
Smitt? derived the dispersion relation corresponding to Eqty that persists for more realistic (non-singular) equilib-
(5) in the limit of infinite thermal anisotropyI, /T, — 0  rjum distribution functions.

by coupling together earlier transverse solutidfis & 0 Comparisons between the confluéhtL, mode branch
andk. = 0) by Gluckstern' for k. # 0. In this procedure and simulations are presented in Figs. 3 and 4. All sim-
d¢ is expanded within the beara € r < r;) as ulations were seeded from noise and it is assumed that a
o single unstable mode dominates the evolution. In the the-
So(r) = 8b(r = 1) + Andn(r), 7)  Ory, @nmng,,, = 4 truncation was employed. In Fig. 3, the
#(r) = 9¢( 2 T; n0¢n(r) () radial eigenfunction ¢ of the Ty-L, mode §. selected for

maximum growth rate) is compared with simulation and
where §¢,(r) = (1/2)[Pa-1(1 — 2r2/r2) + P,(1 — L (k. — 0) theory forv/yy, = 0.45 andr,/r, = 2.
2r?/r2)] is an nth order L Gluckstern eigenfunction, Note that thél»-L, has similar structure to the 7, mode,
P, (z) is anth order Legendre Polynomial, and(r = r,)  but has finite amplitude at the beam edge< r,) and is
is the potential at the beam edge (generally nonzero). Thastable, in contrast to thé mode. Also in contrast to
expansion coefficientd,, generally depend ok, andQ? the L 7> mode, wher&¢, is independent of, the ra-
and satisfy recursion relations, which together with an indial structure ofé¢ varies withQ) and k. for the T5-L,
terface ¢ = r;) jump condition ony¢, yields a dispersion mode. In Fig. 4 the normalized axial wavenumber, oscil-
relation expressible in terms of an infinite determinant. lation frequency, and growth rate of thg-L, mode is

Approximate numerical solutions to this dispersion relacompared to the simulation results over the range of space-

tion can be found by truncating the series & n,.... in  charge strengtl®.3 < v/vy < 0.5. The theory curves
Eqg. (7)] to obtain a finite determinant dispersion relation were generated employing the wavenunmbey, with max-
Solutions forQY/vy = (w — k.rp)/vp are parameterized imumIm Q /v, growth rate at specified/v,. The spreads
by v/vy, k.ry, andry/r,. The number of distinct mode about the simulation points indicate measurement uncer-
branches found 8,42 (Nmaz + 2) OF (nmae + 1)? for  tainties. Fow /vy > 0.4 the theory agrees reasonably well
nmaez €ven or odd. The branches are characterized awith the simulations outside of a slightly lower simulated
cording to their limiting properties. Fok.r, — 0, growth rate thatis likely due to the finite axial temperature
Nmaz (Mmaz + 1) branches corresponding tgh order L employed in the simulations (initidl, < 0.01Tz). For
Gluckstern modés are found (labeled’,) with §¢ x v/vp < 0.4, low-order KV instabilities of thel, T3, and
d¢y, for r < ry anddp = 0 for » > ry. Properties T, L Gluckstern modeé8 may produce the systematic de-
of this L limit dispersion relation have been described/iations observed from the results predicted byThel,
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branch. Extension into this strong space-charge regime wiency Re2 ~ Im ) ~ v). The unstable mode has an
likely require systematic mode seeding to avoid excitingnisotropy (initial value oTz/Tw) dependent threshold in
such unphysicalL KV instabilities. Approximate expres- space-charge strengti/(,) and saturates when thjgem-
sions for the mode density, temperature, and flow velocityerature (%) is a fraction of thel temperatureq,). Since

perturbations have been derived from a fluid thé®iys-

|| accelerative cooling andl emittance increases can con-

ing the kinetic theory dispersion relation) for use in futurdribute to the anisotropy that drives the instability, the mode

mode seeding studies.
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Figure 3:
(solid), 3D T»-Ly confluent mode theory (dotted), and
T> mode theory (dashed).

e
.
-

Axial Wavenumber, k_z* r_b

Oscillation Freq., Re[ Omega/nu_0 ]

o o
N ©

——

—
<
o

— <

Growth Rate, Im[ Omega/nu_0 ]

o
° 5
[

———
—_—

——
o
>

>

Tune Depression, nu/nu_0

Figure 4. Normalized mode axial wavenumbky(,), os-
cillation frequency Re Q/vp), and growth rateIfn 2/vp)

verses tune depression/,) from theory and simulation.

4 CONCLUSIONS

needs to be better understood to access impact on machine
design. The energy exchange associated with the instability
leads to decreasetl emittance with increaseffl momen-

tum spread. Whether this effect is beneficial or harmful
will depend on the details of a particular application. Pos-
sible consequences of the instability can be estimated by
assuming thafl, remains saturated during transport at a
set fraction off, if significant_L-|| anisotropy would have
developed in the absence of the unstable mode. Equiparti-
tioned design concepts have also been applied to bunched

Eigenfunction comparisons for simulatiorbeams in rf linacs’, where thel and || focusing can be

adjusted to maintain equilibration. Proper modeling this
instability also has implications for simulations, since it re-
quires the resolution of short axial wavelengths in simula-
tions of long, “unbunched” beams.
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