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Abstract Conservation Form

In this paper we present high-order spectral element dis- We rewrite equation (1) into a conservation form
continuous Galerkin simulations for wake field and wake P
potential calculations. Numerical discretizations arsduh Q—q +V -F(q)=0 (4)
on body-conforming hexagonal meshes on Gauss-Lobatto- ot
Legendre grids. We demonstrate wake potential profiles f@y defining
cylindrically symmetric cavity structures in 3D, includjin

the cases for linear and quadratic transitions between two q=(Hy,Hy, H.,E,, E,, E.)" (5)
cross sections. Wake potential calculations are carriéd ou ]
on 2D surfaces for various bunch sizes. Q = diag(p, j1, 1, €, €, €). (6)
The flux F(¢) has the following form.
INTRODUCTION Tt
We have developed a large-scale computational code, | —#- 0 E. H. 0 —H, Q)
NEKCEM [5], for computing wake fields and wake poten- E, -E 0 -H, H, O

tials [1, 2] in 3D structures. NEKCEM employs a high- . . .

order numerical scheme, namely, the spectral element dl§Umerical Discretizations

continuous Galerkin method [3, 4]. Itfeatures accurate and e approximate solutions to Maxwell’s equations in

efficient computations with high performance in parallel. the computational domaift as a set of body-conforming,
nonoverlapping hexagonal meshes We define a local

FORMULATIONS solutionqn on each¢ as

N
In this section we present the governing equations to o ) )

study beam dynamicz and numerical discre?izations in an (1) = 3 4L (2). ®
space and time. Formulations are used in a mixed form
with Cartesian and cylindrical coordinates for the sake ofhereg;(¢) is the solution afV grid pointsz; on ¢, and
convenience. L;(x) is the three-dimensional Legendre Lagrange inter-
polation polynomial associated with tidé-nodes [3]. We
seek the local solutiongn

=0

Maxwell’s Equations

We begin with the Maxwell equations: dqn
(@ V- Flaw).0) = (@ [F = FL 6o
M _ _gup 2E_vem-J v )
ot ~ © ot T

where the local discontinuous test functiongis= L;(x)
and the numerical fluxeB* are defined as in [4].

V-E= B, V-H=0, (2) We use the fourth-order Runge-Kutta method for time
€ integration.
where the current sourckis defined for an on-axis Gaus-
sian beam moving in the-direction: Initial Conditions

) To describe the electromagnetic fields at the presence of
() | i e Sp e
J = ce.p(r)p(z —ct), plz) = e\ 207) 3) the Ga_ussmn beam f(_)r the mmal t|me step, we first sol\{e
oV 2m the Poisson equation in two dimensions at the cross section

of the initial beam position
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and get the two-dimensional electric field at the cross sedegree of freedom and errors vs. degree of freedom for dif-
tion ferent degrees of polynomials. The figure shows that CPU

E*P = —vo2P (). (11) time increases linearly depending on the degree of freedom
but is not dominated by the increases in the degree of the
polynomials. Errors are much smaller with a higher degree
of polynomial for a fixed number of grids. This result im-
plies that one can obtain better efficiency and accuracy with
the high-order method presented in this paper.

Then, we assign an initial electric fiel# in three di-
mensions along the-direction, using the two-dimensional
electric field £2P scaled by the initial Gaussian distribu-
tion p(z) as

E(r,z) = E*P (r)p(2). (12)

Boundary Conditions

We apply the uniaxial perfectly matched layer
(UPML) [6] in the z-direction and the perfectly elec-
tric conducting (PEC) boundary [4] in the radial direction.

UPML formulations in 3D are defined as follows:

0H, O0H, oD, 1
— = —oyD, 13
ay 82: at i € Jy ( ) m:u’ 10t 10° 10" 107
0OH, OH. oD, 1 dogres offrosdom
— = ~o,D 14
0z or ot + ey (14) w
0H, 0H, oD, 1 !
- = - :EDZa 15 - et
or oy ot + 60 (15) 10 \ L e
whereo, = —(z/d)™(m + 1)In(R)/2nd, denotingd, i
x, m, R, andn for PML size, PML depth, polynomial ;.
grading, reflection error, and impedance, respectively. In
UPML, the components df are updated by 1"
-8E.’/C UZ | 8D.’/C U.’/C wﬂn 1 2 3 4 3 ] 7 [
—E = —DJL 16 degres of freedom X1
¢ | Ot * € x_ ot * € (16) i
] [OF, L % o 1 _ oD, n % p 17) Figure 1: Performance with 32 processors on the Argonne
| Ot e Y ot e Linux cluster “Jazz”; showing CPU time vs. degree of free-
[0, oy ] oD, o. dom (top) and errors in log scale vs. degree of freedom
o e ?Ez = 5 T ?Dz- (18)  (bottom).

A similar formula is used in UPML to update the compo-
nents ofH. In our simulations we apply UPML only in the Wake Potentials
z-direction by choosing,, = o = 0. ._Figure 2 shows the electric field amplitude using con-
PEC boundary conditions are assigned at the boundaries ~. . : o2
. SR o tour lines on a half side of a pillbox mesh with circle
in the radial direction satisfying . : X
cross-section radius = 1 andr = 2 for bunch size
AxE—=f-H=D0. (19) 9= = 1.0. The wake potential calculations are carried
out on the 2D surface at = 1 for different bunch sizes,
o, = 0.25,0.5,0.75,1.0, with a fixedo,, = 0.1, which
COMPUTATIONAL RESULTS show good agreement with ABCI results. Figure 3 shows
We show the performance of NEKCEM and demonstratéeshes for the cavities with linear and quadratic transstio
the wake potential profiles for beam dynamics on variougetween circle cross sections with radius changes from

cavity structures. r = 1tor = 2. Figure 4 shows wake potential calculations
carried out on the 2D surface at= 1 for different bunch
Performance sizes with a fixedr,, = 0.1 on the meshes shown in Fig-

ure 3. Wake potentials with linear and quadratic trans#tion

To demonstrate the performance of NEKCEM, weshow reasonable profiles corresponding to the changes of
compute the case with standing wave solutions for thge punch sizes, = 0.25,0.5,0.75, 1.0.

Maxwell's equations with periodic boundaries on a cube

mesh. Computations are performed with 32 processors on CONCL USIONS

the Linux cluster “Jazz” at Argonne for various computa-

tional sizes by increasing the number of elements and theWe have applied the spectral element discontinu-
degree of the polynomials. Figure 1 plots CPU time vsous Galerkin method to beam simulations for three-
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beam distribuion
wakepotertial

4]
beam size =0.2505,075,1.0

Figure 2: Contour lines of the electric field in amplitude orFFigure 3: Meshes with circle cross sections with linear
a half side of a pillbox mesh with circle cross-section radiu(top) and quadratic (bottom) transitions: tube radius is
r = 4 andr = 2 (top). Wake potential on the surface atr = 1 for the outgoing tubes on sides.

r=1foro, = 0.25,0.5,0.75,1.0 ando,- = 0.1 (bottom).

dimensional cylindrical cavities with linear and quadrati

transitions between circle cross sectons. The wake poten- o1 —
tial calculations show resonable profiles depending on the 08 T
bunch size. We are currently tracking a 1 ps beam mov- 006
ing through meter-scale cavities with linear and quadratic 004)
transitions between different sizes of elliptic crossisest o
Rigorous comparisons on the wake potential calculations o ---*---Llf:_: ke s
with other codes will be presented in a later paper. oo V|
-0.04} |
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