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Abstract

Cryogenic tests of superconducting cavities yield an
average surface resistance as a function of the peak sur-
face magnetic field. An analytical formalism has been
developed to extract the actual field dependence of the
surface resistance from cavity tests and is applied to coax-
ial cavities and cavities of more complex geometries.

INTRODUCTION

The well-known expressions for the surface resistance
of superconductors in electromagnetic fields, and its de-
pendence on frequency, temperature, and a few materials
parameters, were obtained as a perturbation theory under
the assumption that the magnitude of the electromagnetic
field is much smaller than the critical field. This resulted
in a surface resistance independent of the magnitude of
the electromagnetic field.

There have been several attempts at developing theories
of the surface resistance at high rf field, up to the critical
field, but, at present, there is no universally accepted
consensus on the correct fully self-consistent theory.

Experimentally, cryogenic tests of superconducting
cavities developed for particle accelerators have shown
that superconductors can display a strong dependence of
their surface resistance on the rf field. Furthermore, the
field dependence can vary greatly depending on the histo-
ry of the cavities: chemical treatment, high temperature
and low heat treatment, impurity, ambient magnetic field
during transition, cooling rate during, and so on.

Traditionally superconductors have shown an increase
of their surface resistance with rf field which puts a limit
to the accelerating gradients achievable for high-energy
accelerators. More recently, processes have been devel-
oped that yield a decrease of the surface resistance with
medium fields, a great benefit for accelerators operating
in cw mode.

A strong dependence of the surface resistance on mag-
netic field is also often observed in cavities made by sput-
tering of Nb on Cu or in cavities made of Nb3Sn on Nb

Developing a full understanding and theory of the rf
field dependence of the surface resistance of supercon-
ductors will require accurate knowledge of that surface
resistance as a function of the rf field, and its dependence
on preparation and processing parameters.

Experimentally it has proven difficult to develop tech-
niques where a superconductor was exposed to a uniform
electromagnetic field. Until now, in all measurements,
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either the superconducting sample was exposed to a non-
uniform field in a test cavity or, more often, an entire
cavity was made of superconducting material that was
exposed to a field that ranged from 0 to a maximum val-
ue.

In this paper we present a method and formulae that al-
low determination of the actual dependence of the surface
resistance from experiments where an "average" surface
resistance is derived from tests of superconducting reso-
nators. An underlying assumption is still that, while the
surface resistance has a magnetic field dependence, it
does not have a dependence on location. This is not al-
ways true as it is known that superconducting cavities can
have "hot spots" where the surface resistance is higher
and with a stronger field dependence than in the rest of
the cavity

ANALYTICAL METHOD
The geometrical factor G of a cavity is defined as
[ [ ar
G =, 7———.
[0 as
If the surface resistance is constant, then G=0R;. If it is
not, then G/Q(H)= ﬁs (H) where Es (H) is an “aver-
age” surface resistance. It is related to the actual one by
Ri(H,) jS|H(f)|2 ds = L R (H®)HE| dS.  (2)

We define the function a(/) as the fraction of the total

(M

cavity surface where |H |ShH ,- The function a(h) is
continuous, monotonically increasing, with a(0)=0 and
a(l)=1. It could also be interpreted as the probability

distribution for the surface magnetic field, and its deriva-
tive da/dh as the probability density. For normal cavity

geometries we also have da/ dh|a:1 =00,

Because of the continuity and monotonicity of a(k)
we can make a change of variable in Eq. (2) and integrate

over the magnetic field instead of the area.

R(H)= J'O] (thz—Zdh _ L‘ R (hH)(hH)? %

—dh. (3
dh )

We assume that the experimentally measured average
surface resistance can be modelled by a sum of powers of

the magnetic field:
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The sum can be of any size and the coefficients ¢, are
not restricted to integers, they can be any non-negative
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_
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| numbers. R, is the zero-field surface resistance and

ublisher, and DO

Q: H, 1is arbitrary; it is introduced to make the coefficients

r, dimensionless. We assume the same power expansion

for the real surface resistance but with modified coeffi-

cients:
H o\
R|—|=R o, | — | .
S(HOJ O;IB( l)a'[Ho]

Replacing R, (H/H,) and R (H/H,) by their power
expansions in Eq. (3) and equating identical powers we
obtain the coefficients f(cr,) relating the average and

)

actual surface resistance.
J‘ 2 da da

J' prre 94 da dh
dh
The function () is continuous and, since da/dh >0
and0<h<l1, it is
pO)=1.
Equation (6) is more appropriate when the function
a(h) can be obtained analytically. For most cavities, it

Bla) = (6)

monotonically increasing with

can only be obtained numerically; in that case it is more
convenient to use an equivalent relationship derived from
Eq.(6) by integration by parts.

