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Abstract is the Lorentz factor, z-axis is the direction of electron
Based on the purpose of concision, nearly all the undu- ~ beam moving forward. The formula (3) can be solved
lator radiation formulas have maken an assumption that iteratively. To obtain the first-order motion solution we
= the guiding magnetic field is a sinusoid wave. The as-  assume v, keep constant (v, = Z = fg¢), in which f; is
Z sumption is consistent with the truth if the ratio of undula-  the average velocity in the forward direction. For the case
g tor gap to period length is large enough. However, high-  of high energy electron, S is infinitely close to 1, i.e.
2 order magnetic field exists widely in most undulators, f; — 1. Then z = Bgct and the transverse component of
2 especially those with long period length and short gap. electron trajectory is
¢ This paper will derive the radiation output equations of

le of the work, publisher, and D

g high-order magnetic field undulator, what’s more, the x(t) ~ ——5_yto By Sin(mwy, t—8¢m) @)
g formulas are validated through numerical simulation with ymewd <=1 m? ’

E code SPECTRA .

s in which w,, = %Z ~ k,c. The relative transverse veloci-
5 INTRODUCTION by is

é The undulators have been widely used as insertion de-

% vices in synchrotron sources and free electron laser (FEL) _w _ X e +oo Bm cos(mwyt—8¢m)

E e . . By === ~ m=1 6)
£ to generate magnetic field which is periodic along the ¢ ¢ YMewy m

‘sé electron beam direction. The simplest case is the planar )

£ undulator which presents a sinusoid field perpendicular to ~ As the energy of the electron is fixed, the electron veloci-
2 the electron beam path. It is the most popular undulator ty B is also fixed. Therefore any variation in f, must
% model, the characteristic of its radiation have been dis- result in a corresponding change in fBs because of

& cussed in many references [1, 2]. B? = BZ + (2. From this we have

2 Taking into account a practical undulator, high-order

é magnetic field exists more or less. This paper will derive Bo~1-— S y¥oo (B_m)z 6)
S the far-field radiation of high-order planar undulator and § 2y2 ay?mieif M= \m )

£ discuss the influence of high-order magnetic field.
The fundamental radiation wavelength in the laboratory

E SPONTANEOUS RADIATION EQUATION  system [4]is thus

@ The magnetic field of planar undulator should be peri- _

g odic along the beam direction, in addition, the integral of A = lu(l - :BSCOSB) ,

§ the magnetic field over a single period length vanished [3]. ~ A_u{ :2 Yo, (B_m) +y2 82} . 7)
= Without loss of generality, the planar undulator which 2y? amge2ly =T Am

c contains high-order magnetic field can be described as ) . o i
In which 9 is the emission angle respect to the beam di-

B =Yte B sin(mkyz — 8¢,,) e, ) rection. Here we define the undulator parameter K as
- am=1"m u m/ %y -
In which k,, = 2m/A,, 4, is the period length of undula- K=-—% to (B_m)Z_ 8)
MeCky m

tor. To simplify the expression, the phase of fundamental
magnetic field was chosen zero (§¢; = 0).

The electron motion equation in the undulator can be
described as

Then formula (7) returns to the familiar expression as

A, = 2%{1 + K2/2 + y29%). )
ym,b = —eB X B . )
Let’s consider of the second-order motion solution,
This results in two coupled equations for the undulator

with field distribution (1), 5= e2c +oo  BjBrsin(jwyut—8¢;) cos(kwyt—5dy)
= YemZw, SIk=1 p
. e . . e
X = yme By zZ, Z=— yme By X (3) Z BjBksin(jwut+kwut—6¢j—5¢ak)
e?c jik
= 2y2miw B-Bksin(jwutl—ckwut—6¢-+6¢>k) : (10)
In which m, and e are the mass and charge of electron, y e R DT . p !
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So the z component of electron trajectory is written as

5 BjBksin(jwut+k(uut—6¢j—5qbk)
z = fsct — 2y2 [ZI k k (j+k)2 +
) B]Bksm(]wut kwyt— 5¢]+6¢k)]
Lj=k DY (11

Combine (4) and (11), the electron motion causes a figure
‘8’ [1] in the co-moving frame.

The spectral angular energy density radiated by an elec-
tron [2] in far-field is
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2¢Bs

In order to deal with a periodic undulator with N periods,

oozN2
16m3ce,

a‘w _ e?
dodw

. . . . . NAw
we introduce the distribution function ( ) =
wWr
.. 2(NmAw
sin . . 27c w . .
o) in which w, = ==~ L For simpli-

stinz("ﬁ_:’) > . (1-Bscos9)
fication, the energy density on-axis (9 = 0) can be ex-
pressed as

