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Abstract 

The main body of HLS (Hefei Light Source) is an 

800MeV electron storage ring, whose circumference is 

about 66m. As a typical small ring, although the sextupole 

fields for correction of chromaticities are relatively weak, 

there still exist strong nonlinear fields coming from fringe 

fields of dipole and quadrupole magnets. In this paper, the 

effects of fringe fields on chromaticities and tune shifts 

with amplitude were discussed and calculated for HLS 

storage ring. Under the low injection energy, the tune 

shifts with amplitude coming from fringe fields are one of 

important sources of transverse Landau damping, which 

is main stabilizing mechanism for HLS ring.  

INTRODUCTION  

HLS (Hefei Light Source) is a dedicated synchrotron 

radiation research facility, spectrally strongest in VUV 

and soft X-ray. The operation energy of storage ring is 

800MeV, while injection energy is 200 MeV only. There 

are total 12 dipoles in the ring, whose deflecting angle is 

30 degree. The transverse radiation damping time under 

operation energy is about 20ms, while under injection 

energy it is very slow, approximately 1.4s. As a second 

generation light source, the vacuum chamber were not 

specially designed for optimization of beam coupling 

impedance. At HLS, there haven’t other reliable beam 

stabilizing measures, such as longitudinal and transverse 

feedback systems, non-uniform filling mode, except for 

Landau damping, which is coming from transverse tune 

spread and becomes a main stabilizing mechanism at 

storage ring. Usually, the second order effects of 

sextupoles, which used to compensate chromaticities or to 

enlarge dynamic aperture, would result in tune shift with 

amplitude in transverse planes 
[2, 3]
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For HLS storage ring, there exists another source of tune 

shift with amplitude̶fringe fields of main magnets. 

Different methods were used in description and analysis 

of fringe field effects, for example, [4] describes the 

fringe field effects in small rings of large acceptance; [5], 

[6] and [7] give the description and analysis of 

quadrupole fringe field effects by hard edge model; [8] 

gives the transfer map of dipole, quadrupole and solenoid 

fringe fields; [9] derived the description of the soft fringe 

field of quadrupole. In this paper, the effects of dipole and 

quadrupole fringe fields on chromaticities and tune shift 

with amplitude were analyzed and calculated by Lie 

algebra method.  

 HAMILTONIAN WITH FRINGE FIELDS 

For large storage ring, the fringe field effects are 

neglected generally and the Hamiltonian for main magnet 

can be expressed as : 
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Assuming piecewise-constant model of the magnetic field 

of dipole, quadrupole, sextupole and octupole magnets, 
the vector potentials xa  and ya  can be set as zero. So, 

vector potential for main magnets is  
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It is easy to know that above vector potential met the 

requirement of Maxwell equations. Actually, in the fringe 

field region of magnets, the magnetic field and vector 

potential are dependent on the longitudinal position s . So, 

according to Maxwell equation, the vector potential can’t 

be expressed by (3) simply.  In the fringe field region, 

magnetic field and vector potential have higher order 

components, which are dependent on the longitudinal 

distribution of magnetic field ( )zBy
.  Some papers 

derived mathematical expression of magnetic field and 

vector potential in fringe field region, in cylindrical 

coordinates 
[10]

 or in Frenet-Serret coordinates 
[11]

. For 

HLS storage ring, the deflecting angle of dipole is large 

and the R K Symon’s expressions for vector potential (4), 

which was truncated at fourth order, were employed in 

this paper. The truncation of this formula would not affect 

the purpose of this paper, to study the effects of fringe 

field on chromaticities and tune shift with amplitude. 

From vector potential of quadrupole and dipole, the 

effects from fringe fields can be estimated, that the fringe 

field of quadrupole would result in tune shift with 

amplitude, and the fringe field of dipole are likely to 

produce chromaticities and tune shift with amplitude.   
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DESCRIPTION OF FRINGE FIELDS 

In the piecewise-constant approximation, the higher 

order differentials of ( )sK  or ( )s ,  which used to 

describe the higher order components, are zero and (4) 

was reduced to (3). In some codes, step function was used 

to characterize the longitudinal distribution of magnetic 

field and its higher order differentials are not zero. For 

simplicity, approximate transfer map of fringe field was 

used in particle tracking.  In reality, the longitudinal 

distribution of magnetic field is dependent on the
 

geometry of magnet. Finishing the physical design of 

magnets or the measurement of magnetic field, the detail 

of longitudinal distribution is known. More accurate 

analysis and calculation of fringe field effects are 

possible. Firstly, a mathematical function to describe 

longitudinal distribution of magnetic field is needed. Due 

to orthogonality, any function can be expressed as 

orthogonal series, whose coefficients can be obtained by 

numerical fitting 
[12]

