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Outline

» Busch theorem for single particle

* Eigen emittances

* Busch theorem extended to accelerated beams
» Application to emittance shaping of:

 electron beams
* jon beams

L. Groening, Linac Dept. / Extension of Busch’s Theorem to Particle Beams




TUPOO078

FAR =1

Busch theorem for single particle (1926)

ny
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myr*@ +—=y = const

7

é
orbital angular momentum + A B
magn. flux through cyclotron motion area = const ~ C,

Theorem states preservation of axial canonical angular momentum in presence
of axial B-field. “Canonical“ means that the magnetic vector potential is included

into the momenta (conjugated momenta)

— -

B=VxA
VB generalized Busch theorem
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Beam eigen emittances (1992)

Beam matrix of coupled beam:

T () ) () () T
(xy ) Gy ()
x) Xy Gy )
L) ) Gy )

€1 = 1\/ —tr[(CJ)2] + /tr2[(CJ)?] — 16det(C) _ _
2 eigen emittances are the two transverse rms

emittances, which the beam acquires after hor/ver
coupling has been removed

= %\/ _tr[(C0)2) — /T2 [([C )] = 16det(C)

(001 00
P e UNON
' 0001 preserved by linear Hamiltonean (symplectic) beam line elements as:
00 —-10 drift, quadrupole, dipole, solenoid, rf-gaps (and tilts of them)

L. Groening, Linac Dept. / Extension of Busch’s Theorem to Particle Beams




TUPOO078

_ _ _ FAR =1
Preservation of eigen emittances

Busch theorem: preservation of axial angular momentum using conjugate momenta

Extended theorem: preservation of eigen emittances using conjugate momenta

@) py () apy) oA . B
(py (0B pe) (pepy) Pe =27 By = F T 2(Bp)
) Ope 0B (o) Py =y b =y g 2D
(xpy) (pepy) by (D3)
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& +& =const. and A:=/(7)(y?) - (xy)” gives:

AB; |2 B,
2 § ‘ s 2\ ot 2 t . o /
' — & e E— Xy ) — (2 ) XV)(Xx ) — (yy = const, . Rev. )

(&) — &))" + [(Bp)] ) [y W xy') = (%) (") + (aoy) ((ex”) = (vy'))] = cons Phys. Rev. Accel. Beams 21 014201 (2018)

: (0 .o 1 -
being equivalent to [(c1 —=2)* + (Bp)%q/ [V X (PJFC'-?A)} dA = const|  gxtended Busch theorem
A
diff. of eigen emitt. + canonical vorticity flux = const

arXiv 1808.01218 (2018)
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original Busch theorem
my

L. Groening, Linac Dept. / Extension of Busch’s Theorem to Particle Beams




TUPOO078

FAR =1

Flat beam experiment @ FERMILAB

test accelerator at FERMILAB demonstrated €, / €, = 100 :

« create beam at photo cathode being immersed into B, = 5,

» reduce B, to zero, accelerate, and decouple x/y - planes

P. Piot et al., Phys. Rev. ST Accel. Beams 9 031001 (2006)

at cathode beam is symmetric:

* eigen =rms emittances: &;,, = &y
* eigen (rms) emittances are equal: ¢,/ = &,y

 immersed into B-flux

* no x/y coupling - ;Bps) [...] =

r 3 BS

— B,

TataVaT Y Vo9
———————— |acce|era€i;§0————— decoupling +--
\

Iy >
rr g

final beam:
* eigen =rms emittances: &;,, = &y
* eigen (rms) emittances differ: ¢, ,, # &,y

* no B-flux

* no x/y coupling - ;Bps) [...]=0

mc

ByAy]? .
0+ [E . “] +0 = (Enfe —Eng)? + 0 + 0

L := (eBoAo)/(Zmypc)
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Transv. emittance transfer exp. @ GS

A

A J

125 m J
v]_ _u “_Lux
vl;
- - ' Sy
H . . . [ QL
doublet doublgt solénoid {tyiplet skew triplet - g g =
I, . .
Phys. Rev. Lett. 113 031001 (2014) fpil triplet > S g @
i 5% E ¢
q= 3* : q= 7+ = (M
' =
stripping foil
eigen = rms emitt.: &/, = &y . eigen ¥ rms emitt.: &5 /5 # &x/y . eigen = rms emitt.: &/, = &y
measured: &, 3, and ¢, 34 . eigen emittances differ: &5 # &, + tobe determined: ¢, ;, and ¢, 7,
no B-flux . B-flux . no B-flux
2B . . 2B . Bg _
) [..]=0 ) .]#0 &0) [...]
J

1
Eror — vr1)?: = (pay —evai)? + (AfBg)? -
(&x,7+ = £y,74) (Ex3+ — Ey3+) (47Bo) (Bp)7+  (Bp)as

emittance shaping
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