Ay 2
d2w _ e2h?w?2N? L (NAw) zcﬁs -B lhwr(t——)dt
dodw| @=hor 16m3ce, Wy x €
on-—axis ZCBs
B; Bksu(]mut+kmuc 6¢] 6¢k) 2
i(1-Bs)ha,t+- e or Zuc ko2
e*h2N2y? NA e B coS(mawut=8¢m) T gyl o BjBysin(jout-kout-06 +59k)
— )4 L( (D) 2665 Z m COS(Mwy, m j#k kG-k)2 dt
4m3gycm?(1+K2/2)? Wy m m
ZCBS
o 2
. ) B; Bksm(jwut+kmut 8¢ i—S8dy) B Bpsin(joyt-kwyt-8¢ j+8¢y)
By cos(mwy t—8 ihw t+1hA[Z I P h j ]
= h?D “”5 Sy Pt — Pm) g kU2 T Kk de (13)
zcﬁs
In which
4p2,2
e*N4y NAw
e () on relationshi
i eqemE(14K2)2)2 . The Bessel fgngtleon relationship »
) ) elxsinb — ;:7_00 p(x)elp , (15)
e?w e .
=—F == 5 (14)  can be used to rewrite (13) as
2y?miwy, mgwiy(1+K?/2)
{hAB Bysin(jwyt+kwyt-8¢ j—5¢y) ihAB By sin(joyt—koyt-5¢ j+5¢y)
d2w 265 B cos(Mmwyt—8¢m) in L - L -
— = h2D J' sy Sm T Tm ol wutl‘[ e K (+k)2 Mizre k(-2 dt
dod w=hw m k j2k
© on—axirs 2633 m
s 2
fzcﬁs ZmBmCOS(mwut S¢m) ethwut T k{z )i [hABJBk]eip,-ka(jwut+kwut—5¢,-—5¢k)}
— h2D = m i Pjka’Pjka [k (j+k)2 (16)
- S
hAB;B ; ;
Hi:ek {ijkb]pjkb [k (j_]k)kz] elpjkb(]wut_kwut_8¢j+8¢k)} dt
If we set
M =3;kDjkaG+ k) + XjzkDjkn G — k), © =Xk Djka(6P; + 8¢k) + Xjur Pjkn (5@ — 6y) (17)

Then the spectral angular energy density on-axis can be written as

arw
dodw

hAB;By

on—axis

h2DAZ
4c?

RAB By RABBy

COMPARISION WITH SPECTRA SIMU-
LATIONS

For a pure sinusoid magnetic field undulator, B =
B, sin(kyz) e, , the spectral angular energy density on-
axis is

d?w _ h?DA%B?

dodw| @=hor ™ 4c2p2
on—axis

* (19)

J1-n(hAB} /4) + J-1-n(hABZ /4)

FEL

hAB;By
w=hw, = h D |2m2h+M +m{ H/ k]pjka (k (1+k)2) H}¢k]pjkb (k (j—]k)z)

Zm Zh+M=im {B?m Hj,k]pjka (k (]+k)2) H1$k]pjkb (k (j—k)z) COS(_5¢m + G))}|2

2

Zfﬁs
Pu
2¢cBs

cos(mwyt — 8¢p,y,) et h@ut+Mwyt=0) dt}

(18)

If only the 3™ order magnetic field introduced, B =
[B; sin(k,z) + B3 sin(3k,z — 8¢3)] e, the energy den-
sity become more complicated. Considering that high
order field strength is much lower than the fundamental
one (B; < B;), the fundamental energy density on-axis
can be written as
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shown in Fig 11is the relative Variation of undulator

K, represents the undulator parameter caused by funda-

mental magnetic field K; = mei;

e
one described in equation (8). In consideration of the

tolerable K error less than 5x107, the influence of radia-
tion wavelength caused by high-order magnetic field
cannot be ignored.

, and K represents the
u
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Figure 1: The relative variation of the undulator parame-
ter due to high-order magnetic field. The horizontal coor-
> dinate is the ratio of B; to B;.
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Figure 2: The variation of the fundamental spectral angu-
lar energy density with B;/B; (phase §¢p; = 0). The solid
line is the one from equation (20), the dashed line comes
from Spectra simulation.

In studying the radiation influence of high-order mag-
netic field, we keep the radiation wavelength unchanged,
i.e. the undulator parameter shown in equation (8) re-
mains constant. As shown in Fig.2, if we choose phase
shift zero (6¢p3 = 0), the fundamental spectral angular
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energy density on-axis varies with the ratio of B; to By,
and the result is very similar with Spectra [5] simulation.

In fact, the phase cannot be ignored completely. Figure 3
shows the variation of the fundamental spectral angular
energy density on-axis with phase. It can be seen the
radiation intensity fluctuates according to the magnetic
phase.
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Figure 3: The variation of the fundamental spectral angu-
lar energy density with magnetic phase d¢p5 (% = 0.2).

As shown in Fig.3, the magnetic phase will influence
the radiation output, the minimum value of radiation in-
tensity appears at ¢p; = 0 and the maximum value at
8¢5 = m. Both magnetic field distributions are shown in
Fig.4, it looks the bigger peak field results in stronger
radiation.
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Figure 4: The variation of the fundamental spectral angu-
lar energy density with magnetic phase d¢p5 (% = 0.2).

CONCLUSION

The high-order magnetic field is small mount compared
with the fundamental one. Normally the ratio is less than
0.2. The influence of high-order magnetic field to the
radiation output is lower than 10%.

It is worth noting that the influence of high-order mag-
netic field to the wavelength cannot be ignored, and the
undulator parameter as described in equation (8) is the
right one for high-order undualtor.
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