2 h[1-a(h)]dh

Bla) = (M

1

(2+a)j 1 (1= a(h)]dh
0

In Eq. (7), [I—a(h)] now represents the fraction of the

cavity surface where |H | >H,

APPLICATION TO HALF-WAVE
COAXIAL CAVITY

The results of the previous section will now be applied
to a coaxial half-wave cavity specifically designed for the
measurement of the field dependence of the surface re-
sistance on niobium over a wide range of frequencies
[1, 2]. Its length is L (459 mm), the radius of the center
conductor is a (20 mm), and the radius of the outer con-
uctor is b (101 mm). We also define the dimensionless
arameters p=a/b and 6=>b/L.

For such a cavity a(h) and its derivative can be ob-
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= tained analytically. The un-normalized contributions from
2. the cavity components are:

Center conductor:
_4pSLl’

\/1—h2

A/(h)=4pSL arcsin(h), a4

dh ®
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Outer conductor:

467 arcsin(h /p) 0<h<p
A=y
2oL p<h<l
450 9
d —  0<h<p
= 1PV1=(ipy
0 p<h<l
End Plates:
0 0<h<p
A, (h) = 2
5(1) 2ﬂ'§2L2[1—2—2] p<h<l
(10)
0 0<h<
%= 47Z'p252L2 g
dh — s p<h<l

The function a(h) for the half-wave cavity and its

components from the center conductor, the outer conduc-
tor, and the two end plates is shown in Fig. 1. Its deriva-
tive is shown in Fig. 2.
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Figure 1: Fraction a(4) of the cavity area where the sur-
face magnetic field is < hH, .
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Figure 2: da/dh for the coaxial half-wave cavity.

Technology
Superconducting RF



29t Linear Accelerator Conf.
ISBN: 978-3-95450-194-6

The correction function S(¢r) can be ontained

analytically and is:
Blar) = (1+p)/ 4+ pon(1/ p)
1+p"" T(/2+43/2)  pS

oz Ty Ta P

(1)

The correction function S(¢) is shown in Fig. 3 for

various ratio of inner to outer conductor radii. The curve
P =0 is equivalent to assuming that the observed field-

dependence of the surface resistance is dominated by the
center conductor.
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Figure 3: Correction function S(¢) for different ratio of
inner to outer conductor radii.
Figure 3 shows an example of a Q-curve for the half-

wave cavity operating in the fundamental TEM mode at
325 MHz and at 4.35 K.
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Figure 4: Q-curve for the half-wave cavity at 4.35 K in
the fundamental 325 MHz mode.

From the Q-curve and the geometrical factor (59 Q) the
average resistance is calculated and shown as blue dots in
Fig. 5. In this example the experimental data is fitted by a
third-degree polynomial, shown as the purple line. The
surface resistance is in n{) and the normalizing field

is B, =100 mT.
R (&)= 48.2[1 F1.54(£)+2.03(£) + 3.20(3%)3}
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From Eq. (11) the correction coefficients re calculated:

B,=1, B, =146, B,=1.79, B, =2.04

This leads directly to an expression to the actual surface
resistance as a function of magnetic field shown as the red
curve in Fig. 5:

R (&)= 48.2[1 +224(£)+3.63(2) + 6.52(3%)3}
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Figure 5: Average surface resistance (blue dots), polyno-
mial fit (purple curve) and derived actual surface re-
sistance (red curve) from the Q-curve of Fig. 4.

CAVITIES OF MORE COMPLICATED
GEOMETRY

In most cases the function a(k) and its derivative can-
not be obtained analytically. For cavities that still display
axial symmetry (e.g. quarter-wave or TM “elliptical”
cavities), a(h) can be obtained by a line integration of
the magnetic field over the profile. For cavities with full
3-D geometry, a(h)must be obtained by sampling the
magnetic field over the whole surface and building the
“probability” distribution and density. In both cases
P(x) is more easily calculated from Eq. (7). As a check

on the accuracy of the determination of a(k), for any

cavity it should satisfy da/ dh|a:] =00,
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