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Abstract 
Based on the purpose of concision, nearly all the undu-

lator radiation formulas have maken an assumption that 

the guiding magnetic field is a sinusoid wave. The as-

sumption is consistent with the truth if the ratio of undula-

tor gap to period length is large enough. However, high-

order magnetic field exists widely in most undulators, 

especially those with long period length and short gap. 

This paper will derive the radiation output equations of 

high-order magnetic field undulator, what‟s more, the 
formulas are validated through numerical simulation with 

code SPECTRA. 

INTRODUCTION 

The undulators have been widely used as insertion de-

vices in synchrotron sources and free electron laser (FEL) 

to generate magnetic field which is periodic along the 

electron beam direction. The simplest case is the planar 

undulator which presents a sinusoid field perpendicular to 

the electron beam path. It is the most popular undulator 

model, the characteristic of its radiation have been dis-

cussed in many references [1, 2]. 
Taking into account a practical undulator, high-order 

magnetic field exists more or less. This paper will derive 

the far-field radiation of high-order planar undulator and 

discuss the influence of high-order magnetic field. 

SPONTANEOUS RADIATION EQUATION 

The magnetic field of planar undulator should be peri-

odic along the beam direction, in addition, the integral of 

the magnetic field over a single period length vanished [3]. 
Without loss of generality, the planar undulator which 

contains high-order magnetic field can be described as  ⃗  ∑      ሺ�       ሻ       ⃗⃗⃗⃗  .           (1) 

In which         ,    is the period length of undula-

tor. To simplify the expression, the phase of fundamental 

magnetic field was chosen zero (     ). 

The electron motion equation in the undulator can be 

described as  �   ሶ        ⃗  .                        (2) 

This results in two coupled equations for the undulator 

with field distribution (1),  ሷ          ሶ ,    ሷ           ሶ  .                (3) 

In which �  and   are the mass and charge of electron,   

is the Lorentz factor,  -axis is the direction of electron 

beam moving forward. The formula (3) can be solved 

iteratively. To obtain the first-order motion solution we 

assume    keep constant (    ሶ  � ̅ ), in which � ̅  is 

the average velocity in the forward direction. For the case 

of high energy electron, � ̅  is infinitely close to 1, i.e. � ̅   . Then   � ̅ � and the transverse component of 

electron trajectory is  ሺ�ሻ           ∑  �    ሺ      ��ሻ       ,        (4) 

in which �          . The relative transverse veloci-

ty is �       ሶሺ ሻ         ∑  �    ሺ      ��ሻ      .   (5) 

As the energy of the electron is fixed, the electron veloci-
ty �  is also fixed. Therefore any variation in �  must 
result in a corresponding change in �  because of �  �  + �  . From this we have 

� ̅                      ∑ ቀ � ቁ      .        (6) 

The fundamental radiation wavelength in the laboratory 
system [4] is thus      (  � ̅    )                                                           { +            ∑ ቀ � ቁ      +     } .          (7) 

In which   is the emission angle respect to the beam di-

rection. Here we define the undulator parameter   as 

        √∑ ቀ � ቁ      .                 (8) 

Then formula (7) returns to the familiar expression as         ሼ +     +     ሽ.            (9) 

Let‟s consider of the second-order motion solution, 

 ሷ            ∑        (      � )    ሺ      � ሻ                  

            [ ∑        (           �   � )    +∑        ሺ           �   � ሻ    ] .  (10) 

 ____________________________________________  
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So the   component of electron trajectory is written as   �̅  �              ቂ∑        ሺ           �   � ሻ  ሺ   ሻ    +∑        ሺ           �   � ሻ  ሺ   ሻ    ቃ.                 (11) 

Combine (4) and (11), the electron motion causes a figure 

„8‟ [1] in the co-moving frame. 

The spectral angular energy density radiated by an elec-
tron [2] in far-field is 

In which �         �       ሺ      ሻ  ቀ �   ቁ and                                           ሺ      ሻ                  (14) 

COMPARISION WITH SPECTRA SIMU-
LATIONS 

For a pure sinusoid magnetic field undulator,  ⃗       ሺ   ሻ   ⃗⃗⃗⃗  , the spectral angular energy density on-

axis is 

       |                           ̅  |     ሺ       ሻ +       ሺ       ሻ| . (19) 

                �     ቀ �   ቁ |∫ (�⃗  ሺ�⃗  � ሻ)�    ̅  �    ̅    ሺ   ⃗⃗   ⃗⃗  ሻ��| (12) 

In order to deal with a periodic undulator with   periods, 

we introduce the distribution function ቀ �   ቁ      ቀ   �� ቁ      ቀ  �� ቁ , in which �   �      (    ̅̅̅̅     ) . For simpli-

fication, the energy density on-axis (   ) can be ex-

pressed as 

 

 

 

The Bessel function relationship         ∑         ሺ ሻ    ,          (15) 

can be used to rewrite (13) as 

 

 

 

 

