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Abstract
Nowadays linac accelerating RF systems design is usually

done by the finite difference method. It provides high accu-
racy of calculations and freedom in topology choosing, but
may draw considerable amounts of computer resources with
long calculation times. Alternative to this method, equiva-
lent circuit method exists. The basic idea of this method is to
build a lumped element circuit, which with certain approxi-
mation acts as an original accelerating cell. It drastically re-
duces the number of equations to solve. This method is long
known but usually only used for the particular accelerating
structures when speed of calculation is a key-factor. Present
paper describes a way to numerically simulate transition
processes in arbitrary coupled accelerating cells using the
equivalent circuit method. This approach allows simulating
transitional processes in accelerating structures significantly
faster and allows doing so for structures with high quality
factor and many cells – a hard task for conventional transient
solvers based on the finite difference method.

CALCULATION MODEL

Figure 1: Equivalent circuit of the accelerating structure.

Equivalent Circuit
In Fig. 1 the equivalent circuit of the accelerating struc-

ture is presented. In it distributed parameters of the accel-
erating structure are substituted with the lumped elements.
This circuit may be used to simulate accelerating RF struc-
tures with electric and magnetic coupling between cells. It
appropriately represents structures operating on T M01 and
T M11 wave modes, which covers most types of accelerating
cells for the electron accelerators [1, 2]. Depending on the
generator and load positions, standing and travelling wave
structures may be simulated.

Usually accelerating cells are connected in serial man-
ner but it’s possible to simulate more complex connection
topologies by introducing additional Ccoup and M compo-
nents between non-adjacent cells to the circuit 1.
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Equations
Each circuit contour is described by the Kirchhoff Equa-

tion (1).
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It has been shown that for serial connected cells analytical
solution of the system of Equations (1) may be presented
in a recurrent form [3]. However, for the cases with more
complex coupling topologies, in which the matrix of the
Laplacian transformations is not tridiagonal, obtaining ana-
lytical solution may become problematic.

Solution of the system of Equations (1) may be obtained
using classical or operator methods. For the operator method,
numerical solution of the algebraic system of Laplacian
transformations is straightforward. Several algorithms are
available for the numeric calculation of the inverse Laplace
transformation. In this paper the classical method of direct
solution of the system of DAE equations will be described.

After substituting lumped element parameters with elec-
trodynamic parameters and getting rid of second derivatives,
equation takes the form 2.
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Which, written in matrix form, looks like this:{
| ÛX | = | X̂ |

|KH | |
Û̂X | = |Ke | |g(t, x̂, x)|

(3)

Here, | ÛX |, | X̂ | and | Û̂X | are the vectors of normalised am-
plitudes of electric field and its derivatives. |g(t, x̂, x)| is
the vector of functions, independent of the adjacent cells
parameters. |KH | and |KE | are the matrices of magnetic
and electrical connection between cells respectively.

Finally, for numerical solution of the system, only deriva-
tive vectors should remain on the left part of equations.{

| ÛX | = | X̂ |

|
Û̂X | = |KH |−1 |Ke | |g(t, x̂, x)|

(4)
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Amplitudes of the electrical field in cells may be obtained
from the normalised amplitude vector using equation:

U =

√
πrsh f

2Q
X (5)

Implementation
Transitional solver, capable of solving systems of differen-

tial Eqs. (4) has been developed in R programming language;
interface for it was implemented in form of the wab applica-
tion. Base equations set is defined for the electrically and
magnetically coupled cells, however, new cell types can be
added.

Numerical calculation of the DAE system is done using
the deSolve library [4]. Its functions are implemented in
Fortran, C and C++ which provides great performance even
when used in context of the R language. Default method
LSODA automatically switches between stiff and non-stiff
systems, making solver very robust.

MODELLING
In order to test transitional solver, two sections were mod-

elled: 3-cell standing and travelling wave structures.

Standing Wave Section
In Fig. 2 a) reflection of the 3-cell standing wave section

is presented.

a) b)
Figure 2: Standing wave section reflection (a), mode 0 field
distribution (b).

First peak in Fig. 2 a) corresponds to mode 0, static field
distribution for which is shown in Fig. 2 b).

In Fig. 3 transitional process in the structure operating
in mode 0 is shown. In Fig. 3 a) oscillations for the first
200 oscillation periods are shown; Fig. 3 b) only shows os-
cillation envelope. After the 20000 periods of oscillations
it appears, that relative amplitudes in the cells are close to
those, obtained by the static solver.

For the π/2 (Fig. 4 a) and π (Fig. 4 b) modes of operation
transitional processes are shown in Fig. 5 a) and 5 b) respec-
tively. Again, relative field amplitudes after the end of the
transitional process appear to match those, obtained by the
static solver.

a) b)
Figure 3: Transitional process in standing wave section for
0 mode of operation.

a) b)
Figure 4: Standing wave mode π/2 (a) and π (b) field distri-
butions.

a) b)
Figure 5: Standing wave mode π/2 (a) and π (b) transitional
processes.

Table 1: Standing Wave Relative Field Amplitudes in Cells

Mode Static solver Transitional solver
0 1.02/1.42/1 1.06/1.43/1
π/2 19.65/1/19.6 20.27/1/20.2
π 1/1.41/1 1/1.42/1.01

Relative field amplitude comparison for the standing wave
section is shown in the Table 1. For the mode 0 maximum
field difference is 4%, for the mode π/2 – 3% and for the
mode π – 2%.
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Travelling Wave
In Fig. 6 a) reflection of the 3-cell travelling wave section

is presented.

a) b)
Figure 6: Travelling wave section reflection (a), mode 2π/3
field distribution (b).

Second peak in Fig. 6 a) corresponds to mode 2π/3. Static
field distribution for this mode is shown in Fig. 6 b). In Fig. 7
the transitional process for this mode is shown.

a) b)
Figure 7: Travelling wave section reflection (a), mode 2π/3
field distribution (b).

Table 2: Travelling Wave Relative Field Amplitudes in Cells

Mode Static solver Transitional solver
2π/3 1.1/1.09/1 1.05/1.09/1

Relative field amplitude comparison for the travelling
wave section is shown in the Table 2. For the mode 2π/3
maximum field difference is 5%.

CONCLUSION
Calculation of the transitional processes using the equiv-

alent circuit method was discussed in this paper. One of
the possible approaches to this problem – direct solution
of the system of DAE – was described. Calculations of the
standing wave and travelling wave sections were presented.
Maximum field difference between static and transitional
solvers is 4% for the standing wave section and 5% for the
travelling wave section.
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