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Abstract

Use of the Stern-Gerlach force for attaining the spin-
states separation of a particle beam is reconsidered in a
new method where the magnetic moments are made to pre-
cess, at variance with a previously considered case where
the magnetic moment conserves its direction in space.

GENERAL CONSIDERATIONS

The time varying Stern-Gerlach interaction of a relativis-
tic fermion with an e.m. wave has been studied [1], particu-
larly in the example of standing waves built up inside a rect-
angular TEq;; radio-frequency cavity. of width a, height b
and length d, where the field on axis is

By(z,t) = —Bg®cos(ZZ) coswt )
Ey(z,t) = —wBolsin(Z)sinwt ’
Fringe Fields
At the cavity entrance and exit these equations become *
By(oa 0) = _BO%
Entrance — { £,(0.0) = 0 ) 2
. By(d, Ti¢) = —Bo% cos cos 2 = By
Exit = { E,.(d, 1) = —w% sinwsin2r =0

®)
Both B,(0,0) and B, (d, 7¢) rapidly vanish to zero along
a small distance |0| just outside the cavity (see Fig.1).
Assume

{ [By],, = —Bog 9(2) with g(=8) =0, g(0) =1
[Byyue = Bog h(2)

(4)
In this cavity a relativistic fermion, entering with its spin
directed along the y-axis will experiences a Stern-Gerlach
force parallel to the z-axis:

J: =" Cy
where (see €q.(30) of Ref. [1]).

e[+ 298) - 22 292
6

(from eqg. (28) of Ref. [1]), (5)

0z c Ot e\ 0z c Ot

The electric field £, and its derivatives in eq.(6) are almost
constantly zero, because of the boundary conditions on the
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LFrom eqgs.(43), (44) of ref.[1] and by choosing Bpr = 23 we obtain

2nfe giving wrrp = 224 = 27,

_ wz _ 2mwfBecz _ 27z
w = 7% and wt rz g

— Bc T dBc T d
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with i(d) = 1, h(d+8) =0
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Figure 1: Edge fields at both ends of a single cavity

walls of the cavity and their values at the extreme points.
Also, the function 0B, /0t is almost zero along the fringe
segments. Consequently eq. (6) reduces to

C.y ~~*0B,/0z. )

Hence we have
A e )
[fz]out = 'U*BO%’YQ (%(j))

Using egs. (7) and (8) the energy increments [AU];, and
[AU]ous related to the fringe fields are easily evaluated

since the integrals ffé f.dz and fd‘“"s f.dz only depend

upon the extreme points (4) but not on the connecting
curve. f.dz becomes an exact differential and we obtain

®)

b .
[AU]zn = [AU]out = _,U*BO E'-YZ' (9)

Total Energy Contribution

A fermion charged particle crossing such radio-
frequency T E 11 resonator increments its energy by

d d
AU:/ fzdz:/ wC.ydz,
0 0

that in the ultra relativistic case becomes

(see eq.(54) of Ref. [1]).

(11)
Here, summing the fringe (9) to the cavity crossing contri-
bution (11), we obtain

(10)

AU = 2p* By b2

v, b
[AU];pp = (=1 =1+ 2)p"Bo 3’72 =0, 12)
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Figure 2: Field gradient between two contiguous cavities

which implies a full cancellation of any energy gain/loss..
The same applies for an array of cavities, since for two con-
tiguous cavities in the middle of the array, there will be a
gradient between the positive B,, at the end of the first cav-
ity and a negative B, at the beginning of the second (Fig.2).
Even considering a magnetic field as linearly dependent on
z, that is

b
[By(2)]x = —QBO%z, (13)
repeating what done before, we will obtain
0 b
a[By(Z)]X = —230% (14)
b
. = —2u*By—~? 15
f W Boosy (15)
s
AU = f.dz = —2/¢*Bg%72, (16)
_3
i.e. for IV cavities, we will have as final result
[AU],,, = NAU - (N —-1)AU - [AU],,, — [AU], .+ = 0.
(7)

Zero or vanishing small energy variations are also found [2]
in the case of traveling waves. Therefore, the conclusion
is that a particle with its spin pointing always in the same
direction cannot significantly exchange energy with an e.m.
wave via the Stern-Gerlach force.

PRECESSING MAGNETIC MOMENT

Let us now examine what happens if the magnetic mo-
ment is made to precess. To this aim let’s revisit the ex-
ample [1] of a standing wave in two radio-frequency res-
onators, tuned in opposite polarity, placed in the gap of a
superconducting magnetic dipole with a strong magnetic
field By parallel to the z-axis (see Fig.3). This device is
inserted in a particle storage ring. To first order assume that
the particle trajectory be almost straight. Then, the angle ¢
subtended by an arc of trajectory is (see Fig.4)

0~z/p.

Appropriate spin rotators, installed before and after this
pair of cavities, can make in/out spins parallel to the z-axis.
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Figure 3: Display of how two m-out-of-phase cavities can
yield a non null energy exchange if combined with a 180°
spin precession here sketched.