If only the 3rd order magnetic field introduced,  ⃗  ሾ     ሺ   ሻ +      ሺ3       ሻሿ   ⃗⃗⃗⃗ , the energy den-
sity become more complicated. Considering that high 
order field strength is much lower than the fundamental 
one (  ≪   ), the fundamental energy density on-axis 
can be written as 

 ___________________________________________         |        ax              �     ቀ �   ቁ |∫  � �    ̅  �    ̅      ቀ  � ቁ��|   

          �       ሺ      ሻ  ቀ �   ቁ   ∫ ∑  �    ሺ      ��ሻ  �    ̅  �    ̅   (   ̅ )     ೔   �  ം �  �     
 ∑ ಳ ಳ sinቀ � ೟+ � ೟ ഃ�  ഃ� ቁ  ሺ + ሻ     ∑ ಳ ಳ sinቀ � ೟  � ೟ ഃ� +ഃ� ቁ  ሺ   ሻ  ≠    

 ��  
 
      

   � |∫ ∑  �    ሺ      ��ሻ  �    ̅  �    ̅            ∑ ಳ ಳ sinሺ � ೟+ � ೟ ഃ�  ഃ� ሻ  ሺ + ሻ     ∑ ಳ ಳ sinሺ � ೟  � ೟ ഃ� +ഃ� ሻ  ሺ   ሻ  ≠  ��|                                   (13) 

 ___________________________________________  

 ___________________________________________         |                �  ∫ ∑  �    ሺ      ��ሻ  �    ̅  �    ̅         ೔ ಲಳ ಳ sinቀ � ೟+ � ೟ ഃ�  ഃ� ቁ  ሺ + ሻ      ೔ ಲಳ ಳ sinቀ � ೟  � ೟ ഃ� +ഃ� ቁ  ሺ   ሻ    ��     
   �   ∫ ∑  �    ሺ      ��ሻ  �    ̅  �    ̅        ቄ∑     ೌ ቂ         ሺ   ሻ ቃ      ೌ(           �   � )   ೌ ቅ    ቄ∑     ್ ቂ         ሺ   ሻ ቃ      ್(           �   � )   ್ ቅ   ��                                                  (16) 

 ___________________________________________  

If we set 
ܯ               ∑ �   ሺ݆ +  ሻ   + ∑ �  ௕ሺ݆   ሻ   ,  Θ  ∑ �   ሺ   +    ሻ   + ∑ �  ௕ሺ       ሻ                  (17) 

Then the spectral angular energy density on-axis can be written as 

 ___________________________________________         |                � |∑ ∑   �      ೌ ቀ         ሺ   ሻ ቁ     ್ ቀ         ሺ   ሻ ቁ      ∫    ሺ�� �     ሻ   ሺ     ெ    Θሻ�    ̅  �    ̅ ��   ெ ±  |    
          |∑ ∑ ቄ �      ೌ ቀ         ሺ   ሻ ቁ     ್ ቀ         ሺ   ሻ ቁ         ሺ    ± Θሻቅ  ெ ±  |                                                               (18) 
 ___________________________________________  
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       |                       ̅                                                                     

 
 
 
 
 
      ቀ      ቁ   ቀ       ቁ   ቀ       ቁ   ቀ        ቁ    ቀ       ቁ    ቀ      ቁ +     ቀ      ቁ   ቀ       ቁ   ቀ       ቁ   ቀ        ቁ    ቀ       ቁ    ቀ      ቁ    ሺ   ሻ +      ቀ      ቁ   ቀ       ቁ   ቀ       ቁ   ቀ        ቁ     ቀ       ቁ    ቀ      ቁ    ሺ   ሻ +     ቀ      ቁ   ቀ       ቁ   ቀ       ቁ   ቀ        ቁ    ቀ       ቁ     ቀ      ቁ    ሺ   ሻ +      ቀ      ቁ   ቀ       ቁ   ቀ       ቁ   ቀ        ቁ    ቀ       ቁ    ቀ      ቁ    (   ) +      ቀ      ቁ   ቀ       ቁ   ቀ       ቁ   ቀ        ቁ    ቀ       ቁ    ቀ      ቁ +     ቀ      ቁ   ቀ       ቁ   ቀ       ቁ   ቀ        ቁ    ቀ       ቁ    ቀ      ቁ    ሺ   ሻ +      ቀ      ቁ   ቀ       ቁ   ቀ       ቁ   ቀ        ቁ    ቀ       ቁ     ቀ      ቁ    ሺ   ሻ +      ቀ      ቁ   ቀ       ቁ   ቀ       ቁ   ቀ        ቁ    ቀ       ቁ    ቀ      ቁ    ሺ   ሻ +       ቀ      ቁ   ቀ       ቁ   ቀ       ቁ   ቀ        ቁ     ቀ       ቁ    ቀ      ቁ +      ቀ      ቁ   ቀ       ቁ   ቀ       ቁ   ቀ        ቁ    ቀ       ቁ    ቀ      ቁ +      ቀ      ቁ    ቀ       ቁ   ቀ       ቁ   ቀ        ቁ    ቀ       ቁ    ቀ      ቁ    ሺ    ሻ +      ቀ      ቁ   ቀ       ቁ    ቀ       ቁ   ቀ        ቁ    ቀ       ቁ    ቀ      ቁ    ሺ    ሻ  

 
 
 
 
  

     (20) 

As shown in Fig.1 is the relative variation of undulator 
parameter (     ) due to high-order magnetic field, where    represents the undulator parameter caused by funda-
mental magnetic field            , and   represents the 
one described in equation (8). In consideration of the 
tolerable   error less than 5×10-5, the influence of radia-
tion wavelength caused by high-order magnetic field 
cannot be ignored. 