. For simplicity, the Enge function 
[4, 

13]
 was used to describe distribution of magnetic field.  
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The sym d is the diameter of magnets and the sym ia are 

coefficients obtained by numerical fitting.  The Enge 

functions with 6 coefficients were used to fit the 

longitudinal distribution of magnetic field in the fringe 

region of quadrupole and dipole. The fitting process was 

made by MATLAB and the fitting errors are very small.  

Figure 1 and figure 2 displayed the longitudinal 

distribution of field in dipole and quadrupole.  

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6
0.0

0.1

0.2

0.3

0.4

-1

(s
)

s /m  
Figure 1: Longitudinal distribution of curvature in dipole 
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Figure 2: Longitudinal distribution of ( )sK  in quad 

According to fitted Enge function, higher order 

differentials of ( )sK  and ( )s  can be calculated and 

the detailed vector potential are known. The table 1 gives 

the fitted coefficients of Enge functions. 

Table 1: Fitted Values of Enge Function 

 

0
a  

1
a  

2
a  

3
a  

4
a  

5
a  

Quad 0.2334 -4.798 -2.231 -1.167 -0.1198 -0.0194 

Dipole 0.3997 2.054 -0.714 -0.193 -0.0041 0.0 

LIE ALGEBRA TOOLS 

Knowing the Hamiltonians of magnets with fringe 

fields, there are many tools to analyze its effects 

theoretically or to track particle trajectory numerically. 

The Lie algebra provide powerful tools to obtain the 

chromaticity, tune shifts with amplitude, momentum 

compaction factor and nonlinear driving terms, or to 

extract numerical symplectic or non-symplectic transfer 

map used in tracking. Due to the dependence of 

Hamiltonian on s, some tricks are needed to perform 

analysis and tracking, for example, extending to the 

generalized 8-d canonical space 
[2]

. Here, a simple method 

was adopted. The fringe field region was divided to n 

slices, where the Hamiltonian is assumed independent of 

coordinate s  and its value is dependent on the slice 
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number only. A magnet with fringe field is replaced by a 

series of small magnetic element, which contained 

various order components in (4). Then, the BCH and 

concatenation formulae were used to extract effective 

Hamiltonian of magnet with fringe field or whole ring, 

which can be used to deduce the Taylor transfer map 

directly by truncation or to obtain the chromaticities, tune 

shift with amplitude, momentum compaction factor and 

resonance driving terms by normal form analysis. After 

normal form transformation, the second order part of 

effective Hamiltonian includes transverse tunes and linear 

momentum compaction factor, and the third order part 

can be expressed as 
[14]
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Where the first term is second order momentum 

compaction factor, the second and third terms are linear 

horizontal and vertical chromaticities. The four order part 

is as following 
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And it contains the third order momentum compaction, 

second order chromaticities and linear tune shift with 

amplitude. From (7) it is easy to obtain (1).  

FRINGE FIELD EFFECTS FOR HLS 

From normal form transformation process, it is found 

that fringe field of quadrupole is similar to octupole 

components and contribute to tune shift with amplitude, 

and the fringe field of dipole contains sextupole-like and 

octupole like components and contributes to linear 

chromaticities and tune shift with amplitude. Also, 

calculation showed that there exists small difference of 

transverse tunes between soft magnet model and hard 

edge model, which is on account of limited extension of 

fringe field. The table 2 gives the main calculation results. 

The detailed numerical transfer map and tracking results 

can refer to [15]. 

Table 2: Main Calculation Results 

 Natural Chromaticity 

Without fringe of dipole -6.2  /  -4.3 

With fringe of dipole  -6.2  /  -6.3 

Tune shift with amplitude  

a  b  c  

With 4-th order kinetic terms 

Adding fringe of quad 

Adding fringe of dipole 

Adding sextupoles 

CONCLUSION 

It is not suppressing that, fringe fields of dipole and 

quadrupole have significant contributions to linear 

chromaticities and tune shift with amplitude, and became 

one of main sources of Landau damping. 
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