Pl A

Figure 4: arc of trajectory

The B, components are made to be contiguous at the cen-
ter of this setting with opposite gradients at both ends, thus
making the edge effects cancel each other. We will show
that in these conditions a net energy gain or loss will be
produced. The particle’s magnetic moment performs a full
Larmor rotation in a distance 2d after leaving both cavities,
and at a generic distance z the spin precession ¢ is

p=m/z. (19)
In terms of the precession angle ¢, the anomaly a, the
Lorentz factor v and the deflection angle € (related as fol-
lows in the Ultra Relativistic limit, UR)

B B B
¢:a79:a7q MZ _ WOME 2 MZ, (UR)
Bymec pSmec mc

(20)

the vertical component of the magnetic moment is
fy = p*sin ¢ = p*sin (‘“ZfTMCZ) (21)

Comparing egs. (19) and (20) we obtain
Bud = pr2¢ ~ 7 (UR), 22)
aq aq

where d = %6ph/\rf by definition. The deflection 6, albeit
small, repeats after a huge number (of the order of 10°)
of revolutions and would cause a continuous displacement
of the beam, that may be compensated by another mag-
net, which contains another pair of cavities, with its field
anti-parallel to the field of the first. The higher the beam
energy, the smaller the deflection. With parameters for a
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Table 1: Physical quantities relevant to our spin rotation

Particle e [Tm] o [Tm] e [Tm]
et 1.67 x 1073 1.44 452
P 3.13 1.74 5.46

Table 2: Possible radio-frequency data

Dipole | By [T] | d = LBpnAer [cm] ﬁf—l [MHz]
LHC | 833 33 454
NED 15 18 833

reasonable setup given in Table 1, e. g. using data of the
existing LHC dipoles [4] and the planned Next European
Dipole [5], we find the data of Table 2. The working prin-
ciple of this proposal seems correct, but has to be further
investigated.

The magnetic moment during precession in the (z,y)-
plane exhibits a component

Pz = Y cos ¢, (23)

which introduces a further term in the longitudinal compo-
nent f, of the Stern-Gerlach force whose energy contribu-
tion can be neglected [3] since it fades away as 1/+.

PRELIMINARY ANALYTICAL
CONSIDERATIONS

The new feature of this proposal consists in considering
the pure Larmor rotation of the particle spin in both frames
of references (particle and laboratory), having ignored the
Thomas precession because the trajectory can be consid-
ered almost rectilinear in the cavity. Therefore the quantity
©*, which appears in eq.(49) of Ref. [1], will be replaced
with its varying version p* sin ¢ of eq. (21). The result is:

p*sin ¢gy2 By b {% {(%)2 + (BTM)T

) cos (%) sinwt} )

fz:

x sin (Z£) coswt + 2 (B“’

c

(24)
and the energy contribution is
2d
oU = f.dz =v*Bop*b I, (25)
0
or, after some calculations,
. b B —1— BB, Bph
U =2B3~*Bop* — 22— P iy (%L) )
TP B (B, — 452) 8
(26)
Recalling equations in section 4 of Ref. [1], such as
2
bon=\1+(5) = 4=gm= @)
eq. (26) becomes
. _9@3.27 * 1 1-p2 2
oU = 26 7" Bop |:\/,8§h—1 Bon (B2, —452) (28)

X sin (27r%) ,
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which for ultra-relativistic particles reduces to
2

SU ~ —*Bop* sin(27Bpn),
Bpn gh_l(ih_@
(29)
or
SU = —0.91y*Bop*. (30)

For Spn = 2 the radio-frequencies to be employed are

fo= | 08MH:z (By = 8.33T)
"= 1.02GHz (By=1517)

In the former study [1] of the Stern-Gerlach interaction,
ity Was set equal to p* (constant) and, after crossing a
single radio-frequency resonator and neglecting the edge
effects, for B = 2 we obtained 6U = 224?Bou* =
1.15 4?Bou*. In the present case, with two cavities
crossed, we have found the factor 0.91 shown in eg. (30)
which is 40% smaller than 2 x 1.15 = 2.30. This decrease
is due to the use of p,, = p* sin ¢, i.e. of a quantity whose
modulus varies continuously from 0 to u*.

Another solution could consist in setting sin(278pn) =
+1 by choosing S, equal to an odd number divided by

four. A glance at the factor 2/ [,Bph, /B2, — 1B — 4)},

appearing in eq. (29), suggests to set S, = % = 1.25
which results in

(31)

SU = —0.87y*Bop*. (32)

CONCLUSIONS

At this stage of the game we plan to revisit our previous
work on the relativistic time varying Stern-Gerlach interac-
tion. In particular, we would like to start with the experi-
mental verification of the v2-law, postponing the study of
a spin splitting device. The main issue of this paper is the
demonstration of how the cavity fringe fields may cancel
any energy variations, an effect that can be overcome using
spin precession.

We would like to thank Chris Tschalaer for a fruitful dis-
cussion on the fringe fields.
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