 
Figure 1: The relative variation of the undulator parame-

ter due to high-order magnetic field. The horizontal coor-

dinate is the ratio of    to   . 

 
Figure 2: The variation of the fundamental spectral angu-

lar energy density with       (phase      ). The solid 

line is the one from equation (20), the dashed line comes 

from Spectra simulation. 

In studying the radiation influence of high-order mag-
netic field, we keep the radiation wavelength unchanged, 
i.e. the undulator parameter shown in equation (8) re-
mains constant. As shown in Fig.2, if we choose phase 
shift zero (     ), the fundamental spectral angular 

energy density on-axis varies with the ratio of    to   , 
and the result is very similar with Spectra [5] simulation. 

In fact, the phase cannot be ignored completely. Figure 3 
shows the variation of the fundamental spectral angular 
energy density on-axis with phase. It can be seen the 
radiation intensity fluctuates according to the magnetic 
phase. 

 
Figure 3: The variation of the fundamental spectral angu-

lar energy density with magnetic phase     (
        ). 

As shown in Fig.3, the magnetic phase will influence 
the radiation output, the minimum value of radiation in-
tensity appears at       and the maximum value at      . Both magnetic field distributions are shown in 
Fig.4, it looks the bigger peak field results in stronger 
radiation. 

 

 
Figure 4: The variation of the fundamental spectral angu-

lar energy density with magnetic phase     (
        ). 

CONCLUSION 

The high-order magnetic field is small mount compared 
with the fundamental one. Normally the ratio is less than 
0.2. The influence of high-order magnetic field to the 
radiation output is lower than 10%. 

It is worth noting that the influence of high-order mag-
netic field to the wavelength cannot be ignored, and the 
undulator parameter as described in equation (8) is the 
right one for high-order undualtor. 

13th Symposium on Accelerator Physics SAP2017, Jishou, China JACoW Publishing
ISBN: 978-3-95450-199-1 doi:10.18429/JACoW-SAP2017-TUPH09

TUPH09
148

Co
nt

en
tf

ro
m

th
is

w
or

k
m

ay
be

us
ed

un
de

rt
he

te
rm

so
ft

he
CC

BY
3.

0
lic

en
ce

(©
20

17
).

A
ny

di
str

ib
ut

io
n

of
th

is
w

or
k

m
us

tm
ai

nt
ai

n
at

tri
bu

tio
n

to
th

e
au

th
or

(s
),

tit
le

of
th

e
w

or
k,

pu
bl

ish
er

,a
nd

D
O

I.

FEL



REFERENCES 

[1] Thomas C. Marshall, “Free-electron lasers”, Macmillan 

publishing company, 1985, ISBN-13: 9780070406094. 

[2] James A. Clarke, “The science and technology of Undula-

tors and Wigglers”, Oxford university press, 2004, ISBN-13: 

9780198508557. 

[3] H. Onuki and P. Elleaume, “Undulators, Wigglers and their 

applications”, Taylor & Francis, First published 2003, ISBN: 

0-415-28040-0. 

[4] Peter Schmuser, Martin Dohlus and Jorg Rossbach, “Undu-

lators, Ultraviolet and soft X-Ray Free-electron lasers”, 

Springe-Verlag Berlin Heidelberg, 2008, ISBN: 978-3-540-

79571-1. 

[5] T. Tanaka and H. Kitamura, “SPECTRA - a synchrotron 

radiation calculation code”, J. Synchrotron Radiation, 8 

(2001) 1221. 

 

13th Symposium on Accelerator Physics SAP2017, Jishou, China JACoW Publishing
ISBN: 978-3-95450-199-1 doi:10.18429/JACoW-SAP2017-TUPH09

FEL
TUPH09

149

Co
nt

en
tf

ro
m

th
is

w
or

k
m

ay
be

us
ed

un
de

rt
he

te
rm

so
ft

he
CC

BY
3.

0
lic

en
ce

(©
20

17
).

A
ny

di
str

ib
ut

io
n

of
th

is
w

or
k

m
us

tm
ai

nt
ai

n
at

tri
bu

tio
n

to
th

e
au

th
or

(s
),

tit
le

of
th

e
w

or
k,

pu
bl

ish
er

,a
nd

D
O

I.


